
TIME VALUE: PROBLEMS REFERENCE SET (copyright © 2016 Joseph W. Trefzger)
This generally more difficult set of problems with solutions is provided for reference purposes only; many of them go beyond the level of difficulty appropriate to FIL 240 coverage.  They were part of a longer problem set produced before we had supplementary sets B and C.         
Medium Difficulty
86.  If Emily deposits $2,300 today into an account that provides a 3.8% stated annual percentage rate (APR) of interest, but with quarterly compounding, how much money will she have in five years?  

Type: Non-Annuity; Ending Amount Unknown.  This problem is a non-annuity example; she simply allows $2,300 to grow at interest without making further deposits into the account.  Because we are dealing with multiple time periods within a year, we must compute a periodic interest rate, which is the APR divided by the number of periods in a year.  Therefore Emily’s quarterly periodic interest rate is .038 ÷ 4 = .0095, or .95%.  From this point we can proceed in either of two ways.  One (perhaps the less confusing way) is to think in quarterly terms; she will earn a .95% quarterly rate for 20 quarters (5 years’ worth of quarters), so at the end of quarter 20 she will have 
BAMT (1 + r)n = EAMT
$2,300 (1.0095)20 = EAMT
$2,300 x 1.208166 = $2,778.78 .
The other approach is to think in annual terms.  To proceed this way we have to convert the quarterly periodic rate to an effective annual rate (EAR) of interest, which is computed as EAR = 
(1 + Periodic Rate)Number of Periods in a Year – 1.  So the EAR here is (1.0095)4 – 1 = .038545, or 3.8545%.  So Emily will effectively be getting 3.8545% per year for 5 years, and at the end of year 5 will have 
BAMT (1 + r)n = EAMT
$2,300 (1.038545)5 = EAMT
$2,300 x 1.208166 = $2,778.78 .
The second way might be more confusing because is raises the question of when we use the EAR in our computations.  Answer: if there are more compounding periods than deposits (e.g. she makes annual deposits, or just one deposit as above, but compounding takes place quarterly), then to think in annual terms we use the EAR as r and the number of years as n.  If we are willing, instead, to think in periodic terms, then we use the periodic (e.g. quarterly) rate as r and the total number of periods (like 20 quarters in 5 years) as n.  Doing that is consistent with what we have to do when there are an equal number of compounding periods and deposits (e.g. she makes a quarterly deposit each quarter for 5 years); in such a case we must use the periodic (e.g. quarterly) rate as r and the total number of periods (like 20 quarters in 5 years) as n.       

87.  Sabrina buys an investment product from the respected firm of Global Financial Maniacs.  She pays $10,000 today in return for the expectation that she will receive $7,000 in one year; $3,500 in two years; and $1,500 in 3 years.  If the payments are received as expected, what annual rate of return will she have earned?  Would the answer be different if the order of the expected cash receipts were reversed?  

Type: PV of Series of Payments; Rate of Return Unknown.  Here we must find the rate of return in a situation characterized by a series of expected cash flows that correspond to a lump sum of money that is intact in the present.  But this is not a present value of an annuity problem, because the expected cash flows differ erratically from year to year.  We must use trial and error to find the solution (Sabrina gives up $10,000 and expects to get back $12,000 in total, so the expected rate of return is positive), just as with a level or changing annuity problem.  But here we can not plug the trial figures into an annuity factor; we must use the present value of $1 factors:
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The rate that solves the equation turns out to be 12.811%:
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$6,205.07 + $2,750.21 + $1,044.81 = $10,000 . (
Reversing the order of the expected cash receipts (with the $7,000 coming in year 3 and the $1,500 coming in year 1) would represent a lower rate of return; we would solve for r in:
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The rate that solves the equation turns out to be a considerably lower 7.7604%:
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$1,391.98 + $3,014.04 + $5,593.97 = $10,000 . (
Recall that discounting to a present value serves to penalize any cash flows to be received in the future.  Our preference typically would be to get our big receipts sooner, to penalize them less; we would rather take a larger proportional penalty on a smaller dollar amount.  Being forced to take the bigger proportional penalty on the bigger receipt is a less attractive situation for the investor.    

88.  Magdiel also buys an investment product from Global Financial Maniacs (see the previous problem).  He pays $10,000 today in return for the expectation that he will receive $4,000 in one year; $4,000 in two years; and $4,000 in 3 years.  If the payments are received as expected, what annual rate of return will he have earned?  

Type: PV of Series of Payments; Rate of Return Unknown.  Again we must find the rate of return in a situation characterized by a series of expected cash flows that correspond to a lump sum of money that is intact in the present.  Here we could find Magdiel’s rate of return with a trial and error analysis of the individual cash flows, as in the previous problem (again our investor gives up $10,000 and expects to get back $12,000 in total, so the expected rate of return is positive):  
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The rate that solves the equation turns out to be 9.701%:
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$3,646.27 + $3,323.83 + $3,029.90 = $10,000 . (
But because the cash flows are all expected to be equal, we can analyze them through our level annuity equation:


      PMT x FAC = TOT
$4,000
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Solve with trial and error (a less cumbersome process than when we treat the cash flows separately and must deal with multiple individual factors); again the answer (obviously) turns out to be 9.701%:
$4,000
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The purpose of the last two problems has been to help show the relationship between a series of unequal payments and a series of equal payments.  We can always treat the equal series as though it consisted of unequal flows, but if the expected payments are equal we can “lump them together” because of the distributive property, and analyze them more easily.

89.  Paul is the proud, wealthy grandfather of newborn Sarah.  He wants to make sure that Sarah’s college education 

will be paid for, by setting aside an appropriate amount of money today.  He expects that private school tuition will 
be about $43,000 per year by the time Sarah reaches college age.  If the account’s growing balance can earn a 7.5% annual rate of return, what amount deposited by Paul today will allow Sarah to pay $43,000 in tuition at the end 
of each of years 18 through 21?   

Type: Present Value of Deferred Annuity.  This problem involves a present value of a level annuity situation: a series of equal payments corresponds to a lump sum that exists intact in the present (the amount Paul will deposit into an account today).  However, the series of level payments will not begin at the end (or beginning) of the current year; rather, we have a deferred annuity, with cash flows expected to begin only after some number of periods has passed.  We can solve for a deferred annuity with three approaches:   

Method 1: “Brute Force”




Year-End      Present Value Factor
     Present Value


Year

Cash Flow
      (1/1.075)n

      of Cash Flow      

    1

      $0
    
(1/1.075)1 = .930233
     
$    0


    2

      $0
    
(1/1.075)2 = .865333
     
$    0


    3

      $0
    
(1/1.075)3 = .804961
     
$    0


    4

      $0
    
(1/1.075)4 = .748801
     
$    0


    5

      $0
    
(1/1.075)5 = .696559
     
$    0


    6

      $0
    
(1/1.075)6 = .647962
     
$    0


    7

      $0
    
(1/1.075)7 = .602755
     
$    0


    8

      $0
    
(1/1.075)8 = .570702
     
$    0


    9

      $0
    
(1/1.075)9 = .521583
     
$    0


   10

      $0
    
(1/1.075)10 = .485194
     
$    0


   11

      $0
    
(1/1.075)11 = .451343
     
$    0


   12

      $0
    
(1/1.075)12 = .419854
     
$    0


   13

      $0
    
(1/1.075)13 = .390562
     
$    0


   14

      $0
    
(1/1.075)14 = .363313
     
$    0


   15

      $0
    
(1/1.075)15 = .337966
     
$    0


   16

      $0
    
(1/1.075)16 = .314387
     
$    0


   17

      $0
    
(1/1.075)17 = .292453
     
$    0


   18

 $43,000
(1/1.075)18 = .272049
        $11,698.12


   19

 $43,000
(1/1.075)19 = .253069
        $10,881.97


   20

 $43,000
(1/1.075)20 = .235413
        $10,122.77


   21

 $43,000
(1/1.075)21 = .218989
        $  9,416.53






      
        Total    $42,119.39
Here we simply sum the present values of the individual cash flows, an approach that we would have to use if the cash flows differed with no pattern from year to year.  But all of the nonzero amounts are equal, so we can use a shortcut based on the distributive property.  We would like to find a value that combines the present value of a single dollar amount factors for years 18 through 21, while omitting the present value of a single dollar amount factors for years 1 through 17.  This value would be .272049 + .253069 + .235413 + .218989 = .979520.  Is there a shortcut for finding this value?

Method 2: “Compute a Factor”

Note that the 7.5%, 21-year present value of an ordinary annuity factor, 
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= 10.41348, is the sum of the present value of a single dollar amount factors for years 1 through 21 inclusive.  The 7.5%, 17-year present value of an ordinary annuity factor, 
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= 9.43396, is the sum of the present value of a single dollar amount factors for years 1 through 17.  So subtracting 10.41348 – 9.43396 = .979520 yields a value equal to the sum of the present value of a single dollar amount factors for years 18 – 21 only, and we can use this factor in our standard annuity equation:    

PMT x FAC = TOT
$43,000
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= TOT
$43,000 x .979520 = $42,119.37 as found above (2¢ rounding difference).

Method 3: “Discount the Annuity”

First, consider that we have a 4-year annuity of $43,000 per year, and compute its present value:

PMT x FAC = TOT
$43,000
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 = TOT
$43,000 x 3.349326 = $144,021.03 .
This amount is what Paul would pay today for Sarah to have the right to collect $43,000 per year for 4 years ($172,000 in total) if the required rate of return were 7.5% per year AND if Sarah were to receive the first $43,000 at the end of the current year.  But, it will not be – seventeen years will pass before Sarah will be able to say, “I will receive the first $43,000 at the end of the current year.”  So like with anything else that will not happen until seventeen years have passed, we find the present value by discounting for seventeen years.  We might ask: what single value today corresponds to a single value of $144,021.03 in seventeen years?  Or: How much must Paul invest today so that it will grow at 7.5% interest to $144,021.03 over seventeen years? 

BAMT (1 + r)n = EAMT
BAMT (1.075)17 = $144,021.03

BAMT = $144,021.03÷ (1.075)17  OR

BAMT = $144,021.03
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= $42,119.38 as found above.
We can combine the two steps into one:

PMT x FAC = TOT
$43,000
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 = TOT
$43,000 [3.349326 x .292453] = TOT
$43,000 x .979521 = $42,119.38 as found above.

Finally, let’s look at the cash flows year by year.  The $42,119.38 deposited today grows to $42,119.39 x (1.075)17 = $144,021.05 by the end of year 17 (the start of Sarah’a senior year of high school).  Then over the next 4 years we see:     

       
       Beginning
      Plus 7.5%
          Total                Minus
 
Ending

  
Year
        Balance
      Interest  
       Available
      Tuition Pmt
          
Balance
    
  18
    $144,021.05     $10,801.58  
    $154,822.63
      $43,000.00        $111,822.63

    
  19
    $111,822.63      $ 8,386.70      $120,209.33
      $43,000.00        $ 77,209.33

    
  20
    $ 77,209.33     $ 5,790.70
    $  83,000.03      $43,000.00        $ 40,000.03

    
  21
    $ 40,000.03     $ 3,000.00
    $  43,000.03      $43,000.00        $       0

90.  [FIL 404 only]  Paul (see the previous problem) now realizes that he must be prepared for education costs to continue rising over time.  He still expects tuition to be $43,000 in Sarah’s first year of college, but expects it then 
to rise by 3% in each subsequent year.  (Indeed, he had initially arrived at the $43,000 estimate by assuming that today’s $26,015.71 tuition will rise by 3% per year for the next 17 years.)  If he still expects to earn 7.5% per year 
on the account’s remaining balance, how much should he invest today?   
Type: Present Value of Deferred Annuity.  Now we are dealing with the present value of a changing deferred annuity.  The series of payments that correspond to a present lump sum are not equal, 
but the change is expected to be a constant percentage from period to period.  Under the “Brute Force” method (showing the last four years only) we would find: 



Year-End      Present Value Factor
     Present Value


Year

Cash Flow
      (1/1.075)n

      of Cash Flow      

  18

$43,000.00
(1/1.075)18 = .272049
        $11,698.12


  19

$44,290.00
(1/1.075)19 = .253069
        $11,208.43

  20
 
$45,618.70
(1/1.075)20 = .235413
        $10,739.24

  21

$46,987.26
(1/1.075)21 = .218989
        $10,289.69






      
        Total    $43,935.48
(it should not be surprising that Paul must invest more today than the $42,119.38 we found in the earlier problem, since he now wants to provide for a stream of larger withdrawals).  Here we simply sum the present values of the individual cash flows, an approach we would have to use if the cash flows differed without a pattern from year to year.  But here the changes do follow a nice pattern: growth at a constant 3% yearly rate.  We can use the present value of a changing annuity factor in the deferred annuity case just as we would in immediate annuity situations, though we have to use some caution.  The easier of the shortcut methods here is the “Discount the Annuity” approach:
PMT x FAC = TOT
$43,000
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 = TOT
$43,000 [3.493742 x .292453] = TOT
$43,000 x 1.021755 = $43,935.48 as found above.

The “Compute a Factor” approach is slightly more confusing; because our starting point is to pretend that we have an annuity starting at the end of the current year, our “PMT” must be the current year’s schooling cost of $26,015.71: 
      PMT x FAC = TOT
$26,015.71
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= TOT
$26,015.71 x (13.169244 – 11.480438) = TOT
$26,015.71 x .1.688806 = $43,935.50 as found above (2¢ rounding difference).

Again, let’s look at the cash flows year by year.  The $43,935.50 deposited today grows to $43,935.48 (1.075)17 = $150,230.90 by the end of year 17 (the start of Sarah’s senior year of high school).  Then over the next 4 years we see:  

       
       Beginning
      Plus 7.5%
          Total                Minus
 
 Ending

  
Year
        Balance
      Interest  
       Available
      Tuition Pmt
          
 Balance
    
  18
    $150,230.90    $11,267.32  
    $161,498.22
      $43,000.00        $118,498.22
    
  19
    $118,498.22     $ 8,887.37      $127,385.59
      $44,290.00        $ 83,095.59
    
  20
    $ 83,095.59     $ 6,232.17
    $  89,327.76      $45,618.70        $ 43,709.06
    
  21
    $ 43,709.06     $ 3,278.18
    $  46,987.24      $46,987.26        $       0

91.  Under the credit policy followed by Cobb and Bonnie’s New Hampshire Ice Cream Company, retailers that buy ice cream on credit are given 3 months to pay their bills.  To offer these terms and carry the accompanying accounts receivable, Cobb and Bonnie’s has to borrow money from its bank.  The bank charges a 13.8% annual percentage rate (APR) of interest, with monthly compounding.  What APR should Cobb and Bonnie’s charge the retailers if their goal is to cover the costs of providing this financing? [Hint: we are trying to equate the effective annual rates (EARs) for a monthly borrowing arrangement and a quarterly borrowing arrangement.]
Type: Annual Percentage Rate/Effective Annual Rate.  We want to find the APR that Cobb and Bonnie’s customers should pay so that Cobb and Bonnie’s is earning the same rate as a lender that it pays as 
a borrower.  Here Cobb and Bonnie’s obtains credit at a 13.8% ÷ 12 = 1.15% monthly periodic interest rate, or an effective annual rate (EAR) of (1.0115)12 – 1 = 14.7072%.  Since that is the EAR Cobb and Bonnie’s is paying, that is the EAR they hope to earn.    

The complicating factor is that Cobb and Bonnie’s customers pay quarterly, not monthly.  Since there are 3 months in a quarter, we first take (1.0115)3 – 1 = 3.4898% to get the quarterly periodic return needed.  Then 4 x 3.4898% = 13.9593% is the APR (also called the nominal or stated rate) that Cobb and Bonnie’s should charge.  So an APR of 13.9593% with quarterly compounding corresponds to an EAR of (1.034898)4 – 1 = 14.7072%.  Do you see the relationship?

APR = Periodic Rate x Number of Periods in a Year

EAR = (1 + Periodic Rate)Number of Periods in a Year – 1 .

In other words, the APR does not take intra-year compounding into account, but the EAR does.  (APR vs. EAR thus is an issue only if we have multiple compounding periods within a year, such as monthly or quarterly or semi-annually.  In a situation with annual compounding, the EAR is the same as the APR.)  In this quarterly example, with a 3.4898% quarterly periodic rate, we have

APR =    .034898 x 4   = .139592, or 13.9592% .
EAR = (1.034898)4 – 1 = .147072, or 14.7072% .

92.  Shirley’s grandson just graduated from middle school.  She plans to give him $7,000 when he graduates from high school, and wants to invest an amount today that will grow to $7,000 over the following four years.  If Shirley earns a 6.6% annual percentage rate (APR) of return on her bond mutual fund account, and interest is compounded on the fund annually, how much does she have to invest today?  What if interest is compounded semiannually?  Quarterly?  Monthly?  Daily?  Continuously? 

