

Lecture 9

ENGR 140
Nominal and Effective Interest Rates
Nominal Interest Rate, r: interest rate that does not include any consideration of compounding.

Effective Interest Rate, i: actual interest rate that applies for a stated period of time.  To properly account for the time value of money, the effective interest rate must be used in all tables, interest formulas, and spreadsheets.

Time Period, t: the period over which the interest rate is expressed (one year is assumed when t is not expressed explicitly.

Compounding Period, CP: the shortest time unit over which interest is earned or paid.

Compounding Frequency, m: the number of times that compounding occurs within a time period, t, or a payment period, PP.

Payment Period, PP: the frequency of payments or receipts (cash flow).
The effective rate per CP = 
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As an example, for an interest rate stated as 9% per year, compounded monthly:

· Nominal rate, r = 9%

· Time period, t = 1 year

· Compounding period, CP = 1 month

· Compounding frequency, m = 12 times per year

· Effective rate per CP = 
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When the nominal interest rate time period and the compounding period are equal, the nominal and effective interest rates are equal.  Otherwise, the effective interest rate for the desired time period must be calculated based on the nominal interest rate and the compounding frequency.
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r = nominal interest rate per payment period

m = number of compounding periods per pay period

To illustrate the calculation of effective interest rates, let’s look at two competing low-interest rate credit cards.  Both offer 12% interest rates on the unpaid balance.  One card has a monthly compounding period and the other has a daily compounding period.  Determine the effective annual rates for the two cards.


[image: image4.wmf](

)

m

r

i = 1 +  1

m

-



Monthly compounding:
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Daily compounding:
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Example:
A borrower is considering two competing second mortgages to help finance her new home.  One has a 10% nominal rate, compounded semi-annually.  The other has a 9.75% nominal rate, compounded daily.  What is the effective annual interest rate of each loan?

Semi-annual compounding:
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Daily compounding:
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What is the interest rate on your credit card?

What is the compounding period?

Importance:
Understand the difference between nominal and effective interest rates and be able to calculate the effective rate.

Payment period
The payment period is defined as the period of time between payments or the payment frequency.  The payment period controls or limits the manner in which effective interest rates are used to solve engineering economic problems.  Effective interest rates can only be utilized for payment periods greater than or equal to the compounding period for the effective rate.
Condition: CP ≤ PP

Single payment (P/F and F/P): To solve single payment problems where the compounding period is less than or equal to the payment period, two approaches are available:

1. Set i equal to the effective interest rate for the compounding period and set n equal to the total number of compounding periods between P and F.
2. Set i equal to the effective interest rate for the nominal rate time period and set n equal to the number of nominal rate periods between P and F.

Examples: Given a nominal interest rate of 18% per year, compounded monthly, determine F, three years from now, given P.
Method 1:
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F = P(F/P, 1.5%, 36) = P(1.7091)
Method 2:
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 per year and n = 3.  (  F = P(F/P, 19.56%, 3) = P(1.7094) (by interpolation).
Series payments (A and G): Cash flows involving series payments define the payment period by the frequency of series payments.  To solve series problems, the effective interest rate for the payment period must be determined and used.

Example: Given a nominal interest rate of 18% per year, compounded monthly, determine F, three years from now, given a quarterly payment period, A.
Since the payment period, A, is quarterly, determine the effective rate, i, on a quarterly basis.
The nominal rate for a payment period (one quarter) is: 
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Calculate the quarterly effective interest rate:
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Determine the future value, F = A(F/A, 4.57%, 12) = A(15.5319)  (by interpolation)
Condition: CP > PP
Interest is not paid on deposits made during the compounding period or on withdrawals made before the end of the compounding period.  In other words, interest is only earned on deposits present during the entire compounding period.  For example, savings deposits made weekly into an account that pays interest compounded monthly, will not begin to earn interest until the month following their deposit.

Example: A new graduate deposits $200 per month into her savings account.  She also makes a $500 withdrawal on November 30.  The account pays 6% per year, compounded quarterly.  Determine the amount of money the graduate has accumulated at the end of the year.

The actual cash flow diagram is: 


[image: image13]
To account for interest not being paid on deposits made during the compounding period or on withdrawals made before the end of the compounding period, we shift the deposits to the end of the compounding period and the withdrawals to the beginning of the compounding period.
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The nominal quarterly interest rate is 1.5%.  The amount deposited per quarter is $600.  The number of compounding periods is 4.

F = $600(F/A, 1.5%, 4) – $500(F/P, 1.5%, 1) = $600(4.0909) – $500(1.0150) = $1,947.
Point: The monthly deposits don’t immediately begin earning interest and money withdrawn before the end of the compounding period do not earn interest during that compounding period.

Continuous compounding
Recall that i = (1 + r/m)m – 1. 
As the number of compounding periods increases, r approaches 0 and m approaches infinity.  If we substitute r/m = 1/h and take the limit as h ( ∞, we get:
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(
i = er – 1 
Example: 15%, compounded continuously:
i = e0.15 – 1 = 16.183%

Reading: Chapter 4, pp 122 – 136
Homework: Problems 4.7, 4.10, 4.15, 4.19, 4.21, 4.27, 4.40
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