Type: Non-Annuity; Beginning Amount Unknown.  Here we are looking for the value of the right to collect $7,000 (or, equivalently, what we must deposit today to be able to collect $7.000) at a later date, under different intra-year compounding assumptions, if a 6.6% APR can be earned on the account’s balance.  This problem involves a non-annuity situation; there is a beginning amount and an ending amount, but no series of equal or related cash flows occurring in-between.  Here we must solve for the beginning amount, using $7,000 as the ending amount, in our non-annuity equation:  

BAMT (1 + r)n = EAMT .  
For n and r we can use either the number of time periods and the accompanying periodic rate of return, or the number of years and the effective annual rate (EAR) of return.  [Again, we compute the EAR as (1 + periodic rate)number of compounding periods in the year – 1.]  Thus the 6.6% APR translates into 
a different EAR depending on the number of compounding periods within each year.  With annual compounding (one compounding period during the year), the APR of .066 is also equal to the EAR, 

so for four years of compounding we find:
BAMT 
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BAMT = $7,000 ÷ (1.066)4      OR
BAMT = $7,000
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= $5,420.87 .
With semiannual compounding she receives .066 ÷ 2 = .033 or 3.3% every 6 months instead of 6.6% at the end of each year, so she gets 3.3% eight times during the four-year period:
BAMT 
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 = BAMT (1.033)8 = $7,000
BAMT = $7,000 ÷ (1.033)8      OR

BAMT = $7,000
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= $5,398.78 .
But we could also compound based on the EAR for four years, since compounding at the periodic rate for the indicated number of non-annual periods is the same as compounding at the EAR for the indicated number of years:

BAMT 
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 = BAMT (1.067089)4 = $7,000 

BAMT = $7,000 ÷ (1.067089)4      OR

BAMT = $7,000
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= $5,398.78 .    
[Note that the EAR is 6.7089%.]  
Thus with quarterly compounding she would have to start out with 

BAMT 
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 = BAMT (1.0165)16 = BAMT x 1.299326 = $7,000  OR     
BAMT 
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 = BAMT (1.067652)4 = BAMT x 1.299326 = $7,000 ; 

either way, BAMT = $7,000 ÷ 1.299326 = $5,387.41 .    
[Note that the EAR is 6.7652%.]  With monthly compounding Shirley would have to invest 

BAMT 
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BAMT 
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 = BAMT (1.068034)4 = BAMT x 1.301187 = $7,000 ; 

either way, BAMT = $7,000 ÷ 1.301187 = $5,379.70 .    
[Note that the EAR is 6.8034%.]  With daily compounding her investment would have to be

BAMT 
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BAMT 
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 = BAMT (1.068220)4 = BAMT x 1.302097 = $7,000 ; 

either way, BAMT = $7,000 ÷ 1.302097 = $5,375.94 .    
[Note that the EAR is 6.8220%.]  Finally, with continuous compounding (an infinite number of compounding periods each year) she would need to invest [recall that (1 + 1/∞)∞ = e = 2.718282]: 

BAMT 
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 = BAMT (e,066x4) = BAMT x 1.302128 = $7,000  OR     
BAMT 
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 = BAMT (e,066)4 = BAMT (1.068227)4 = BAMT x 1.302128 = $7,000 ;
either way, BAMT = $7,000 ÷ 1.302128 = $5,375.81 .    
[Here the EAR is 6.8227%.]   With more intra-year compounding periods (and thus a higher EAR) 

as we move from annual to continuous, Shirley can deposit less today and still reach her $7,000 goal.  Looked at from a different angle, she is not willing to pay as much today for an investment that is expected to give her/her grandson a specified amount of money later if the situation is riskier and she therefore requires a higher effective rate of return.  
93.  What would Wanda pay today for the right to collect (or viewed differently, how much must she deposit today 
in order to withdraw) $8,000 per year, at the end of each of years 13 through 25, if the account earns a 6.75% annual rate of return?   

Type: Present Value of Deferred Annuity.  This problem involves a present value of an annuity situation: 
a series of equal or related payments corresponds to a lump sum that exists intact in the present (the amount we should be willing to pay today).  However, the series will not begin at the end (or beginning) of the current year; this is a deferred annuity situation, with cash flows expected to begin only after some number of periods has passed.  Recall that we can solve for a deferred annuity with three approaches:   

Method 1: “Brute Force”




Year-End
 Present Value Factor
           Present Value


Year

Cash Flow
       (1/1.0675)n
           of Cash Flow      

    1

      $0
    
(1/1.0675)1 = .936768
     
$       0


    2

      $0
    
(1/1.0675)2 = .877535
     
$       0


    3

      $0
    
(1/1.0675)3 = .822046
     
$       0


    4

      $0
    
(1/1.0675)4 = .770067
     
$       0


    5

      $0
   
(1/1.0675)5 = .721374     
$       0


    6

      $0
    
(1/1.0675)6 = .675760
     
$       0


    7

      $0
    
(1/1.0675)7 = .633031
     
$       0


    8

      $0
    
(1/1.0675)8 = .593003
     
$       0


    9

      $0
    
(1/1.0675)9 = .555506
     
$       0


   10

      $0
    
(1/1.0675)10 = .520381
     
$       0


   11

      $0
    
(1/1.0675)11 = .487476
     
$       0


   12

      $0
    
(1/1.0675)12 = .456652
     
$       0


   13

 $8,000
(1/1.0675)13 = .427777

$ 3,422.22


   14

 $8,000
(1/1.0675)14 = .400728

$ 3,205.82


   15

 $8,000
(1/1.0675)15 = .375389

$ 3,003.11


   16

 $8,000
(1/1.0675)16 = .351653

$ 2,813.22


   17

 $8,000
(1/1.0675)17 = .329417

$ 2,635.34


   18

 $8,000
(1/1.0675)18 = .308587

$ 2,468.70


   19

 $8,000
(1/1.0675)19 = .289075

$ 2,312.60


   20

 $8,000
(1/1.0675)20 = .270796

$ 2,166.37


   21

 $8,000
(1/1.0675)21 = .253673

$ 2,029.38


   22

 $8,000
(1/1.0675)22 = .237633

$ 1,901.06


   23

 $8,000
(1/1.0675)23 = .222607

$ 1,780.86


   24

 $8,000
(1/1.0675)24 = .208531

$ 1,668.25


   25

 $8,000
(1/1.0675)25 = .195345

$ 1,562.76







           Total    
$30,969.69
Here we simply sum the present values of the individual cash flows, an approach we would have no choice but to use if the cash flows differed erratically from year to year.  But all of the nonzero amounts are equal, so we can use a shortcut based on the distributive property.  We would like to find a value that combines the present value of a single dollar amount factors for years 13 through 25, while omitting the present value of a single dollar amount factors for years 1 through 12.  This value would be .427777 + .400728 + .375389 + .351653+ .329417 + .308587 + .289075 + .270796 + .253673 + .237633 + .222607 + .208531 + .195345 = 3.871211.  That was pretty time-consuming; let’s look at the two shortcut methods for finding this value.
Method 2: “Compute a Factor”

Note that the 6.75%, 25-year present value of an ordinary annuity factor, 
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= 11.920811, is the sum of the present value of a single dollar amount factors for years 1 through 25 inclusive.  The 6.75%, 12-year present value of an ordinary annuity factor, 
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= 8.0496, is the sum of the present value of a single dollar amount factors for years 1 through 12.  So subtracting 11.920811 – 8.049600 = 3.871211 yields a value equal to the sum of the present value of a single dollar amount factors for years 13 – 25 only:

PMT x FAC = TOT
$8,000
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= TOT
$8,000 x 3.871211 = $30,969.69 as found above.
Method 3: “Discount the Annuity”

First, consider that we have a 13-year annuity of $8,000 per year, and compute its present value:
PMT x FAC = TOT
$8,000
[image: image46.wmf]÷

÷

÷

÷

÷

ø

ö

ç

ç

ç

ç

ç

è

æ

÷

ø

ö

ç

è

æ

-

0675

.

0675

.

1

1

1

13

 = TOT
$8,000 x 8.477377 = $67,819.01

This is what Wanda would pay today for the right to collect $8,000 per year for 13 years ($104,000 in total) if her required rate of return were 6.75% per year AND if the first $8,000 were to be received at the end of the current year.  But, it will not be – twelve years will pass before she will be able to say, “I will receive the first $8,000 at the end of the current year.”  So as with anything else that will not happen until twelve years have passed, we find the present value by discounting for twelve years.  We might ask: what value today corresponds to a value of $67,819.01 in twelve years?  Or: How much must Wanda have today so that it will grow at 6.75% interest to $67,819.01 in twelve years? 

BAMT (1 + r)n = EAMT
BAMT (1.0675)12 = $67,819.01

BAMT = $67,819.01÷ (1.0675)12 =  OR

BAMT = $67,819.01
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$67,819.01 x .456652 = $30,969.69 as found above.
Or we could combine the two steps into one (discounting a 13-year annuity for 12 years):

PMT x FAC = TOT
$8,000
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 = TOT
$8,000 [8.477377 x .456652] = TOT
$8,000 x 3.871211 = $30,969.69 ,
as above.  Be sure that this last equation makes sense: note that Wanda will get 13 payments, but that they will not begin until 12 years have passed.  Note also that if she were able to get the withdrawals at the beginning of each of years 13 through 25, she would be willing to pay more for the plan (or viewed from a different angle, she would have to deposit more today if she wanted to make a series of beginning-of-year withdrawals).  Just as in other annuity applications, to find the total for beginning-of-year cash flows we multiply the corresponding end-of-year total by (1 + r): 
PMT x FAC = TOT
$8,000
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 = TOT
$8,000 x 4.132518 = $33,060.14 .

94.  Lonnie wants to buy a house.  Because he currently makes a $795 monthly rent payment, and he also regularly saves $400 per month, he feels that he can afford to make a $1,195 monthly mortgage loan payment.  If his bank charges a 10.2% stated annual percentage rate (APR) of interest on mortgage loans, and payments are to be made at the end of each month for 20 years, how big a loan can Lonnie afford to service (i.e., how much money can he afford to borrow)?  What effective annual rate (EAR) of interest will he be paying?  

Type: PV of Annuity; Total Unknown.  A loan repayment problem is a present value of an annuity application, because 1) we have a series of equal or related payments, equally spaced in time and 2) the lump sum that corresponds to that series (the amount the bank lends to the borrower) is intact in the present.  Often in loan payment situations we know the amount borrowed and must compute the appropriate periodic payment.  Here we know how much each periodic payment can potentially be ($1,155), and our unknown to solve for is the amount of loan the borrower can afford to “service.”  Note that with a 10.2% APR and monthly payments over 20 years, our r will be .102 ÷ 12 = .0085, and n will be 20 x 12 = 240.    
PMT x FAC = TOT
$1,195
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$1,195
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 = TOT
$1,195 x 102.217111 = $122,149.45 .

Lonnie can afford to borrow a little over $122,000.  A home buyer typically makes a down-payment (money from his or her own pocket) of perhaps 20%, and borrows the remainder of the purchase price.  So in this case he might plan to buy a $152,500 house, paying $30,500 out-of-pocket and borrowing the remaining $122,000.  The EAR that he will be paying if he accepts this loan is 

(1 + periodic rate)number of periods in a year – 1 = (1.0085)12 – 1 = 10.6906%, an interesting value for purposes of comparing costs across different loans, but one that is not needed for computing PMT or TOT values as long as we know the periodic rate.
95.  What would Anthony pay for the right to pay/collect (i.e., what is the present value of) the following stream of year-end cash flows, if the risk of this investment situation causes him to expect a 14% annual rate of return?
Year 1: – $10,000
Year 2: –$5,000

Year 3: –$10,000

Year 4:  $36,000

Type: Present Value of a Series of Payments.  Even though we have a series of cash flows (rather than simply a beginning amount and an ending amount), we can not use the annuity shortcut because the projected flows differ from year to year; thus we can not make use of the distributive property.  The interesting feature of this problem is the negative signs.  They need not trouble us; what is happening is that Anthony keeps investing money for three years (it takes a long time to get this project up and running), and then expects to get a big payoff in year 4.  [Maybe he is building an electric power plant, which requires three years of work to get up and running, but then he can sell it to a large utility company after it’s completed.]  Just keep the negative signs in the right places.  Notice that, just as it’s not as good to get $10,000 in year 3 as in year 1, it is not as painful to spend $10,000 in year 3 as it is to spend it in year 1 (because he could start with less than $10,000 today and let it grow to $10,000 over 3 years).  The present values of the individual expected cash flows are:  
BAMT (1 + r)n = EAMT
BAMT (1.14)1 = –$10,000

BAMT = –$10,000 ÷ (1.14)1   OR 
BAMT = –$10,000 
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 = –$8,771.92 .
BAMT (1.14)2 = –$5,000

BAMT = –$5,000 ÷ (1.14)2   OR

BAMT = –$5,000 
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= –$3,847.34 .
BAMT (1.14)3 = –$10,000

BAMT = –$10,000 ÷ (1.14)3   OR

BAMT = –$10,000 
[image: image55.wmf]3

14

.

1

1

÷

ø

ö

ç

è

æ

 = –$6,749.72 .
BAMT (1.14)4 = $36,000

BAMT = $36,000 ÷ (1.14)4   OR

BAMT = $36,000 
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 = $21,314.89 .
The sum of the present values is –$8,771.92 + –$3,847.34 + –$6,749.72 + $21,314.89 = $1,945.91.  Because this “net” present value (yes, that’s what a net present value is) is positive, the investment is a good one: the $36,000 Anthony expects to receive in year 4 will provide both a return of the $25,000 total invested and a 14% annual rate of return on the growing amount that remains invested from year to year over the project’s life.  

96.  Larry wants to buy a weekend cabin near his home town of Holland, Michigan so his children will be able to watch the tulips bloom every spring.  He wants to buy the cabin in 7 years, and will save for a down-payment in the intervening years.  
a.  Under one plan, he would save $2,700 at the end of the current year, and then increase the amount he saves each year by 6% (his expected average annual pay increase).  He feels that he will be able to earn a 4.25% interest rate on his account’s growing balance.  How large a down-payment will he have accumulated by the end of year 7?  What if this stream of deposits were instead made at the beginning of each year?  

Type: Future Value of a Series of Increasing Payments.  Here we might simply use our BAMT (1 + r)n = EAMT equation to find the amount to which each deposit will grow, and sum the individual totals.  For year-end deposits the amount Larry would accumulate by the end of year 7 would be:

Year

   Deposit

Compounding Factor

Compounded Value 


  1
$2,700 (1.06)0 = $2,700.00
        (1.0425)6


       $3,465.93


  2
$2,700 (1.06)1 = $2,862.00
        (1.0425)5


       $3,524.11

  3
$2,700 (1.06)2 = $3,033.72
        (1.0425)4


       $3,583.27

  4
$2,700 (1.06)3 = $3,215.74
        (1.0425)3


       $3,643.42

  5
$2,700 (1.06)4 = $3,408.69
        (1.0425)2


       $3,704.59

  6
$2,700 (1.06)5 = $3,613.21
        (1.0425)1


       $3,766.77

  7
$2,700 (1.06)6 = $3,830.00
        (1.0425)0


       $3,830.00









Total
     $25,518.09 .
FIL 404 students should note that we could compute the answer with the future value of a changing ordinary annuity factor, using as PMT the first deposit in the changing stream:

PMT x FAC = TOT
$2,700
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 = TOT
$2,700 x 9.451147 = $25,518.10 .
This example may seem unusual, in that the growth rate exceeds the expected rate of return.  Such a situation is sometimes seen as unrealistic, in that growth is sometimes thought of as part of – and thus necessarily an amount smaller than – the rate of return.  But in this case the rate of increase 
in deposits is independent of (and happens here to be greater than) the expected rate of return.  In 
a case like this one the negative signs in the above factor’s numerator and denominator cancel each other out, and we simply carry out the computations as we would if g < r.
By instead making deposits at the beginning of each year, his end-of-year-7 total would be a larger    

Year

   Deposit

Compounding Factor

Compounded Value 


  1
$2,700 (1.06)0 = $2,700.00
        (1.0425)7


       $3,613.24


  2
$2,700 (1.06)1 = $2,862.00
        (1.0425)6


       $3,673.89

  3
$2,700 (1.06)2 = $3,033.72
        (1.0425)5


       $3,735.56

  4
$2,700 (1.06)3 = $3,215.74
        (1.0425)4


       $3,798.27

  5
$2,700 (1.06)4 = $3,408.69
        (1.0425)3


       $3,862.03

  6
$2,700 (1.06)5 = $3,613.21
        (1.0425)2


       $3,926.86

  7
$2,700 (1.06)6 = $3,830.00
        (1.0425)1


       $3,992.78









Total
     $26,602.63 .
Using the factor for the future value of a changing annuity due (which FIL 404 students are asked toi work with but FIL 240 students are not), we compute the same (1¢ rounding difference):

PMT x FAC = TOT
$2,700
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 = TOT
$2,700 x 9.852821 = $26,602.62 .
b.  Under a second plan, Larry would save $5,200 at the ends of each of years 1-4, and then just let the accumulated balance earn a 4.25% annual interest rate through the end of year 7.  How large a down-payment will he have by the end of year 7 with this plan?  What if he instead made his savings deposits at the beginning of each year?   

Type: Future Value of a Truncated Annuity.  Again we could just use our BAMT (1 + r)n = EAMT equation to find the amount to which each deposit will grow, and sum the individual totals:

Year

   Deposit

Compounding Factor

Compounded Value 


  1

   $5,200 
        
       (1.0425)6


       $6,675.13


  2

   $5,200
        
       (1.0425)5


       $6,403.00

  3

   $5,200
        
       (1.0425)4


       $6,141.97

  4

   $5,200
        
       (1.0425)3


       $5,891.58

  5

   $   0
        

       (1.0425)2


       $     0

  6

   $   0 

        
       (1.0425)1


       $     0

  7

   $   0
        

       (1.0425)0


       $     0        









Total
     $25,111.68
if the deposits are made at the end of each year.  For a brief period (here just 4 years of deposits) this “brute force” approach is not too difficult to work with, but what if Larry planned to make 25 years of deposits before letting the accumulated balance continue to earn interest?  Just as with present values of deferred annuities, with future values of truncated annuities we can use a “Compute a Factor” approach:

PMT x FAC = TOT
$5,200
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 = TOT
$5,200 (7.958475 – 3.129306) = TOT
$5,200 x 4.829169 = $25,111.68 .
And in a manner analogous to the “Discount the Annuity” approach used in computing present values of deferred annuities, with future values of truncated annuities we can “Compound the Annuity” (here an annuity of 4 deposits, which is then compounded for 3 additional periods):
PMT x FAC = TOT
$5,200
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 = TOT
$5,200 [(4.262302)(1.132996) = TOT
$5,200 x 4.829169 = $25,111.68 .
With beginning-of-year deposits Larry should have an end-of-year-7 balance of:

Year

   Deposit

Compounding Factor

Compounded Value 


  1

   $5,200 
        
       (1.0425)7


       $6,958.82


  2

   $5,200
        
       (1.0425)6


       $6,675.13


  3

   $5,200
        
       (1.0425)5


       $6,403.00


  4

   $5,200
        
       (1.0425)4


       $6,141.97


  5

   $   0
        

       (1.0425)3


       $     0


  6

   $   0 

        
       (1.0425)2


       $     0

  7

   $   0
        

       (1.0425)1


       $     0        









Total
     $26,178.92 ,
which we could also compute as 

PMT x FAC = TOT
$5,200
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 = TOT
$5,200 [(7.958475 – 3.129306)](1.0425) = TOT
$5,200 x 5.034408 = $26,178.92               OR
$5,200
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 = TOT
$5,200 [(4.262302)(1.132996)(1.0425) = TOT
$5,200 x 5.034408 = $26,178.92 .
c.  Under a third plan, Larry would save $2,700 at the ends of each of years 1 – 2; then $3,700 at the ends of each of years 3 – 4; and then $4,700 at the ends of each of years 5 – 7.  With a 4.25% annual interest rate earned, how large a down-payment will he have by the end of year 7?  What if deposits were made at the beginning of each year?   

Type: Future Value of a Sequential Annuity.  Once again we could just use our BAMT (1 + r)n = EAMT equation to find the amount to which each deposit will grow, and sum the individual totals:

Year

   Deposit

Compounding Factor

Compounded Value 


  1

   $2,700 
        
       (1.0425)6


       $3,465.93


  2

   $2,700
        
       (1.0425)5


       $3,324.64


  3

   $3,700
        
       (1.0425)4


       $4,370.25

  4

   $3,700
        
       (1.0425)3


       $4,192.08

  5

   $4,700        

       (1.0425)2


       $5,107.99

  6

   $4,700
        
       (1.0425)1


       $4,899.75

  7

   $4,700       

       (1.0425)0


       $4,700.00        









Total
      $30,060.64
if the deposits are made at the end of each year.  And again, for a brief period (here 7 years of deposits) this “brute force” approach is not too difficult to work with, but what if Larry planned to make sequential groups of deposits over a much longer period?  Here we have an application of the future value of a “truncated” annuity that we might call a sequential annuity.  We compute its value as:
$2,700
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= $2,700 (2.515025) + $3,700 (2.314143) + $4,700 (3.129306) 
= $6,790.57 + $8,562.33 + $14,707.74 = $30,060.64 .
Make sure that the exponents here make sense: we start with a 2-year annuity whose deposits end at the end of year 2; thus the accumulated total will earn 4.25% annual interest for 5 more years, until the end of year 7.  Then there is another 2-year annuity, whose stream of deposits will be completed at the end of year 4, and thus whose accumulated total will earn interest for another 3 years until the end of year 7.  Finally we have a simple 3-year annuity, with deposits  running from the end of year 5 through the end of year 7.  The case of beginning-of-year deposits results in a higher end-of-year-7 balance of:

Year

   Deposit

Compounding Factor

Compounded Value 


  1

   $2,700 
        
       (1.0425)7


       $3,613.24


  2

   $2,700
        
       (1.0425)6


       $3,465.93


  3

   $3,700
        
       (1.0425)5


       $4,555.98


  4

   $3,700
        
       (1.0425)4


       $4,370.25

  5

   $4,700        

       (1.0425)3


       $5,325.08


  6

   $4,700
        
       (1.0425)2


       $5,107.99

  7

   $4,700       

       (1.0425)1


       $4,899.75









Total
      $31,338.22 ,
which we could compute more expeditiously (especially if we had three groups of deposits over a much longer time period) as 
$2,700
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= $2,700 (2.621914) + $3,700 (2.412494) + $4,700 (3.262302) 

= $7,079.17 + $8,926.23 + $15,332.82 = $31,338.22 .
97.  Jerry owns a resort on a popular Wisconsin lake.  Two sporting goods companies want to reserve the entire resort for the next six years to hold promotional fishing tournaments.  Christopher Reels, expecting its tournament attendance to grow in the future, offers to to pay rent of $8,000, $9,000, $10,000, $12,000, $14,000, and $18,000, respectively ($71,000 total), at the end of each of the six years in question.  Robert Lures, which expects the tournaments it sponsors to have declining attendance as time passes, offers yearly rents of $15,000, $14,000, $12,000, $10,000, $9,000, and $8,000 ($68,000 total).  Which offer should Jerry accept?  Assume first that each company is financially strong, such that Jerry faces little risk and feels his opportunity cost (his cost of turning other customers away for six years and relying only on one customer’s ability to pay a pre-determined rent) is only 4% 

per year.  Then assume he perceives a higher level of risk and would require an 8% annual rate of return.  (In other words, determine how much Jerry would have to invest today to give himself the yearly cash flow streams described if he could earn a 4% annual rate of return, vs. an 8% annual rate of return, on his account’s declining value.)  

Type: Present Value of a Series of Payments.  Here we are looking at the present values of non-equal 
cash flow streams (so we can not use the annuity shortcut based on the distributive property).  We 
want to know how much Jerry would have to deposit today so that he could withdraw the amounts described over the ensuing six years.  Note that the respective unadjusted totals are $71,000 and $68,000, so if he could earn only a 0% annual rate of return he would have to invest $71,000 and $68,000 today, respectively.  
But since a positive rate of return is expected, each of these cash flow streams has a present value less than the sum of its unadjusted cash flows.  Since neither of the cash flow streams described is an annuity with level or constantly changing payments, we must use our equation for non-annuity situations: BAMT (1 + r)n = EAMT.  

Present value of Christopher cash flows at 4% annual required rate of return:





Year 1: BAMT (1.04)1 =  $  8,000     (
BAMT = $  8,000 ÷ (1.04)1 = $  7,692.31
Year 2: BAMT (1.04)2 = $  9,000     (
BAMT = $  9,000 ÷ (1.04)2 = $  8,321.01
Year 3: BAMT (1.04)3 = $10,000     (
BAMT = $10,000 ÷ (1.04)3 = $  8,889.96
Year 4: BAMT (1.04)4 = $12,000     (
BAMT = $12,000 ÷ (1.04)4 = $10,257.65

Year 5: BAMT (1.04)5 = $14,000     (
BAMT = $14,000 ÷ (1.04)5 = $11,506.98
Year 6: BAMT (1.04)6 = $15,000     (
BAMT = $18,000 ÷ (1.04)6 = $14,225.66








    Total      $60,893.57
Let’s work year-by-year through these cash flows year-by-year:

       
       Beginning
      Plus 4%
      Total               Minus
    Ending

  
Year
        Balance
     Interest  
    Available
 Withdrawal
    Balance
    
   1
    $60,893.57      $2,435.74  
 $63,329.31
 $  8,000.00
$55,329.31
    
   2
    $55,329.31       $2,213.17  
 $57,542.48
 $  9,000.00     $48,542.48
    
   3
    $48,542.48      $1,.941.70
 $50,484.18       $10,000.00
$40,484.18
    
   4
    $40,484.18       $1,619.37
 $42,103.55       $12,000.00
$30,103.55

    
   5
    $30,103.55       $1,204.14
 $31,307.69       $14,000.00
$17,307.69
    
   6
    $17,307.69       $  692.31
 $18,000.00       $18,000.00
$       0

Present value of Robert cash flows at 4% annual required rate of return:


Year 1: BAMT (1.04)1 =  $15,000     (
BAMT = $15,000 ÷ (1.04)1 = $14,423.08
Year 2: BAMT (1.04)2 = $14,000     (
BAMT = $14,000 ÷ (1.04)2 = $12,943.79
Year 3: BAMT (1.04)3 = $12,000     (
BAMT = $12,000 ÷ (1.04)3 = $10,667.96
Year 4: BAMT (1.04)4 = $10,000     (
BAMT = $10,000 ÷ (1.04)4 = $  8,548.04

Year 5: BAMT (1.04)5 = $  9,000     (
BAMT = $  9,000 ÷ (1.04)5 = $  7,397.34
Year 6: BAMT (1.04)6 = $  8,000     (
BAMT = $  8,000 ÷ (1.04)6 = $  6,322.52








    Total      $60,302.73
Let’s work through these cash flows year-by-year:

       
       Beginning
      Plus 4%
      Total               Minus
    Ending

  
Year
        Balance
     Interest  
    Available
 Withdrawal
    Balance
    
   1
    $60,302.73      $2,412.11  
 $62,714.84
 $15,000.00
$47,714.84

    
   2
    $47,714.84      $1,908.59  
 $49,623.43
 $14,000.00     $35,623.43
    
   3
    $35,623.43      $1,424.94
 $37,048.37      $12,000.00
$25,048.37
    
   4
    $25,048.37      $1,001.93
 $26,050.30      $10,000.00
$16,050.30

    
   5
    $16,050.30      $  642.01
 $16,692.31       $  9,000.00
$  7,692.31
    
   6
    $  7,692.31      $  307.69
 $  8,000.00      $  8,000.00
$       0

If the required annual rate of return is 4%, the rent stream offered by Christopher is more valuable than the stream offered by Robert.  Jerry would need $60,893.57 to create his own income stream equal to what Christopher would give him (so it is worth $60,893.57 to him), whereas he would need only $60,302.73 to create the payment stream that Robert would provide.  But if the required annual rate of return were 8%, we would find: 

Present value of Christopher cash flows at 8% annual required rate of return:





Year 1: BAMT (1.08)1 =  $  8,000     (
BAMT = $  8,000 ÷ (1.08)1 = $  7,407.41
Year 2: BAMT (1.08)2 = $  9,000     (
BAMT = $  9,000 ÷ (1.08)2 = $  7,716.05
Year 3: BAMT (1.08)3 = $10,000      (
BAMT = $10,000 ÷ (1.08)3 = $  7,938.32
Year 4: BAMT (1.08)4 = $12,000      (
BAMT = $12,000 ÷ (1.08)4 = $  8,820.36

Year 5: BAMT (1.08)5 = $14,000      (
BAMT = $14,000 ÷ (1.08)5 = $  9,528.16
Year 6: BAMT (1.08)6 = $15,000      (
BAMT = $18,000 ÷ (1.08)6 = $11,343.05








    Total      $52,753.35
Present value of Robert cash flows at 8% annual required rate of return:


Year 1: BAMT (1.08)1 =  $15,000     (
BAMT = $15,000 ÷ (1.08)1 = $13,888.89
Year 2: BAMT (1.08)2 = $14,000     (
BAMT = $14,000 ÷ (1.08)2 = $12,002.74
Year 3: BAMT (1.08)3 = $12,000     (
BAMT = $12,000 ÷ (1.08)3 = $  9,525.99
Year 4: BAMT (1.08)4 = $10,000     (
BAMT = $10,000 ÷ (1.08)4 = $  7,350.30

Year 5: BAMT (1.08)5 = $  9,000     (
BAMT = $  9,000 ÷ (1.08)5 = $  6,125.25
Year 6: BAMT (1.08)6 = $  8,000     (
BAMT = $  8,000 ÷ (1.08)6 = $  5,041.36








    Total      $53,934.53
So now we see that if the required annual rate of return is 8%, the rent stream offered by Robert is more valuable than the stream offered by Christopher.  Jerry would need $53,934.53 to create his own income stream equal to what Robert would give him (so it is worth $53,934.53 to him), whereas he would need only $52,753.35 to create the payment stream Christopher would provide.  

Note the outcome: a low discount rate does not place a severe penalty on the more distant cash flows, so Christopher’s offer, with its higher unadjusted total ($71,000 vs. $68,000), has the higher value.  A high discount rate severely penalizes cash flows that we must wait a long time to receive, so in the second case Christopher’s offer, with its higher total but its delay in providing larger payments, has the lower value.  So Jerry should accept Christopher’s offer if he requires only 
a 4% annual rate of return but Robert’s offer if he requires a higher 8% annual rate of return.  

What if the expected payments from Robert were as shown, but the rent promised by Christopher were $8,000, $9,000, $10,000, $12,000, $14,000, and $15,000 – the same as Robert’s, but in the reverse order?  Then Christopher’s offer could never be more valuable to Jerry than Robert’s; with the same unadjusted cash flow total, the plan that offers more dollars sooner will be superior under any positive required annual rate of return (at a 0% rate of return each would be worth $68,000).     
98.  Famed daytime TV actress Ronna Mucci is negotiating a five-year contract to play the role of D’erica Blaine on the blockbuster hit soap opera As Tomorrow’s Young Hospital Children Boldly Turn Restless.  The show’s exeutive producer, Darrin Smelling, has agreed to pay Ronna based on her choice from among the following 5-year plans, with the money to be paid at the beginning of the year in each case.  Based on the risks she perceives, Ronna requires a 6% annual rate of return for having to wait to be paid.  Which of the three plans has the highest value to her? 




Year 1

Year 2

Year 3

Year 4

Year 5
 
Plan A
          $8,000,000
          $7,000,000
          $5,000,000
          $5,000,000
          $5,000,000


Plan B
          $5,000,000
          $6,000,000
          $7,000,000
          $8,000,000
          $9,000,000

 
Plan C
          $6,500,000
          $6,500,000
          $6,500,000
          $6,500,000
          $6,500,000
Type: Present Value of a Series of Payments.  As in the previous question, we simply want to find the present values of some different cash flow streams.  Again we can not “eyeball” the alternatives to get the right answer; each of the three has its advantages.  For example, A has the lowest expected total to be received ($30 million, vs. $32.5 million for C and $35 million for B), but its first-year receipt is the highest, by far, among the choices.  Whereas in the previous question we divided each expected receipt by (1 + r)n, here we will multiply each receipt by 
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 [an equivalent operation, but one that facilitates our understanding of the present value of an annuity factor].  Recalling that the money is to be received at the start of each year, we can compute the present values as

For Plan A:  $8,000,000
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 = $8,000,000 (1.0) + $7,000,000 (.943396) + $5,000,000 (.889996) + $5,000,000 (.839619) + $5,000,000 (.792094) = $8,000,000 + $6,603,774 + $4,449,982 + $4,198,096 + $3,960,468 = $27,212,320 .
(Note that we could have treated the three $5,000,000 expected receipts as a deferred annuity.)

For Plan B:  $5,000,000
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 = $5,000,000 (1.0) + $6,000,000 (.943396) + $7,000,000 (.889996) + $8,000,000 (.839619) + $9,000,000 (.792094) = $5,000,000 + $5,660,377 + $6,229,975 + $6,716,954 + $7,128,843 = $30,736,149 .
For Plan C:  $6,500,000
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 = $6,500,000 (1.0) + $6,500,000 (.943396) + $6,500,000 (.889996) + $6,500,000 (.839619) + $6,500,000 (.792094) = $6,500,000 (1.0 + .943396 + .889996 + .839619 
+ .792094) = $6,500,000 (4.465105) = $29,023,186 .
Or, since Plan C’s cash flows are projected to be equal, we could just use the present value of an annuity shortcut (the present value of an annuity due factor is the sum of the beginning-of-year present value of a dollar factors for the same discount rate and number of periods):
PMT x FAC = TOT
$6,500,000
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 = TOT
$6,500,000 x 4.465106 = $29,023,186 .
Plan B has the highest combined present value to Ronna – it has the smallest first-year cash flow (a bad feature), but the highest total of expected receipts (a good feature).  But the ranking of the three could easily differ if the required annual rate of return differed from 6%. 

99.  How much will Kate have in her 4.35% savings account at the end of year 5 if she deposits $650 at the end of each of years 1 through 5?  How much will she have by the end of year 10 if she deposits $650 at the end of each of years 2, 4, 6, 8, and 10?

Type: Future Value of a Series of Payments.  One way to approach this type problem is to find the total 
to which each deposit will grow by the end of the stated period, and then add these values together.  In the first instance, we find 
BAMT (1 + r)n = EAMT
$650 (1.0435)4 = $770.70
as the amount to which her first $650 deposit will grow (after earning interest for the four years running from the end of year 1 until the end of year 5).  Kate’s subsequent deposits will grow, by the end of year 5, to the respective amounts

$650 (1.0435)3 = $738.57
$650 (1.0435)2 = $707.78
        $650 (1.0435)1 = $678.28 , and
$650 (1.0435)0 = $650.00 .
So by the end of year 5, Kate’s account should have a total of $770.70 + $738.57 + $707.78 + $678.28 + $650.00 = $3,545.33 .  Of course, since the deposits are all expected to be the same we could set the problem up as a future value of a level ordinary annuity example (a series of equal end-of-period cash flows corresponds to a lump sum that will not exist intact until the end of year 5): 

PMT x FAC = TOT
$650
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 = TOT
$650 x 5.454338 = $3,545.32
(a 1¢ rounding difference from rounding to whole cents in each of the individual computations above).  In the second part of the problem, we find that by the end of year 10 she should have
$650 (1.0435)8 = $913.80
$650 (1.0435)6 = $839.21
$650 (1.0435)4 = $770.70
        $650 (1.0435)2 = $707.78 , and
 $650 (1.0435)0 = $650.00 .
By the end of year 10, the account should have a total of $913.80 + $839.21 + $770.70 + $707.78 + $650.00 = $3,881.49 .  [The total is greater than the $3,545.32 computed above because there will be more time for interest to accumulate on the account’s growing balance.  But note that by the end of year 10 the first plan shown above would grow to $3,545.32 (1.0435)5 = $4,386.50 .]  Is there a way to treat this second series as an annuity?  Yes; we can think of each period as being 2 years, with the periodic (2-year) rate being the amount to which 4.35% would compound over two years: (1.0435)2 – 1 = 8.8892%.  So we can compute Kate’s balance at the end of year 10 (period 5) as

PMT x FAC = TOT
$650
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 = TOT
$650 x 5.971512 = $3,881.48 .
This example should help to reinforce the idea that in every problem we are dealing with a periodic rate and a number of time periods.  When the periods are full years our computations are simpler, but the time period may be less than a full year or, as in this case, more than a full year.   
100.  If Ann’s required annual rate of return is 4.35%, what would she pay today for the right to collect $650 at the end of each of years 1 through 5?  What would she pay for the right to collect $650 at the end of each of years 6 through 10?  What would she pay for the right to collect $650 at the end of each of years 2, 4, 6, 8, and 10?
Type: Present Value of a Series of Payments.  One way to approach this type of problem is to find the amount Ann would have to have on hand today in order to withdraw $650 at the ends of the indicated years, and then add these values together.  In the first situation, we find 
BAMT (1 + r)n = EAMT
 BAMT (1.0435)1 = $650
BAMT = $650 ÷ (1.0435)1     OR

BAMT = $650
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 = $622.90
as the amount she must have on hand today so that she can withdraw $650 at the end of year 1 (since that amount will grow with 4.35% interest to $650 by the end of the first year).  The amounts she must have today to provide for taking the next four $650 withdrawals are
BAMT = $650 ÷ (1.0435)2     OR

BAMT = $650
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 = $596.94
BAMT = $650 ÷ (1.0435)3     OR

BAMT = $650
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 = $572.05
BAMT = $650 ÷ (1.0435)4     OR

BAMT = $650
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 = $548.21 , and
BAMT = $650 ÷ (1.0425)5     OR

BAMT = $650
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 = $525.35 .
So her balance today should be $622.90 + $596.94 + $572.05 + $548.21 + $525.35 = $2,865.45 .  Of course, since the withdrawals are all expected to be the same we could set the problem up as a PV of a level ordinary annuity case (with a series of equal end-of-period cash flows corresponding to a lump sum that is intact today, in the present): 

PMT x FAC = TOT
$650
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 = TOT
$650 x 4.408387 = $2,865.45 .
For the second part of the problem, we find the amount Ann must have today to provide for taking $650 withdrawals at the ends of years 6 through 10 as the sum of
BAMT = $650 ÷ (1.0435)6     OR

BAMT = $650
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 = $503.45
BAMT = $650 ÷ (1.0435)7     OR

BAMT = $650
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 = $482.47
BAMT = $650 ÷ (1.0435)8     OR
BAMT = $650
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 = $462.35
BAMT = $650 ÷ (1.0435)9     OR

BAMT = $650
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 = $443.08 , and
BAMT = $650 ÷ (1.0435)10     OR

BAMT = $650
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 = $424.61 .
So Ann’s balance today should be $503.45 + $482.47 + $462.35 + $443.08 + $424.61 = $2,315.96  (she can start with less than we computed above because she will earn interest for 5 years before taking her first $650 withdrawal).  Of course, since the withdrawals are all expected to be the same we could set the problem up as a present value of a deferred level annuity example:

PMT x FAC = TOT
$650
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$650
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 = TOT     
$650 x 3.563014 = $2,315.96 .
Finally, to collect $650 at the end of each of years 2, 4, 6, 8, and 10 she must start with the sum of
BAMT = $650 ÷ (1.0435)2     OR

BAMT = $650
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 = $596.94
BAMT = $650 ÷ (1.0435)4     OR

BAMT = $650
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 = $548.21
BAMT = $650 ÷ (1.0435)6     OR

BAMT = $650
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 = $503.45
BAMT = $650 ÷ (1.0435)8     OR
BAMT = $650
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 = $462.35 , and
BAMT = $650 ÷ (1.0435)10     OR

BAMT = $650
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Ann’s balance today should be $596.94 + $548.21 + $503.45 + $462.35 + $424.61 = $2,535.56 .  Could we instead treat this series as an annuity?  Yes; think of each relevant time period as 2 years, and the periodic (2-year) rate as the amount to which 4.35% compounds over two years: (1.0435)2 – 1 = 8.8892%.  The balance needed to fund the five 2-year periods of $650 withdrawals is

PMT x FAC = TOT
$650
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 = TOT
$650 x 3.900859 = $2,535.56 .
Again, we see that the time period we deal with can be more than a full year.   

101.  Ian wants to save money so he can buy an airplane to celebrate his 40th birthday in seven years.  He expects that a good quality used plane will cost $57,500 at that time.  If he can earn a 5.4% stated anual percentage rate (APR) of interest on his savings account’s growing balance, how much must he save each year if he makes one deposit at the end of each year?  If he wants to make a deposit at the end of each month instead, how big must each deposit be?  What will Ian’s effective anual rate (EAR) of return be if he follows the monthly deposit plan?  

Type: FV of Annuity; Payment Unknown.  This problem is a future value of a level annuity situation: the lump sum that corresponds to the series of equal cash flows (the deposits) will not exist intact until a future date (7 years from now).  If Ian’s deposits are made annually and his annual rate of return is 5.4%, then each deposit must be 

PMT x FAC = TOT
PMT 
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 = $57,500

PMT x 8.241753 = $57,500

PMT = $57,500 ÷ 8.241753 = $6,976.67  .
He will deposit a total of 7 x $6,976.67 = $48,836.69 out of pocket, and the addition of 5.4% interest to the account’s growing balance from year to year will bring him to the desired $57,500 total.  If deposits are made monthly for 7 x 12 = 84 months, then his monthly periodic rate of return will be 5.4% ÷ 12 = .45% or .0045, and each deposit will have to be 
PMT x FAC = TOT
PMT 
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PMT 
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 = $57,500
PMT x 101.805776 = $57,500
PMT = $57,500 ÷ 101.805776 = $564.80  .
Ian will deposit a total of 84 x $564.80 = $47,443.20 out of pocket (vs. $48,836.69 with annual deposits), and the addition of .45% interest to the account’s growing balance from month to month will bring him to the desired $57,500 total.  With monthly deposits he can put in less out of pocket and still reach his $57,500 goal.  The reason is that with monthly deposits and compounding he will be earning more interest over time; the APR is 5.4%, but the EAR is (1.0045)12 – 1 = 5.5357%.  In the case of annual deposits and compounding, the APR and EAR are the same: 5.4% (the EAR differs from the APR only if there are multiple compounding periods within a year).  
102.  The Illinois State University Credit Union lends Roberta $154,000 to buy a home under a mortgage lending arrangement.  She agrees to make a payment of $1,045.33 at the end of each month for the next 30 years.  What monthly periodic interest rate is the credit union charging her?  What is the corresponding annual percentage rate (APR) of interest that Roberta pays?  What is her corresponding effective annual rate (EAR) of interest?

Type: PV of Annuity, Rate of Return Unknown.   Here we have a present value of a level annuity situation, because the series of expected equal payments corresponds to a lump sum that the credit union hands over today (in the present).  It is common for mortgage loans to be repaid in equal monthly installments over thirty years, for 360 total payments.
PMT x FAC = TOT
$1,045.33
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 = $154,000 .
We want to solve for r, but because there are multiple cash flows we must use trial and error.  The answer turns out to be .006, or .6%; let’s check:  
$1,045.33
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= $1,045.33 x 147.321357 = $154,000 . (
Because the $1,045.33 is a monthly payment and the 360 is the number of months in the repayment stream, the .6% is a monthly periodic rate.  Thus the APR is .006 x 12 = .072 or 7.2%, and the EAR is (1.006)12 – 1 = .074424 or 7.4424%.  Roberta pays back a total of 360 x $1,045.33 = $376,318.80, which we can break down as $154,000 in principal and $376,318.80 – $154,000 = $222,318.80 in  interest.  Interest is paid each month on the part of the $154,000 that has not yet been repaid.  

On an exam, you would not be asked to solve a trial and error problem (it could take up too much 
of your time if you did not have the right kind of calculator to do the trial and error computations for you).  But you should know how to set up such a problem by creating an equation, as above, that shows the known values for dollar amounts and time periods, and leaves the rate r as the unknown 
to solve for.  And you should know how to compute an APR or EAR from a periodic rate of return. 

103.  Vernon buys a $250,000 house, making a $50,000 down-payment and borrowing the other $200,000 under a 25-year mortgage loan.  If the annual interest rate is 6.6% and payments are to be made at the end of each year, what is the amount of each of his annual payments?  How would the answer differ if payments were instead to be made (as they typically are in real-world mortgage lending arrangements) at the end of each month? 
Type: PV of Annuity, Payment Unknown.   A loan repayment problem is a present value of an annuity example; a series of equal or related payments corresponds to a lump sum of money (the amount 

of principal lent) that exists intact in the present.  We solve for PMT as the unknown in our annuity equation; for annual payments we find:       PMT x FAC = TOT
PMT 
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 = $200,000

PMT x 12.085841 = $200,000

PMT = $200,000 ÷ 12.085841 = $16,548.29 .
Note that the payments total to 25 x $16,548.29 = $413,707.25.  So he repays the $200,000 plus a total of $213,707.25 in interest over the loan’s life.  For monthly payments:

PMT x FAC = TOT
PMT  
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PMT  
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 = $200,000

PMT x 146.741797 = $200,000

PMT = $200,000 ÷ 146.741797 = $1,362.94 .
Here the payments total to 300 x $1,362.94 = $408,882.00; Vernon repays the $200,000 plus $208,882.00 in interest over the loan’s life.  The total repaid in the monthly case is less, because some principal is repaid after just one month (vs. the annual case, in which no principal is repaid until an entire year has passed), so there is always less outstanding principal for interest to be paid on.
104.  Dixie wants to start investing, and is looking for the most suitable bond mutual fund in which she can deposit $3,600 each year.  She expects the Washington Bond Fund to provide a 6% annual percentage rate (APR) of return, with interest compounded annually; the Adams Fixed-Income Fund to provide a 6% APR, with interest compounded semiannually; the Jefferson Debt Fund to provide a 6% APR, with interest compounded quarterly; and the Madison Front-of-the-Line Fund to provide a 6% APR, with interest compounded monthly.  If Dixie were to make her end-of-period deposits with the same frequency that the chosen fund uses to compound interest, how much money would she expect to have in each of the funds after 14 years?

Type: FV of Annuity; Total Unknown.  Here we have a future value of an ordinary level annuity problem; 
a series of equal end-of-period cash flows (the deposits) corresponds to a lump sum that will not exist intact until a future date (the end of year 14).  If Dixie deposits $3,600 every year in the Washington Fund for 14 years and the growing balance earns a 6% annual percentage rate (APR) of interest, her account balance will grow to 
PMT x FAC = TOT
$3,600
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 = TOT
$3,600 x 21.015066 = $75,654.24 .
The effective annual rate (EAR) of return (which is not directly used in our computations here) 
is the same as the 6% APR.  If she instead invests her money in the Adams Fund, then all of our figures become semiannual: she deposits $3,600 ÷ 2 = $1,800 every six months for 2 x 14 = 28 half-years, and her semiannual periodic rate of return is .06 ÷ 2 = .03.   Her balance should grow to 
PMT x FAC = TOT
$1,800
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 = TOT
$1,800 x 42.930923 = $77,275.66
(and the EAR is 1.032 – 1 = 6.09%).  If she chooses the Jefferson Fund, then all the figures become quarterly: she deposits $3,600 ÷ 4 = $900 every three months for 4 x 14 = 56 quarters, and her quarterly periodic rate of return is .06 ÷ 4 = .015.   Her account should grow to 

$900
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 = TOT
$900 x 86.797543 = $78,117.79
(and the EAR is 1.0154 – 1 = 6.1364%).  Finally, the Madison Fund leaves us with monthly figures across the board: Dixie deposits $3,600 ÷ 12 = $300 every month for 12 x 14 = 168 months, and her monthly periodic rate of return is .06 ÷ 12 = .005.   Her account will grow to
$300
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 = TOT
$300 x 262.304766 = $78,691.43
(and the EAR is 1.00512 – 1 = 6.1678%).  Why do her ultimate account totals increase as we move from the annual to the monthly case?  With more intra-year compounding periods, and with deposits that correspond to these periods, interest is credited both earlier each year and at a higher effective annual rate. 

105.  After looking more carefully into mutual fund choices, Dixie (see the previous question) comes to realize that equally risky funds would not be expected, before the fact, to provide different effective annual rates (EARs) of return.  If each of the funds were expected to provide a 6% EAR, what annual percentage rate (APR) of return 
would each of the four offer?  How much money would Dixie accumulate over the 14 years under each scenario? 

Type: FV of Annuity; Total Unknown.  Again we have a future value of an ordinary level annuity problem with the total as our unknown to solve for.  With annual compounding there is only one compounding period per year, so our periodic rate is simply the 6% EAR, and her once-per-year $3,600 deposits in the Washington Fund should grow over 14 years to 
PMT x FAC = TOT
$3,600
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 = TOT
$3,600 x 21.015066 = $75,654.24 .
With semiannual compounding there are 2 compounding periods per year, and her periodic rate is 
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 – 1 = .029563, so the twice-per-year $1,800 deposits in the Adams Fund should grow to 

PMT x FAC = TOT
$1,800
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 = TOT
$1,800 x 42.651401 = $76,772.52
(the accompanying APR would be .029563 x 2 = .059126, or 5.9126%).  With quarterly compounding there are 4 compounding periods per year, and the periodic rate is 
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 – 1 = .014674, so the four yearly $900 Jefferson Fund deposits should grow over 14 years to 

PMT x FAC = TOT
$900
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 = TOT
$900 x 85.928661 = $77,335.80
(the accompanying APR would be .014674 x 4 = .058695, or 5.8695%).  Finally, monthly compounding means 12 compounding periods per year, and a periodic rate of 
[image: image124.wmf]12

06

.

1

 – 1 = .004868, so her twelve yearly $300 Madison Fund deposits should grow to 
PMT x FAC = TOT
$300
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 = TOT
$300 x 259.042805 = $77,712.84
(the accompanying APR would be .004868 x 12 = .058411, or 5.8411%).  With equal EARs, why do her ultimate account totals still rise (albeit slightly) as we move from the annual to the monthly case?  Even though interest is not credited at a higher effective rate, more intra-year deposits cause interest to be credited (toward earning interest-on-interest) earlier each year. 

106.  The popular TV program “Marry A Sleazy Millionaire” allows five women to vie for the affections of an allegedly rich bachelor.  Unemployed, pot-smoking, non-bathing Dirk tells the show’s producer, Sherry Pluckheimer, that he is a “millionaire” because a family trust will pay him $75,000 at the beginning of each year (starting today) for the next 26 years, and 26 x $75,000 = $1,950,000 is an amount well above $1 million.  If an appropriate annual discount rate (based on the time preference for money, and the risk that the trust company managing Dirk’s family money might somehow be unable to meet its obligations) is 6.875%, can Pluckheimer legitimately promote the undeniably sleazy Dirk to the viewing public as a “millionaire”?      

Type: PV of Annuity; Total Unknown.  Here we compute the value today of the right to collect a series of related payments, viewed alternatively as the lump sum amount that would have to be on deposit today to allow for the stream of $75,000 payments to be collected.  Because the lump sum that corresponds to the series of 26 equal, beginning-of-period cash flows exists intact in the present, we have a PV of a ledvel annuity due:
PMT x FAC = TOT
$75,000 
[image: image126.wmf](

)

ú

ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ê

ë

é

÷

÷

÷

÷

÷

ø

ö

ç

ç

ç

ç

ç

è

æ

÷

ø

ö

ç

è

æ

-

06875

.

1

06875

.

06875

.

1

1

1

26

 = TOT
$75,000 x 12.785995 = $958,949.59 .
So the trust company has to have on hand only $958,949.59 today to allow Dirk to collect the expected total of $1.95 million over 26 years (the 6.875% annual return they expect to earn on 
the $958,949.59 account’s declining balance will make up the difference).  Thus Dirk is not really a millionaire (though the ratings-hungry Pluckheimer might put her gag reflex on hold and state that Dirk is an eligible contestant because his net worth is close to $1 million).  Note that if Pluckheimer felt Dirk was assured of getting the money, she would discount the expected payment stream at a much lower “risk-free” rate, perhaps 3.25%.  With the corresponding value of 

PMT x FAC = TOT
$75,000
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 = TOT
$75,000 x 17.937863 = $1,345,339.72
(that is the amount the trust company would have to have invested in 3.25% U.S. government Treasury Bills today to provide for the twenty-six $75,000 payments), she could, with a straight face, call Dirk a “millionaire.”  But if the trust company has put the family money in riskier investments, such that the expected rate of return should be 11.25% per year, Dirk’s low measured present net worth of

PMT x FAC = TOT
$75,000
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 = TOT
$75,000 x 9.270379 = $695,278.39
would cause even Pluckheimer to wince at calling him a “millionaire.”   

107.  Porthos, Hoss, and Shemp want to buy a franchise of the popular dog walking business Scoot & Scoop.  To 
get enough money (along with their own equity invested) to pay the franchising fee and buy the needed building 
and equipment, they plan to obtain a fully-amortizing (i.e., all payments are to be equal) $325,000 loan from the 
City Bank of Normal.  The loan officer at the bank quotes the following terms: full amortization over 15 years 
(180 end-of-month payments), and the stated annual percentage rate (APR) of interest will be 8.4%.  What would 
be the monthly payment on the loan?  What effective annual rate (EAR) of interest would the borrowers be paying? 

Type: PV of Annuity, Payment Unknown.   Loan repayment is a present value of an ordinary level annuity application, because a series of equal end-of-period payments (here the unknown to solve for) corresponds to a lump sum (the $325,000 principal borrowed) that exists intact today, or in the present.  This problem also brings into play the idea of non-annual compounding or discounting.  With monthly payments our periodic interest rate is a monthly rate, specifically the 8.4% stated annual percentage rate ÷ 12 monthly periods in a year = .7% monthly periodic interest rate.  But since that .7% each month is charged on top of the .7% charged in the previous month, the compounded effective annual rate (EAR) of interest is (1.007)12 – 1 = 8.7311%.

For computing the loan payments, we must remember that we are dealing with 180 repayment periods (monthly for fifteen years) and a .7% periodic interest rate:
PMT x FAC = TOT
PMT 
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 = $325,000

PMT x 102.156876 = $325,000

PMT = $325,000 ÷ 102.156876 = $3,181.38 .
Note that the payments total to 180 x $3,181.38 = $572,648.40.  So the borrower repays the $325,000 plus a total of $247,648.40 in interest over the life of the loan.

108.  If Caleb deposits $185 in the bank at the end of every three months, and he expects to earn a 4.4% average Annual Percentage Rate (APR) of interst with semi-annual compounding, how much money should he expect to have after 17.75 years?  What if his deposit instead is made at the beginning of each three-month period?  What Effective Annual Rate (EAR) of interest does he expect to earn? 

Type: FV of Annuity; Total Unknown.  Here a series of equal or related cash flows corresponds, in time value-adjusted terms, to a lump sum that will not exist intact until a future date.  The only “twist” 

in this problem is that the number of periods is not a full number of years.  It is a full number of quarters, however, so we encounter no difficulties if we simply think in terms of a periodic rate (4.4% ÷ 4 = 1.1%) and the accompanying number of quarterly periods (17.75 x 4 = 71).  For end-of-quarter deposits we find that his total should reach

PMT x FAC = TOT
$185
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= TOT
$185 x 106.760272 = $19,750.65 .
With beginning-of-quarter deposits Caleb’s total should reach

PMT x FAC = TOT
$185 
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= TOT
$185 x 107.934635 = $19,967.91 .

His expected EAR is just (1.011)4 – 1 = 4.4731%.

109.  Bubba Jones wants to buy a new bass fishing boat to make his brothers Joe Bob, Elvis, Strom, and Jeb Stuart jealous.  Based on his recent income from distilling homemade whiskey and “whuppin’ on folks,” Bubba thinks he can afford to make payments of $270 per month.  Bubba’s cousin/brother-in-law Roy Orbison McCall, manager of the local office for Possum County Title Loans, says he thinks he can probably get a loan approved at a 16.8% stated annual percentage rate (APR) of interest, with equal end-of-month payments to be made over five years.  How much should Bubba be able to borrow to pay for the boat? 
Type: PV of Annuity, Total Unknown.   All problems involving loans with equal periodic payments involve straightforward present value of an ordinary level annuity applications; in every such problem a stream of equal end-of-period cash flows (the payments) corresponds, in time value-adjusted terms, to a lump sum of money that exists intact in the present (the principal amount lent today).  The only slight twist here is that Bubba’s payments will be made on a monthly basis, so he must convert the 16.8% stated annual interest rate to a .168 ÷ 12 = .014 periodic rate, and must convert the 5 years to 5 x 12 = 60 monthly payment periods. 

PMT x FAC = TOT
$270
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$270
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 = TOT
$270 x 40.411937 = $10,911.22 , 
or about $10,900.  If the bank will lend Bubba about 70% of the purchase price, then he could buy 
a boat costing about $10,911.22 ÷ .70 = $15,587.45, putting down about $4,676 and borrowing the rest.  The effective annual rate (EAR) of interest that Bubba would expect to pay is (1.014)12 – 1 = 18.1559%, a figure that would be useful for comparing different loans but is not needed for the computations in this problem.     

110.  Now Roy contacts Bubba (see previous question) with both good and bad news.  An almost-new, top quality 
used bass boat was recently repossessed by Muskrat Shoals State Bank, and Bubba could buy it for $13,000.  But 

at the same time, the credit analyst at Possum County Title Loans’ main office worries that Bubba and Roy have overestimated Bubba’s future income, especially since federal ATF agents have been cracking down on moonshining in Possum County.  In light of this higher perceived risk, the loan can be approved only if the annual percentage rate (APR) of interest is increased to 18.6% and the repayment period is reduced to four years.  If Bubba borrows 70% 

of $13,000 = $9,100 toward purchasing the used boat, and the title loan company still expects equal payments at the end of each month, how much will each payment be?  

Type: PV of Annuity, Payment Unknown.   Because the previous problem was a present value of an ordinary level annuity application, it should be clear that this problem is present value of an ordinary level annuity as well – albeit with a different unknown to solve for (not the total, but the payment – which is what potential borrowers typically are trying to figure out).  Again the payments are to be made on a monthly basis, so we must convert the 18.6% APR to a .186 ÷ 12 = .0155 monthly periodic rate, and must convert the 4 years to 4 x 12 = 48 monthly payment periods.
PMT x FAC = TOT
PMT 
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 = $9,100

PMT x 33.681994 = $9,100

PMT = $9,100 ÷ 33.681994 = $270.17 . 
Note that the payment Bubba ends up making is just about the same as (actually a tiny bit higher than) the $270 per month he had originally expected to pay – but based on very different loan terms.  He ends up borrowing less money (which by itself would bring his payment down relative to the initial plan), but the interest rate is higher and he will be spreading the payments over fewer months/years (both of which would push the payment up relative to the initial plan). 

111.  Red G. Redbird holds the winning ticket in the Lucky 13 Sweepstakes, which has a $13 million stated grand prize.  The money is payable in 25 annual beginning-of-year installments of $520,000 each, with the first payment 
to be made today.  Wealthy investor Julian Hall offers to buy Red’s winning ticket right now for half its face value ($6.5 million in cash).  If the risk of waiting to collect the money in the smaller annual amounts would lead Red to expect an 8.375% annual rate of return, should he sell the ticket?  What discount rate, or rate of return, would make Red indifferent between receiving the $6.5 million today or the series of 25 beginning-of-year payments of $520,000 each?  What if his choice were between $6.5 million today or a series of end-of-year payments of $520,000 each?
Type: PV of Annuity; Total, r Unknown.  Here we have a present value of a level annuity due problem: a series of beginning-of-period equal cash flows, equally spaced in time, equates to a lump sum that 
is intact in the present.  Red wants the choice with the higher value, so perhaps the easiest way to solve the problem is to see whether the $6.5 million exceeds the value of the payment stream when r = 8.375%.  (Note that the $13 million is not a relevant figure for our analysis; it is simply the unadjusted total of the 25 $520,000 payments.  Red gets either $6.5 million or the series of $550,000 payments.)


      PMT x FAC = TOT
$520,000
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 = TOT
$520,000 x 11.104211 = $5,774,189.50 .

Red should accept the $6.5 million today rather than taking the series of payments, which has 
a value to him of only $5,774,189.50 .  Think of it this way: Red could accept the $6.5 million today, put $5,774,189.50 into an 8.375% investment that would allow him to withdraw $520,000 each year for the next 25 years, and still have $725,810.50 left today to spend on anything he wants. 

To find the rate at which Red would be indifferent, we solve for an unknown r in the present value of a level annuity due format, treating the $6,500,000 lump sum as a “known.”  The question we 
must answer is: what periodic rate of return does Red earn if he gives up the lump sum and instead accepts the twenty-five $520,000 beginning-of-year payments? 
PMT x FAC = TOT
$520,000
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Because we have both r and r25 in the same equation we can not solve for r directly; we have to use trial and error.  For a starting point, we do know from above that r must be less than 8.375%; if Red requires an 8.375% annual return he is better off accepting the $6,500,000 today.  Let’s try 6%:

$520,000
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 = $7,046,185.91 ,

not $6,500,000.  So 6% is too low a discount rate to make the equation true.  (If Red were happy with a 6% annual return, he would be better off taking a stream with a value to him of just over $7 million, rather than a lump sum worth $6.5 million.)  The rate that ultimately makes the equation hold true is 6.9696%: 

$520,000
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 = $6,500,000 . ( 

If Red feels that the risks of waiting to receive the money in this situation call for earning 
a 6.9696% annual rate of return, he is indifferent between getting the stream of $520,000 beginning-of-year payments vs. taking the $6,500,000 lump sum today.  If his required rate of return is lower (as shown in the 6% example above), he is better off with the stream of payments.  [If his required annual return were 0%, the stream of payments would make him as happy as would 
a lump sum of 25 x $520,000 = $13,000,000.]  If his required rate of return is higher (as with 8.375% in the prior problem), he is better off taking the $6,500,000 today.    

For the case of year-end payments to Red, the computations are a bit easier than in the beginning-of-year case because the factor is simpler (not adjusted by 1 + r).  What periodic rate of return does Red earn if he gives up the $6,500,000 lump sum and instead accepts the twenty-five $520,000 end-of-year payments?  
PMT x FAC = TOT
$520,000
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Again we have both r and r25 in the same equation, so we can not solve for r directly and must 
use trial and error.  To get a starting point, ask yourself: if you invested (perhaps by giving up) $6,500,000 today, and were told you would get a series of twenty-five $520,000 payments in return, would you be happier getting those payments at the beginning or the end of each year?  
The answer is at the beginning, of course; having to wait until the end of each year would represent a less desirable situation – a lower rate of return.  Since getting paid at the beginning of each year represented a 6.9696% annual rate of return, being paid at the end of each year must represent an r less than 6.9696%; let’s try 6%:
$520,000
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 = $6,647,345.20 ,

not $6,500,000.  So 6% is slightly too low a discount rate to make the equation true.  (If Red were happy with a 6% annual return, he would be better off taking a stream with a value to him of just over $6.6 million, rather than a lump sum worth $6.5 million.)  The rate that ultimately makes the equation hold true is 6.2374%: 

$520,000
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If Red feels that the risks of waiting to receive the money in this situation call for earning a 6.2374% annual rate of return, he is indifferent between getting the stream of $520,000 year-
end payments vs. taking the $6,500,000 lump sum today.  If his required rate of return is lower (as shown in the 6% example above), he is better off with the stream of payments, whose value exceeds the $6.5 million he could take today.  If his required rate of return is higher than 6.2374%, he is better off taking the $6,500,000 (which he could reinvest at, say, 7% and get an annual cash flow of $557,768.36 rather than a mere $520,000).    

112.  Jaime will deposit $3,350 in the Sterling State Bank today, and again every six months for the next 10 years (21 total deposits).  Then she will make no additional deposits, and will simply leave the accumulated total in the bank to earn interest for the following 23 years.  If she can earn a 5.9% annual percentage rate (APR) of interest on the account’s growing balance, with semiannual compounding, how much will she have by the end of the 33rd year? 

Type: FV of Truncated Annuity.  Here we have the future vale of a “truncated“ annuity due, with beginning-of-period deposits for 21 periods and then interest earned, while no added deposits are being made, for the remainder of the 33 years in question.  With 66 half-years in the 33 years, we will have interest earned for an additional 66 – 21 = 45 periods.  First let’s compute the amount to which her series of deposits will grow by the end of period 21:

PMT x FAC = TOT
$3,350
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 = TOT
$3,350 x 29.364208 = $98,370.10 .
Then she will make no more out-of-pocket deposits, and just let the accumulated $98,370.10 balance earn 2.95% interest every 6 months over 45 additional half-year periods:
BAMT (1 + r)n = EAMT
$98,370.10 (1.0295)45 = EAMT
$98,370.10 x 3.699864 = $363,956.02 .
Combining the steps we have

PMT x FAC = TOT
$3,350
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 = TOT
$3,350 (28.522786)(3.699864)(1.0295) = TOT
$3,350 x 108.643584 = $363,956.01 .
This combination is, of course, simply the “Compound the Annuity” method of dealing with future values of truncated annuities.  While this method of dealing with tgruncated annuities seems to make more sense to more students, an alternative would be to use the “Compute a Factor” approach: 

PMT x FAC = TOT
$3,350
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 = TOT
$3,350 [(197.051259 – 91.520823)(1.0295)] = TOT
$3,350 x 108.643584 = $363,956.01 .
And note that if she made end-of-year deposits, Heather’s balance at the end of year 33 would be a slightly lower 

PMT x FAC = TOT
$3,350
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 = TOT
$3,350 x 105.530436 = $353,526.96 .
113.  Heather’s house will probably need new windows and vinyl siding in eight years.  Based on current costs and expected cost increases for construction labor and materials, she thinks she will end up paying about $18,000.  She already has $4,500 saved toward this total, and hopes to accumulate the remainder by saving systematically over the next eight years, with four deposits each year in the First National Bank of Rock Falls, which pays a 5.24% annual percentage rate (APR) of interest with quarterly compounding.   How much must Heather deposit at the end of each quarter to reach her $18,000 goal?  What if she instead makes deposits at the beginning of each quarter? 

Type: Non-Annuity, FV of Annuity.  Here a saver expects to need $18,000 in eight years, and must figure out how much to deposit in each of 32 quarters so that her current balance and her deposits will together reach $18,000.  First we can compute the amount to which her current $4,500 savings will grow over 32 quarters at a quarterly periodic interest rate of .0524 ÷ 4 = .0131, or 1.31%.
BAMT (1 + r)n = EAMT
$4,500 (1.0131)32 = EAMT
$4,500 x 1.516611 = $6,824.75 .
[The effective annual rate, or EAR, is (1.0131)4 – 1 = .053439, or 5.3439%, so we could also think in terms of years and compute the expected total as:

BAMT (1 + r)n = EAMT
$4,500 (1.053439)8 = EAMT
$4,500 x 1.516611 = $6,824.75 .]
Now we have a straightforward annuity problem, in which we compute how much Heather must deposit every quarter to accumulate the $18,000 needed minus $6,824.75 already accounted for 
= $11,175.25 over 8 years (32 quarters).  With end-of-quarter deposits we find:

PMT x FAC = TOT
PMT 
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 = $11,175.25
PMT x 39.435925 = $11,175.25
PMT = $11,175.25 ÷ 39.435925 = $283.38 .
If she instead made beginning-of-quarter deposits, each deposit could be a lower

PMT x FAC = TOT
PMT 
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 = $11,175.25
PMT x 39.952535 = $11,175.25
PMT = $11,175.25 ÷ 39.952535 = $279.71 .
So she deposits $279.71 at the start, or $283.38 at the end, of each of the next 32 quarters.  Either way her deposits will grow to $11,175.25 by the end of year 8.  At the same time, her current $4,500 savings balance will grow to $6,824.75 by the end of year 8.  Thus by the end of year eight, 32 quarters from now, she will have a combined total of $11,175.25 + $6,824.75 = $18,000 to pay for the needed work.

114.  Edith is thinking about buying an apartment building.  In analyzing the building and the local rental market, 

she concludes that she can expect to earn $23,250, in rents net of expenses, every 6 months over an 18.5-year holding period.  She also expects that she will be able to sell the building at the end of 18½ years for $785,000.  

If her minimum required nominal annual rate of return (an Annual Percentage Rate, or APR), based on the risks 

of owning local apartment buildings, is 12.5%, what is the highest price that she should pay for the building?              

Type: Present Value of a Series of Payments.  This prpblem involves the present value of a series of equal payments (a level annuity), plus the present value of a single payment.  Although rents are typically collected at the beginning of each period, since expenses might be incurred randomly during each period we might wish to think of the rent net of expenses as being available to Edith at the end of each period.  With a 12.5% APR, the semiannual periodic rate is 12.5% ÷ 2 = 6.25% (for an Effective Annual Rate, or EAR, of (1.0625)2 – 1 = 12.8906%), while 18½ years contains 37 half-year periods.  What Edith should willingly pay for the right to collect the rental income stream for 18½ years (37 half-years) is   



      
PMT x FAC = TOT
$23,250
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= TOT
$23,250 x 14.301955 = $332,520.44 .

What she should willingly pay for the right to collect the $785,000 selling price in 18½ years is
BAMT (1 + r)n = EAMT

BAMT (1.0625)37 = $785,000
BAMT = $785,000 ÷ (1.0625)37     OR 
BAMT = $785,000 
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= $83,310.34 .

So what she should be willing to pay is Present Value of Series + Present Value of Single Receipt = 

$23,250
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 = $332,520.44 + $83,310.34 = $415,830.78 .
115.  Bart’s Burgers on the Quad has borrowed $17,650 at a 13.2% stated annual percentage rate (APR) of interest.  If the company makes a payment of $435.22 at the end of each month, how long will it take for the loan to be repaid?  What if the payment is made at the beginning of each month?

Type: PV of Annuity; Number of Periods Unknown.  Now we have the number of time periods, n, as the unknown in a present value of an ordinary level annuity problem.  A lump sum that exists intact in the present (the $35,000 borrowed today) corresponds, in time value-adjusted terms, to the series of equal end-of-period cash flows (the repeated $863.05 monthly payments).  Note that a 13.2% APR with monthly payments gives us a monthly periodic rate of .132 ÷ 12 = .011.   For the year-end payments case we find
PMT x FAC = TOT
$435.22
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(.989120)n = . 553904
ln [(.989120)n] = ln .553904
n x ln .989120 = ln .553904
n (-.010940) = -.590764
54 = n.

Since n is a number of months, it will take 54 months ÷ 12 = 4½ years for the loan to be repaid with end-of-month payments.  The total to be repaid will be 54 x $435.22 = $23,501.88: $17,650 in principal and $5,851.88 in total interest.  With beginning-of-year payments it would still take a little more than 53 full payments:
PMT x FAC = TOT
$435.22
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116.  Anton can afford to make a monthly mortgage loan payment of $1,500.  If the First National Bank of Baden is quoting an 8.46% stated annual percentage rate (APR) of interest on 30-year loans, how much money can he afford to borrow?  What if the bank were instead quoting a 9.3% stated APR?  Do you see why the housing market can be sensitive to changes in interest rates?    

Type: PV of Annuity; Total Unknown.  Repaying a mortgage loan is a present value of an ordinary level annuity application; the series of equal periodic payments corresponds to a lump sum (the principal lent) that is intact in the present.  In this case the amount of the loan is the unknown to solve for.  For monthly payments, we compute r as the APR divided by 12, and compute n as 12 times the number of years.  For an 8.46% APR, the monthly periodic rate is .0846 ÷ 12 = .00705 [the EAR is (1.00705)12 – 1 = 8.7959%], and the amount of loan Anton can service is:
PMT x FAC = TOT
$1,500
[image: image163.wmf]÷

÷

÷

÷

÷

÷

÷

÷

ø

ö

ç

ç

ç

ç

ç

ç

ç

ç

è

æ

÷

÷

÷

ø

ö

ç

ç

ç

è

æ

+

-

×

12

0846

.

12

0846

.

1

1

1

30

12

 = TOT
$1,500
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 = TOT
$1,500 x 130.534594 = $195,801.89 .

For an 9.3% APR, the monthly periodic rate is .093 ÷ 12 = .00775 [the EAR is (1.00775)12 – 1 = 9.7068%], and the amount of loan Anton can service is:

PMT x FAC = TOT
$1,500
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$1,500 x 121.021238 = $181,531.86 .
A higher interest rate reduces the amount of principal that the borrower can afford with a given periodic payment.  If Anton’s situation is typical, then the amount that buyers can afford to borrow – and to pay for houses – declines as interest rates rise.  Home sellers may find that they have to reduce their asking prices in order to attract buyers in a high interest rate environment.   

117.  Carson has received $93,750 from the settlement of an elderly aunt’s estate.  He wants to use the money to create a college fund for his six-year-old granddaughter, Katrin.  She just finished the first grade, so he expects her 

to begin college twelve years from today.  He hopes she will follow the family tradition of completing a four-year degree and then going to law school, so he expects her post-secondary schooling to last for seven years.  If a 5.125% annual rate of return can be earned on the account’s balance, how much money would we expect Katrin to have available to help pay for each of her seven years of post-secondary schooling?  If instead the fund were to provide $38,000 per year, for how many years could she continue to make withdrawals?  [FIL 404 only]  If the fund is planned so each year’s withdrawal will grow by 3.25% (the family’s estimate of increases in education costs), what amount is each withdrawal expected to be?  If Katrin wanted to take amounts that started with $38,000 and then grew by 3.25% per year, for how many years could she continue to make withdrawals?  What rate of return would allow her to make this series of growing withdrawals for 7 years?          

Type: PV of Deferred Annuity; PMT, Number of Periods, Rate of Return Unknown.  Here we have a deferred annuity due: a large lump sum of money that exists intact in the present corresponds to a series 
of beginning-of-period withdrawals that will not begin until some number of periods has passed.  Whereas with earlier deferred annuity problems we computed the total value, here we have different unknowns to solve for.  As with any annuity situation, we can begin with our general annuity formula:

PMT x FAC = TOT .     

In this situation, with a $93,750 present lump sum and a 12-year delay until seven withdrawals occur in years 13 – 19, we find the unknown annual withdrawal by solving:

PMT 
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= $93,750

PMT x 3.324110 = $93,750

PMT = $93,750 ÷ 3.324110 = $28,203.04 .   

She should be able to withdraw $28,203.04 at the beginning of each of years 13 through 19, after interest has built up in the account for 12 years.  If these numbers do not seem convincing, look at the cash flows year by year:



    Beginning
     Minus
     Total         Plus 5.125%
      Ending

Year
     Balance
Withdrawal
  Available
 Interest
     Balance 

   1 
$  93,750.00
$       0

$  93,750.00
$4,804.69
$  98,554.69

   2
$  98,554.69
$       0

$  98,554.69
$5,050.93
$103,605.62

   3
$103,605.62
$       0

$103,605.62
$5,309.79
$108,915.41

   4
$108,915.41
$       0

$108,915.41
$5,581.91
$114,497.32

   5
$114,497.32
$       0

$114,497.32
$5,867.99
$120,365.31

   6
$120,365.31
$       0

$120,365.31
$6,168.72
$126,534.03

   7
$126,534.03
$       0

$126,534.03
$6,484.87
$133,018.90

   8
$133,018.90
$       0

$133,018.90
$6,817.22
$139,836.12

   9
$139,836.12
$       0

$139,836.12
$7,166.60
$147,002.72

 10
$147,002.72
$       0

$147,002.72
$7,533.89
$154,536.61

 11
$154,536.61
$       0

$154,536.61
$7,920.00
$162,456.61

 12
$162,456.61
$       0

$162,456.61
$8,325.90
$170,782.51

 13
$170,782.51
$28,203.04
$142,579.47
$7,307.20
$149,886.67

 14
$149,886.67
$28,203.04
$121,683.63
$6,236.29
$127,919.92

 15
$127,919.92
$28,203.04
$  99,716.88
$5,110.50
$104,827.37

 16
$104,827.37
$28,203.04
$  76,624.33
$3,927.00
$  80,551.33

 17
$  80,551.33
$28,203.04
$  52,348.29
$2,682.85
$  55,031.14

 18
$  55,031.14
$28,203.04
$  26,828.10
$1,374.94
$  28,203.04

 
 19
$  28,203.04
$28,203.04
$        0
$      0

$        0

If she wanted to take $38,000 each year, the number of years it would take to deplete the fund is:
PMT x FAC = TOT
$38,000
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(See how versatile PMT x FAC = TOT is?)  For FIL 404 : If the plan is instead to allow withdrawals to increase by 3.25% per year, then the first withdrawal in the growing stream is computed as:

PMT 
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= $93,750

PMT x 3.643002 = $93,750

PMT = $93,750 ÷ 3.643002 = $25,734.27 .

Then the second withdrawal would be $25,734.27 (1.0325)1 = $26,570.63; the seventh would be $25,734.27 (1.0325)6 = $31,178.28 (vs. an unchanging $28,203.04 in the case of level withdrawals).

Picking up with year 12, the year-by-year cash flows appear (a few cents’ rounding error) as:



    Beginning
     Minus
     Total         Plus 5.125%
     Ending

Year
     Balance
Withdrawal
  Available
 Interest
    Balance 

 12
$162,456.61
$       0

$162,456.61
$8,325.90
$170,782.51

 13
$170,782.51
$25,734.27
$145,048.26
$7,433.72
$152,481.98

 14
$152,481.98
$26,570.63
$125,911.35
$6,452.96
$132,364.31

 15
$132,364.31
$27,434.18
$104,930.13
$5,377.67
$110,307.80

 16
$110,307.80
$28,325.79
$  81,982.01
$4,201.58
$  86,183.59

 17
$  86,183.59
$29,246.38
$  56,937.21
$2,918.03
$  59,855.24

 18
$  59,855.24
$30,196.89
$  29,658.35
$1,519.99
$  31,178.34

 19
$  31,178.34
$31,178.28
$        0
$      0

$        0
If she wanted withdrawals starting with $38,000 and growing by 3.25% with each subsequent year, the fund would be delpeted in:

       PMT x FAC = TOT
$38,000
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n = 4.642748 years, or just over 4½ years.

Finally, if she wanted withdrawals starting with $38,000 and growing by 3.25% with each subsequent year to last for 7 years, she would need a higher rate of return of:

PMT x FAC = TOT
$38,000
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$38,000
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Solving is a trial and error exercise; the solution turns out to be 7.9158% (to maintain the growing withdrawal stream for 7 years she needs a return considerably higher than the expected 5.125%); double-check:  
$38,000
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= $93,750 . (
118.  The Montoya family just obtained a $180,000 mortgage loan to buy a house.  If their stated annual interest rate is 7.8% and they make monthly payments over 30 years, what is the amount of each monthly payment?  How much total interest will they pay over the life of the loan?  How much principal will they still owe when they are 20 years into their repayment plan? 

Type: PV of Annuity; Payment Unknown.  A standard mortgage loan problem is a present value of an ordinary level annuity example; a series of equal end-of-period payments corresponds to a lump sum that is intact in the present (the $180,000 the bank hands the borrowers today).  Here the periods are months (360 of them over 30 years), and the monthly periodic interest rate is the .078 stated rate (an annual percentage rate, or APR) ÷ 12, or .0065.  We compute the monthly payment as

PMT x FAC = TOT
PMT
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 = $180,000

PMT
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 = $180,000

PMT x 138.913874 = $180,000

PMT = $180,000 ÷ 138.913874 = $1,295.77 . 
Over the life of the loan the family will make 360 payments of $1,295.77 each, for a total paid of 360 x $1,295.77 = $466,477.20.  That total includes all principal plus all interest paid.  Because the loan’s principal is $180,000, the total interest paid will be $466,477.20 – $180,000 = $286,477.20.  

We can not simply say that 2/3 into the repayment schedule there will be 1/3 of the original principal still unpaid.  But the amount that will still be owed 20 years into the 30-year payment schedule is fairly easy to compute.  The principal still lowed at any given point in time is just the present value of the payments remaining to be made.  With 10 years (120 months) of payments to go, the principal still owed is computed as

PMT x FAC = TOT
$1,295.77
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$1,295.77
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$1,295.77 x 83.143920 = $107,735.40 .   

There are two interesting points to note here.  First, $107,735.40 is the amount that the family would have to pay if they chose to prepay the loan 2/3 of the way through its life (if they decided to sell the house, or if they inherited some money and decided to use it to pay off their mortgage loan, for example).  Second, note that 2/3 of the way through the repayment schedule they still owe far more than 1/3 of the original principal borrowed ($107,735.40 ÷ $180,000 = 59.85% still owed!!).  The reason is that interest is paid on the principal still owed, and early in the loan’s life there is still a lot of principal owed – so a loan is “front-loaded” with interest payments.  Only as we get farther into the loan’s life does each payment chip away meaningfully at principal.     

119.  Dawn holds one of the winning tickets in the Option Lottery.  The ticket allows her to select from among the following: a $15,000 check today; a promise from the lottery administrator to pay her $16,500 in one year; or a promise from the administrator to pay her $19,000 in three years.  Based on her time preference for money and the risk that the lottery administrator might be unable to pay later, Dawn expects to earn an 8.5% annual rate of return for waiting to collect at a future date.  Which of the three choices should he prefer the most?  The least?

Type: Non-Annuity; Beginning Amount/Ending Amount Unknown.  This problem is a fairly simple time value application, in that there is no series of payments into or out of an account; rather, there is just 
a beginning amount and an ending amount.  Thus we have a non-annuity problem, which we work with based on our non-annuity equation:
BAMT (1 + r)n = EAMT .
One approach would be to find the choice that would give Dawn the highest ending amount.  If she takes the $15,000 today and invests this beginning amount, she would expect (based on the risks involved) to have an ending amount of $15,000 (1.085)3 = $19,159.33 by the end of year 3.  Getting $16,500 in one year would allow her to invest and have $16,500 (1.085)2 = $19,424.21 at the end of year 3.  Taking $19,000 at the end of year 3 would, obviously, leave her with $19,000 at the end of year 3.  So her first choice would be taking the $16,500 in one year, her second choice would be taking the $15,000 today, and her last choice would be taking the $19,000 at the end of year 3.   

Alternatively, we could find the choice that would give Dawn the highest beginning amount, or present value.  In other words, instead of compounding to find the value to which the $15,000 will grow over three years or the $16,500 will grow over two years, we could discount to find how much $16,500 to be received in one year or $19,000 to be received in three years would be worth today.  The present value of $15,000 to be received today is simply $15,000.  The present value of $16,500 to be received in 1 year is $16,500 ÷ (1.085)1 = $16,500 
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 = $16,500 (.921659) = $15,207.37.  And the present value of $19,000 to be received in three years is $19,000 ÷ (1.085)3 = $19,000 
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 = $19,000 (.782908) = $14,875.25.  The ranking of the choices should be the same regardless of whether we focus on the beginning amount or the ending amount.

120.  Verna lends $12,000 to her nephew Russell on January 1.  Under the terms of the note, Russell agrees to pay

a 14.5% annual percentage rate (APR) of interest, and to amortize the loan with equal payments every 6 months for 

9 years.  On December 31 Verna’s tax advisor, H.R. Blockhead, informs her that the interest portion of Russell’s payments is income on which she must pay income tax, but the part of the payments that represents the return of her principal is not taxable income.  What effective annual rate (EAR) of interest is Russell paying?   How much will Verna have received in interest, and in principal, during that first year?  

Type: PV of Annuity; Payment Unknown, EAR.  A 14.5% APR, broken into semiannual compounding periods, results in a 14.5% ÷ 2 = 7.25% semiannual periodic rate.  The attendant EAR is 
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 = 15.0256%.  But since we want to look at the cash flows when they occur (semiannually), it is the 7.25% semiannual periodic rate that we will work with.

Here we have a $12,000 loan with equal payments to be made every 6 months for 9 years (= 18 payments) and an interest rate of 7.25% each period.  Because the $12,000 being lent is a lump sum amount that exists intact today, we have a present value of an annuity problem.  We can compoute the periodic (semiannual) payment as:
PMT x FAC = TOT
PMT 
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 = $12,000
PMT x 9.880097 = $12,000

PMT = $12,000 ÷ 9.880097 = $1,214.56 .
During the first year, we see

       
      
       Beginning         Plus 7.25            Total Owed
    Minus
   Ending


Period         Balance
       Interest        Before Payment         Payment
   Balance
    
    1
     $12,000.00        $870.00
       $12,870.00
$1,214.56
$11,655.44
    
    2
     $11,655.44
       $845.02
       $12,500.46  
$1,214.56
$11,285.90



     
     $1,715.02



$2,429.12
In each period, interest is paid only on the principal that has not yet been repaid.  Over the first year, Russell will pay a total of 2 x $1,214.56 = $2,429.12.  The interest portion will be $1,715.028, so the principal portion will be $2,429.128 – $1,715.02 = $714.10.  That is why the amount still owed at the end of year 1 (after the 2nd semiannual payment) is $12,000 – $714.10 = $11,285.90 .  
121.  Roger, who just retired, trades in his $172,778.36 nest egg for an investment that is expected to provide him with an income stream for 20 years.  At the end of each of years 1 through 8 he is to receive $15,000.  Then at the end of each of the remaining years, when he fears that his medical costs may be high, he wants to receive an equal amount that is greater than $15,000.  If the annual rate of return on this investment is 7%, what amount of money should Roger expect to receive at the end of each of years 9 through 20?  What if the contract instead called for beginning-of-year cash flows? 
Type: PV of a Deferred Annuity.  Like so many problems that at first seem complex, this one is not 
too bad if we break it into parts.  Here we can think of two pieces with a combined value of $172,778.36.  In the case of year-end cash flows, we look first at the value today of the right to collect $15,000 at the end of each of the next eight years:
PMT x FAC = TOT
$15,000
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 = TOT
$15,000 x 5.971299 = $89,569.48 .
Then the remaining $172,778.36 – $89,569.48 = $83,208.88 is the value today of Roger’s right to collect the amount to be received at the end of each of years 9 through 20.  This is a deferred ordinary annuity problem:  

PMT x FAC = TOT
PMT 
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 = $83,208.88   OR
PMT 
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 = $83,208.88 .
Either way, we have    PMT x 4.622716 = $83,208.88
PMT = $83,208.88 ÷ 4.622716 = $18,000.00 .
He pays a total of $172,778.36 for the right to collect a total of (8 x $15,000) + (12 x $18,000) = $336,000 in bits and pieces over 20 years, which he will be able to do because 7% will be earned each year on the amount he has not yet withdrawn.  (Interestingly, an investment product that provides a guaranteed income stream, typically sold by a life insurance company, is called an “annuity.”)  Note how we compute the deferred annuity factor.  One way is to think of the series 
of $18,000 payments initially as one that lasts for 20 years, but then to remember that the first 
8 years are not included.  The other way is to think of the series of $18,000 receipts as a 12-year annuity, but one that will not begin until after 8 years have passed.  If the contract called for beginning-of-year payments, our figures would show the eight $15,000 receipts to be worth 
PMT x FAC = TOT
$15,000
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 = TOT
$15,000 x 6.389289 = $95,839.34 .
This figure is greater than the $89,569.48 found with year-end cash flows – after all, it is worth more to be able to withdraw money at the start of each year rather than the end (alternatively, we could note that you must have more invested today to be able to make beginning-of-year withdrawals than if you were willing to let the balance grow at interest for a year before taking any money out).  Then the remaining $172,778.36 – $95,839.34 = $76,939.02 is the value today of the right to collect whatever amount is to be received at the end of each of years 9 through 20: 
PMT x FAC = TOT
PMT 
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 = $76,939.02   OR
PMT 
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 = $76,939.02
Either way, we have    PMT x 4.946306 = $76,939.02
PMT = $76,939.02 ÷ 4.622716 = $15,554.85 .
If he takes $15,000 from the plan at the start of each of years 1 – 8, he will have less remaining to serve his needs in years 9 – 20, so each withdrawal during those years must be less than $18,000.   

122.  Norm’s money is currently deposited in his local bank, earning a 5.4% annual percentage rate (APR) of interest with semiannual compounding.  His brother-in-law Terry, a salesman at Youlbee Brokers, wants to sell Norm some bonds in order to earn a commission.  For a price of $1,100 he can buy a bond that will provide payments of $65 
at the end of each of the next 5 years, plus $1,065 at the end of year 6.  Because the bond was issued by the U.S. government, Norm feels that it is an investment equal in risk to his government-insured savings account, so the effective annual rates (EAR) of return on the two should be the same.  Is the bond a good investment? 

Type: Present Value of a Series of Payments.  Another way to state this problem is: What is Norm willing to pay today for the right to collect $65, $65, $65, $65, $65, and $1,065, respectively, at the ends of each of the next six years?  So we want to find the size of the deposit that, along with interest (which is what we would call the investor’s return in this case, since it is a lending situation), will allow him to withdraw $65 + $65 + $65 + $65 + $65 + $1,065 = $1,390.  If he could earn no interest on the account’s balance as it declines from year to year, he would have to deposit the entire $1,390 that he plans to withdraw.  If he could earn a high rate of return on the account’s declining balance, he would not have to deposit as much (and thus would not pay as much to get an equivalent cash flow stream through another means).  If he expected to earn a low rate of return, he would have to deposit more than if the rate of return were high (but still less than $1,390).  
[We can think of paying for a security as being the same thing as depositing money into an account.]

In this case, the required/expected annual rate of return, based on a 5.4% nominal rate with semiannual compounding, is
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 – 1 = (1.027)2 – 1 = 5.4729%.

Norm could proceed with non-annuity computations:  BAMT (1 + r)n = EAMT

For year 1:  
BAMT (1.054729)1 = $    65 
( 
BAMT = 
$  61.63

For year 2:  
BAMT (1.054729)2 = $    65 
( 
BAMT = 
$  58.43

For year 3:  
BAMT (1.054729)3 = $    65 
( 
BAMT = 
$  55.40


For year 4:  
BAMT (1.054729)4 = $    65 
( 
BAMT = 
$  52.52


For year 5:  
BAMT (1.054729)5 = $    65 
( 
BAMT = 
$  49.80

For year 6:  
BAMT (1.054729)6 = $1,065 
( 
BAMT = 
$773.58


Total Present Value of all expected withdrawals        $1,051.36
He could, alternatively, treat the five expected $65 payments as an annuity:

PMT x FAC = TOT
$65
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 = TOT
$65 x 4.273460 = $277.77

and then add the $773.58 Present Value of year 6’s expected $1,065 payment:
$65
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= $277.77 + $773.58 = $1,051.35 .
[Alternatively, he could group the $65 portion of the last year’s cash flow with the five earlier $65’s and then treat the remaining $1,000 separately, setting the problem up as

$65
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= $324.99 + $726.36 = $1,051.35 .
In bond valuation, we normally use this second approach, which helps us to separate the value of 
the interest stream from the value of the expected repayment of principal.]  So if Norm deposited $1,051.35, he could withdraw a total of $1,390 because of the rate of return applied each year to the amount not yet withdrawn.  Year by year, we would see:   
      
        
        Beginning       Plus 5.4729%     Balance Before
    Minus
   Ending

  
Year
         Balance
        Interest  
         Withdrawal        Withdrawal
   Balance
    
  1
       $1,051.35
         $57.54
          $1,108.89
$    65.00
$1,043.89
    
  2
       $1,043.89
         $55.13
          $1,101.02
$    65.00
$1,036.02

   
  3
       $1,036.02
         $56.70
          $1,092.72
$    65.00
$1,027.72
   
  4
       $1,027.72
         $56.25
          $1,083.97
$    65.00
$1,018.97

   
  5
       $1,018.97
         $55.77              $1,074.74
$    65.00
$1,009.74
    
  6
       $1,009.74
         $55.26
          $1,065.00         
$1,065.00
$      0

It makes no sense for Norm to pay $1,100 when he could get the described stream of payments, without taking any more risk, by depositing just $1,051.35 in the bank.  Thus his brother-in-law’s offer does not represent a good investment opportunity. 

123.  Mid-Illinois Investmants offers an account called the Never-Ending Annuity.  The company promises to pay 6.05% annual interest every year forever to the investor (eventually, of course, to the investor’s heirs).  If Mona invests $215,000 today with the company, how much money will she and her heirs be able to collect at the end of each year?  If she instead specifies that she wants to receive $16,750 at the end of each year forever, how much must she invest today?  What if she instead wants the company to pay $16,750 at the beginning of each year forever?

Type: Present Value of a Perpetuity.  Here we have a perpetual series of equal cash flows, equally spaced apart in time: a perpetual annuity, or perpetuity.  Note that a perpetuity problem is a present value of annuity application; we are relating a lump sum amount that exists intact today to a series of equal cash flows forever into the future (the future value of a perpetual stream of payments is simply infinity; there’s not much more we can do in analyzing it).  So we can use our PMT x FAC = TOT annuity formula.  But if the payments are to continue forever, the principal must remain intact, and the investor can withdraw only “interest” (or whatever the rate of return would be classified as), so our present value of annuity factor FAC becomes simply 1/r.  The amount of money to be received at the end of each year, then, is

     
PMT x FAC = TOT
PMT 
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 = $215,000

PMT x 16.528926 = $215,000

PMT = $215,000 ÷ 16.528926 = $13,007.50 .
If Mona wanted her family to get $16,750 each year from the investment managers, the proposed plan would leave her disappointed.  The amount she would have to deposit today would be a larger 

PMT x FAC = TOT
$16,750
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$16,750 x 16.528926 = $276,859.50
if she wanted to get $16,750 at the end of each year.  Then if the account earned a 6.05% annual rate of return, there would be .0605 x $276,859.50 = $16,750 in annual interest, so in the case of end-of-year withdrawals the family could take out $16,750 each year, while leaving the principal intact to earn $16,750 in each subsequent year.  If she wanted her family to receive $16,750 at the beginning of each year forever she would have to begin with an even larger 

PMT x FAC = TOT
$16,750
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 = TOT
$16,750 x 17.528926 = $293,609.50 .
She would take $16,750 right away and then the remaining $293,609.50 – $16,750 = $276,859.50 would earn .0605 x $276,859.50 = $16,750 in annual interest forever.  [Note that perpetuity problems behave the same way other annuity problems do: for a beginning-of-year “perpetuity due” we multiply the “ordinary perpetuity” factor by (1 + r).]

124.  Now a sales representative from Mid-Illinois Securities (see the previous problem) tells Mona about a riskier perpetual annuity (perpetuity) product, the Immortal Annuity, which is expected to provide its holder with $24,000 per year forever.  What should Mona be willing to pay for the right to collect this infinite stream of payments (i.e., what is the value to her) if the effective annual rate (EAR) of return she requires, based on the risk of the investment, is 10%?  What if the $24,000 annual stream comes in the form of four quarterly $6,000 payments? 

Type: Present Value of a Perpetuity.  Again we have a level perpetuity: a present value of annuity situation, with equal periodic payments expected to continue forever.  Recall that we treat a perpetuity the same as any other present value of annuity problem, except that the factor FAC 
is simply 1/r.  Having the right to withdraw $24,000 at the end of each year is worth:
PMT x FAC = TOT
$24,000
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 = TOT
$24,000 x 10.0000 = $240,000 . 
This answer should make intuitive sense; if she expects to earn a 10% rate of return each year, then investing $240,000 today should allow her to earn .10 x $240,000 = $24,000 per year.  She can withdraw that amount each year while leaving the $240,000 intact to earn 10%, or $24,000, in each subsequent year.  But what if she is to receive money quarterly?  Then we have to switch all our thinking to quarterly mode.  The quarterly periodic rate that corresponds to a 10% EAR is 
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= (1.10.25 – 1) = 2.4114%, and the quarterly receipt is $6,000.  The value then becomes   

PMT x FAC = TOT
$6,000
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 = TOT
$6,000 x 41.470220 = $248,821.32 .
Think of why the second computed value is greater.  If the unadjusted total received over time (e.g., $24,000 per year) is the same under two plans, we derive more value from the plan that gives us some of our money earlier.  (Alternatively, if she wants to start withdrawing from the plan sooner she has to deposit more initially.)  Thus Mona would be happier with the second plan if a generous person were to give it to her, or she would willingly pay more for that plan if she had to buy it.   

125.  Ms. Johnson, who is currently finishing summer school to complete her education degree at Illinois State University, has signed a five-year contract to teach at a church-sponsored academy in Chicago’s inner city.  Her father is proud of her commitment, and wants to help her financially since she will be working for a low salary.  How much should he deposit today in a mutual fund account so that Ms. Johnson will be able to withdraw money each year to pursue her longtime summer hobby of traveling overseas?  His initial plan is to deposit enough so she can withdraw $3,750 at the end of each year for five years, and he assumes that the mutual fund’s investments will earn 

a 6.5% compounded annual rate of return.  But then he wonders how much he would instead need to invest if Ms. Johnson’s annual withdrawal, the number of years (if she should renew her contract for another five years), or the rate of return were to double relative to his initial estimates.  Compute and compare the relevant values.

Type: PV of Annuity; Total Unknown.  Here we have a present value of an ordinary level annuity problem; a series of equal end-of-period cash flows (the withdrawals) corresponds to a lump sum (which is the unknown to solve for) that must exist intact today.  Her father can start with less than Ms. Johnson plans to withdraw if a positive rate of return is earned; the return the mutual fund company pays on the account’s declining balance makes up the difference:
PMT x FAC = TOT
$3,750
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 = TOT
$3,750 x 4.155679 = $15,583.80 .
Dad deposits $15,583.80 today and then, because a 6.5% rate of return is earned from year to 
year on the account’s declining balance, Ms. Johnson can withdraw 5 x $3,750 = $18,750 over the following 5 years.  (If a 0% return were earned, the amount deposited today would have to be the entire $18,750 that she is expected to withdraw over time.)  Let’s work through the cash flows for this level ordinary annuity situation:
       
     Beginning
     Plus 6.5%
Balance Before         Minus
       Ending

 
 Year
      Balance
       Return  
    Interest
    Withdrawal
       Balance
   
    1
   $15,583.80
    $1,012.95
  $16,596.75
     $3,750.00
    $12,846.75
    
   2
   $12,846.75
    $   835.04   
  $13,681.79
     $3,750.00       $  9,931.79
    
   3
   $  9,931.79
    $   645.57  
  $10,577.36
     $3,750.00
    $  6,827.36
    
   4
   $  6,827.36
    $   443.78 
  $  7,271.14
     $3,750.00
    $  3,521.13
    
   5
   $  3,521.13
    $   228.87 
  $  3,750.00
     $3,750.00 
    $       0       (
If Ms. Johnson were to want first-class accommodations, then the amount needed each year might double to 2 x $3,750 = $7,500, and her father would have to deposit a much larger 
PMT x FAC = TOT
$7,500
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 = TOT
$7,500 x 4.155679 = $31,167.60 ;
doubling the desired withdrawals exactly doubles the initial investment needed (we simply multiply the factor by a payment that is twice as large).  If Ms. Johnson were to want to withdraw $3,750 per year for 10 years, her father would have to invest 

PMT x FAC = TOT
$3,750
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 = TOT
$3,750 x 7.188830 = $26,958.11 , 
an amount less than double the $15,583.80 needed in the original case because of the long time over which the 6.5% annual return will be earned on at least some balance (mechanically speaking, the present value of each of the year 6 – 10 withdrawals is comparatively small).  If the rate of return were to double to 13%, the amount that would have to be invested today is a lower  

PMT x FAC = TOT
$3,750
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 = TOT
$3,750 x 3.517231 = $13,189.62 .
Here it is only the expected rate of return that doubles, so the impact, while positive (in terms of allowing dad to invest less), is not that noteworthy; doubling the rate has far less than a doubling impact on our result.  Of course, providing for more to be withdrawn each period, or being able to take withdrawals for more periods, requires a higher initial investment.  Earning a higher return allows for a lower initial investment; it reflects either a higher-rate market environment, or else 
a willingness on the family’s part to take more risk.   
126.  Ms. Johnson’s father (see the previous problem) just realized that in addition to being in the U.S. this summer 
(the end of year 0) for summer school, she will spend her first summer after graduating (the end of year 1) taking mandatory teacher certification workshops, and will spend the following summer at home so she can be maid of honor at her cousin’s wedding.  He still wants to provide money for her to spend five summers traveling overseas, but now expects that she will not begin the five-year series until after two years have passed.  If he assumes that she will want to have $3,750 to travel in each of five summers, but they will be the summers that occur at the ends of years 3 through 7 rather than the ends of years 1 through 5, how much must he invest today?  (The assumed annual rate of return is still 6.5%.)   

Type: PV of a Deferred Annuity.   Now we have the present value of a deferred ordinary level annuity situation.  The right to receive $3,750 at the ends of each of years 3 through 7 is worth less than the $15,583.80 present value of the right to receive $3,750 at the ends of each of year 1 through 5.  (Dad is able to invest less than $15,583.80 today because there will be two years of interest buildup before Ms. Johnson starts taking withdrawals.)  There are three ways to compute the present value of a deferred annuity.  
Method 1: “Brute Force”




 Year-End
Present Value Factor

Present Value


Year

 Cash Flow

(1/1.065)n

 of Cash Flow      
1 $0
    
 (1/1.065)1 = .938967

         $0

2 $0
    
 (1/1.065)2 = .881659
    
         $0


   3

  $3,750
 (1/1.065)3 = .827849

  $  3,104.43

   4

  $3,750
 (1/1.065)4 = .777323

  $  2,914.96

   5

  $3,750
 (1/1.065)5 = .729881

  $  2,737.05

   6

  $3,750
 (1/1.065)6 = .685334

  $  2,570.00

   7

  $3,750
 (1/1.065)7 = .643506

  $  2,413.15







              Total
  $13,739.59
Here we simply sum the present values of the individual cash flows, an approach we would have 
no choice but to use if the expected cash flows differed from year to year.  But here all of the nonzero amounts are equal, so we can use a shortcut based on the distributive property.  What we would like to find is a value that combines the present value of a single dollar amount factors for years 3 through 7, while omitting the present value of a single dollar amount factors for years 1 and 2.  This value would be .827849 + .777323 + .729881 + .685334 + .643506 = 3.663893.  Is there a shortcut method for finding this value?

Method 2: “Compute a Factor”

Note that the 6.5%, 7-year present value of an ordinary annuity factor, 
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= 5.484520, is the sum of the present value of a single dollar amount factors for years 1 through 7 inclusive.  The 6.5%, 2-year present value of an ordinary annuity factor, 
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= 1.820626, is the sum of the present value of a single dollar amount factors for years 1 and 2.  So subtracting 5.484520 – 1.820626 = 3.663894 yields a value equal to the sum of the present value of a single dollar amount factors for years 3 – 7 only.  This value becomes our present value of a deferred ordinary annuity factor for use in our annuity equation:
PMT x FAC = TOT
$3,750
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= TOT
$3,750 x 3.663894= $13,739.60 as found above (1¢ rounding difference).
Method 3: “Discount the Annuity”

First, consider that Ms. Johnson will be receiving a 5-year series of $3,750 payments.  Compute the present value of an annuity of $3,750 per year for 5 years:
PMT x FAC = TOT
$3,750
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 = TOT
$3,750 x 4.155679 = $15,583.80 .
This is what dad would have to deposit today to give Ms. Johnson the ability to collect $3,750 per year for 5 years ($18,750 in total) if the rate of return earned on the account’s declining balance were 6.5% per year AND if the first $3,750 were to be received at the end of the current year (as seen in the first part of question 125).  But, it will not be – two years will pass before Ms. Johnson will be able to say, “I will receive my first $3,750 at the end of the current year.”  So like with anything else that will not happen until two years have passed, we find the present value by discounting for two years.  We might ask: what value today corresponds to a value of $15,583.80 
in two years?  Or: How much must dad deposit today so that it will grow, at a 6.5% annual rate of return, to $15,583.80 in two years? 

BAMT (1 + r)n = EAMT
BAMT (1.065)2 = $15,583.80

$15,583.80 ÷ (1.065)2 = BAMT
$15,583.80
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$15,583.80 x .881659 = $13,739.60 , as found above.
Or we could combine the two steps into one:

PMT x FAC = TOT
$3,750
[image: image218.wmf]ú

ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ê

ë

é

÷

ø

ö

ç

è

æ

÷

÷

÷

÷

÷

ø

ö

ç

ç

ç

ç

ç

è

æ

÷

ø

ö

ç

è

æ

-

2

5

065

.

1

1

065

.

065

.

1

1

1

 = TOT
$3,750 x [4.155679 x .881659] = TOT
$3,750 x 3.663893 = $13,739.60 , as found above.
A common mistake in working this kind of problem is to discount the annuity one too many times (in this case, for 3 periods rather than 2).  So be careful!   Let’s work through the cash flows for this deferred annuity year-by-year:

       
   Beginning
      Plus 6.5%
      Total                   Minus

 Ending

  
Year
     Balance
      Interest  
    Available
    Withdrawal
            Balance
    
  1
  $13,739.60         $   893.07
  $14,632.67
     $     0
         $14,632.67


  2
  $14,632.67         $   951.12
  $15,583.79    
     $     0
         $15,583.79
   
  3
  $15,583.79         $1,012.95  
  $16,596.74
     $3,750.00
         $12,846.74

    
  4
  $12,846.74         $  835.04  
  $13,681.78
     $3,750.00
         $  9,931.78
    
  5
  $  9,931.78         $  645.57
  $10,577.35 
     $3,750.00
         $  6,827.35
    
  6
  $  6,827.35        $  443.78
  $  7,271.13  
     $3,750.00
         $  3,521.13
    
  7
  $  3,521.13         $  228.87
  $  3,750.00   
     $3,750.00
         $       0

Using “Brute Force” and working through the numbers period-by-period was not difficult in this simple example involving five withdrawals over a 7-year period.  But what if there were to be 30 withdrawals over a 40-year period (years 11 through 40)?  Then you would want to be able to use 
the Compute a Factor or the Discount the Annuity method:
PMT x FAC = TOT
$3,750
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= TOT   OR
$3,750
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Either way, the final step turns out to be $3,750 x 6.956697 = $26,087.61 .
127.  [FIL 404 only]  Assume that the mutual fund managers can earn a 6.5% compounded annual rate of return on Ms. Johnson’s declining account balance (see the previous two problems), and that she will withdraw $3,750 at the end of year 1 (perhaps she will use the money for non-travel expenses in years 1 and 2).  But now her father decides that the amounts she withdraws should be able to grow by 2.5% per year (his estimate of the average annual inflation rate for the foreseeable future).  How much must he invest if he expects Ms. Johnson to take these growing year-end withdrawals for 5 years?  What if he instead thinks she will want to take withdrawals in this manner for 10 years?  What if he instead expects her to take a 5-year stream of withdrawals that begin at $3,750 and increase by 2.5% per year, but with the first withdrawal to be made at the end of year 3 rather than the end of year 1?

Type: PV of a Changing Annuity; Total Unknown.  Here we have a present value of a changing ordinary annuity situation (end-of-period cash flows that growth by a constant percentage rate): 
PMT x FAC = TOT
$3,750
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 = TOT
$3,750 x 4.355171 = $16,331.89 .
This total is, of course, higher than the $15,583.80 found in the case of constant $3,750 withdrawals (she has to start with more if her withdrawals will keep getting bigger).  Let’s work through the cash flows for this present value of a changing ordinary annuity situation:

       
     Beginning
     Plus 6.5%
Balance Before         Minus
       Ending

 
 Year
      Balance
       Return  
    Interest
    Withdrawal
       Balance
   
    1
   $16,331.89
    $1,061.57
  $17,393.46
     $3,750.00
    $13,643.46
    
   2
   $13,643.46
    $   886.83   
  $14,530.29
     $3,843.75       $10,686.54
    
   3
   $10,686.54
    $   694.63  
  $11,381.17
     $3,939.84
    $  7,441.33
    
   4
   $  7,441.33
    $   483.68 
  $ 7,925.01
     $4,038.34
    $  3,886.67
    
   5
   $  3,886.67
    $   252.63 
  $  4,139.30
     $4,139.30 
    $       0       (
To allow for increasing withdrawals for 10 years, her father would have to invest a much larger: 
PMT x FAC = TOT
$3,750
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 = TOT
$3,750 x 7.951641 = $29,818.65 .
To allow for increasing withdrawals over 5 years, but not until after a 2-year deferral period, 
he could invest an amount lower than the $16,331.89 found above for a 5-year immediate (non-deferred) changing annuity.  It must be an amount that, after growing at 6.5% per year for two years, will allow for the withdrawal of a 5-year stream that begins with $3,750 and then increases by 2.5% per year.  Thus we compute the present value of a 5-year changing annuity, and then discount it for two periods (we use the “discount the annuity” method because the “compute a factor” method is less practical for changing annuities):

PMT x FAC = TOT
$3,750
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 = TOT
$3,750 x 3.839777 = $14,399.16 .
Let’s work through the cash flows for this changing deferred annuity year-by-year:
       
   Beginning
      Plus 6.5%
      Total                   Minus

 Ending

  
Year
    Balance
      Interest  
    Available
    Withdrawal
            Balance
    
  1
  $14,399.16         $   935.94
  $15,335.11
     $     0
         $15,335.11

  2
  $15,335.11         $   996.78
  $16,331.89    
     $     0
         $16,331.89
   
  3
  $16,331.89         $1,061.57  
  $17,393.46
     $3,750.00
         $13,643.46

    
  4
  $13,643.46         $  886.82  
  $14,530.29
     $3,843.75
         $10,686.54
    
  5
  $10,686.54         $  694.62
  $11,381.16 
     $3,939.84
         $  7,441.32
    
  6
  $  7,441.32         $  483.68
  $  7,925.01  
     $4,038.34
         $  3,886.67
    
  7
  $  3,886.67        $  252.63
  $  4,139.30   
     $4,139.30
         $       0

Note that at the start of year 3 the balance is expected to be $16,331.89 , which is the beginning balance needed in the non-deferred changing annuity case.    

128.  Alonzo, an independent sales representative, is considering two different methods for obtaining a new car, from which he expects to get about five years of reliable service.  One method is to lease a vehicle through a car leasing company.  The lease payments would be $625 per month in years 1 through 3, and his best guess is that the payments would be $550 per month in years 4 and 5; then he would turn the keys back over to the leasing company.  The other possibility is to buy the same model car for $30,000 and then sell it at the end of year 5 for an expected $6,000 price.  His opportunity cost of money (think of it as the interest rate Alonzo would pay if he were to borrow money to buy 
a car) is a 9.6% annual percentage rate (APR).  Should he lease a car or buy one?  What are the risks under each alternative?  (We are ignoring income tax issues, which might matter in a decision to lease a car for business use.)

Type: Present Values of Various Payment Streams.  This problem is not as difficult as it might at first seem, though we do have to keep our numbers straight.  Let’s first compute the cost of the leasing alternative.  The cost of entering a payment arrangement can be viewed as the present value of all the payments expected to be made.  (The payer’s cost should be the same as the recipient’s return, unless an intermediary party earns a commission on the transaction.)  The discount rate we use in figuring the present value of the lease payments is a 9.6% APR ÷ 12 = .008 monthly periodic rate.  The first three years of $625 monthly payments constitute an ordinary annuity; the present value of this annuity due (lease payments typically must be made in advance) is
PMT x FAC = TOT

$625
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$625
[image: image225.wmf](

)

ú

ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ê

ë

é

÷

÷

÷

÷

÷

ø

ö

ç

ç

ç

ç

ç

è

æ

÷

ø

ö

ç

è

æ

-

008

.

1

008

.

008

.

1

1

1

36

 = TOT

$625 x 31.421725 = $19,638.58 .
The next two years of $550 monthly payments constitute a deferred annuity due running from months 37 through 60 (running for 24 months after 36 months have passed); the present value of this deferred annuity is   

PMT x FAC = TOT

$550
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 = TOT

$550 x 16.462523 = $9,054.39 .

Thus the total present value of the lease payments is $19,638.58 + $9,054.39 = $28,692.97.  The cost of buying the car today is $30,000, an amount that exceeds the present value of the lease payments and thus might make the lease alternative seem better.  But recall that Alonzo expects 
to be able to sell the car at the end of month 60 for $6,000; the present value of this $6,000 expected single receipt is   
BAMT (1 + r)n = EAMT

BAMT (1.008)60 = $6,000  OR
BAMT = $6,000 
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BAMT = $6,000 x .619966 = $3,719.80 .
So the cost of buying is the $30,000 up-front outlay minus the $3,719.80 present value of the expected year-5 inflow, for a net cost in present value terms of $30,000 – $3,719.80 = $26,280.20.  Based on Alonzo’s assumptions, it is cheaper to buy than to lease.  The risks he faces are that the year 4 – 5 lease payments could end up being considerably more than $550 per month, and that the resale price of the car in year 5 might be considerably less than $6,000.  Lower lease payments would increase the attractiveness of the lease, while a lower resale value would decrease the attractiveness of buying.
129.  Gene buys his dream house for $243,750.  He plans to make a 20% ($48,750) down-payment, and to borrow the remaining $195,000.  Like most mortgage loans, Gene’s is to be repaid with end-of-month payments over 30 years.  The credit union where he obtains this loan quotes a 7.86% annual percentage rate (APR) of interest.  How much will he pay the credit union at the end of each month?  How much in total interest will he pay during the first year?  After 15 years of payments, will Gene owe exactly half of the $195,000 originally borrowed?  With a 30-year amortization period and a 7.86% APR, how large a loan could Gene “service” (i.e., how much principal could he afford to borrow) if he could budget for a monthly payment of only $1,200?
Type: PV of Annuity; Payment/Total Unknown.  Recall that repaying a loan with equal periodic installments is a present value of an ordinary level annuity situation (a series of equal end-of-period payments corresponds to a lump sum of money, the principal borrowed, which exists intact today, in the present.)  Note that there will be 360 monthly payments over 30 years, and that the monthly periodic rate will be .0786 ÷ 12 = .00655.  
PMT x FAC = TOT
PMT 
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PMT 
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PMT x 138.116107 = $195,000

PMT = $195,000 ÷ 138.116107 = $1,411.86 .
So Gene will pay $1,411.86 at the end of each month for a year, for a total of 12 x $1,411.86 = $16,942.32 paid.   How much of that total will have been interest?  First we can compute the amount of principal that will still be owed after one year.  The amount of principal owed at any time during a loan’s life is the present value of the stream of remaining payments.  After one year, for this loan, the present value of that annuity (the stream of remaining payments) will be     
PMT x FAC = TOT
$1,411.86
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$1,411.86
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 = TOT
$1,411.86 x 136.929905 = $193,325.86 .
Note that the amount of principal repaid during year 1 therefore will be $195,000 – $193,325.86 = $1,674.14.  If $16,942.32 is paid in total, and $1,674.14 is principal, then the remaining $16,942.32 – $1,674.14 = $15,268.18 will be interest.  With that little of the first year’s payments attributable to retiring principal, it should be clear that he will not have retired half of the principal halfway through the loan’s 30-year life.  Again, the principal still owed at any time is the present value 
of the stream of remaining payments, so we can compute the remaining principal after 15 years as  
PMT x FAC = TOT
$1,411.86
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$1,411.86 x 105.531153 = $148,995.21 .
After 15 years, which is 50% of the repayment period, Gene will not even have come close to paying back 50% of the $195,000 borrowed.  He will have paid back only $195,000 – $148,995.21 = $46,004.79 of principal.  That amount is only $46,004.79 ÷ $195,000 = 23.59% of the original amount borrowed.  A high proportion of the early-year payments is represented by interest, because interest is paid only on the remaining unpaid principal (which is still large in the earlier years). 

If Gene can instead afford to pay only $1,200 per month, then the payment becomes a known amount, and the amount borrowed is the unknown to solve for.  How large a loan will a $1,200 monthly payment stream support?  The problem is still a present value of an annuity application, because the lump sum that corresponds to the series of payments (the unknown we are solving for) exists today, or in the present. 
       PMT x FAC = TOT
$1,200
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$1,200
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$1,200 x 138.116107 = $165,739.33 .
It should be intuitively clear that if he can not make as large a stream of payments ($1,200 rather than $1,411.86 per month), he will not be able to support as large a loan ($165,739.33 vs. $195,000).  

130.  The St. Louis Stringers, winners of last year’s league championship in the super-exciting sport of professional tetherball, just signed their star player Carol to a $38 million multi-year contract.  She is to receive $4 million at the end of each year for five years, then $3 million at the end of each year for the next four years, and then $2 million at the end of each of the next three years.  If the appropriate annual discount rate (the rate of return the player expects to earn for having to wait for her money) is 6.875%, what is the value to her of the contract today?  [Another way to think about this situation would be: if the team owners believed that their money could earn a 6.875% compounded annual rate of return, how much would they have to invest today to provide for the indicated payments to Carol?]     

Type: PV of Annuity, Deferred Annuity.  This problem involves the present value of a series of payments to be received.  One way to handle the computations would be the “brute force” method, in which we simply find the value today of Carol’s right to collect each expected payment, and then sum the individual present values to a total figure:


  Year-End
   Present Value Factor

 Present Value

    Group

Year
  Cash Flow
           (1/1.06875)n

  of Cash Flow
      
Sub-Totals 

   1
$4,000,000
   (1/1.06875)1 =  .935673
$3,742,690.06

     
   2
$4,000,000
   (1/1.06875)2 =  .875483
$3,501,932.22
3
$4,000,000
   (1/1.06875)3 =  .819165
$3,276,661.73
4
$4,000,000
   (1/1.06875)4 =  .766471    
$3,065,882.32

   5
$4,000,000
   (1/1.06875)5 =  .717165
$2,868,661.82
          $16,455,828.15

   6
$3,000,000
   (1/1.06875)6 =  .671032
$2,013,096.01

   7
$3,000,000
   (1/1.06875)7 =  .627866
$1,883,598.61

   8
$3,000,000
   (1/1.06875)8 =  .587477
$1,762,431.45


   9
$3,000,000
   (1/1.06875)9 =  .549686
$1,649,058.66           $  7,308,184.73


  10
$2,000,000
   (1/1.06875)10 = .514326
$1,028,652.58


  11
$2,000,000
   (1/1.06875)11 = .481241
$   962,481.94

  12
$2,000,000
   (1/1.06875)12 = .450284
$   900,567.90          $  2,891,702.42







Total   $26,655,715.30          $26,655,715.30
Carol would feel richer by $26,655,715.30 (not the full $38 million unadjusted total of the expected payments) after signing this contract (and the team owners would have to set aside $26,655,715.30 to have Carol’s contract “fully funded” such that they would not have to invest additional amounts later to provide for her to be paid).  This “brute force” approach is the only way we could proceed if the expected cash flows were unrelated (e.g., $5 million in year 1, $2 million in year 2, $4 million in year 3 …).  However, note that there are groups of equal payments that we can bunch together and handle with a sequence of annuity computations.  What we actually have here is the present value of an ordinary level annuity, along with the present values of two deferred level annuities.  First we determine the value today of Carol’s right to collect $4 million at the end of each of years 1 through 5.  With a series of equal end-of-period payments and a lump sum value that exists intact in the present, we have a simple present value of an ordinary level annuity situation with TOT unknown in our annuity formula:
PMT x FAC = TOT
$4,000,000
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 = TOT
$4,000,000 x 4.113957 = $16,455,828.13 

(a 2¢ rounding difference from the first group sub-total above).  Next we find the value today 
of Carol’s right to collect $3 million at the end of each of years 6 through 9 (a series expected to 
run for 4 years after 5 years have passed; see years 6 through 9 in the “brute force” breakdown above).  With a delayed series of equal or related payments corresponding to a lump sum value that exists intact today, we have a present value of a deferred annuity situation with TOT unknown:
PMT x FAC = TOT
$3,000,000
[image: image237.wmf]ú

ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ê

ë

é

÷

÷

÷

÷

÷

ø

ö

ç

ç

ç

ç

ç

è

æ

÷

ø

ö

ç

è

æ

-

-

÷

÷

÷

÷

÷

ø

ö

ç

ç

ç

ç

ç

è

æ

÷

ø

ö

ç

è

æ

-

06875

.

06875

.

1

1

1

06875

.

06875

.

1

1

1

5

9

 = TOT   OR
$3,000,000
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 = TOT
$3,000,000 x 2.436062 = $7,308,184.73 
(the same as the second group sub-total shown above).  Finally, we compute the value today of Carol’s right to collect $2 million at the end of each of years 10 through 12 (a series expected to run for 3 years after 9 years have passed; see years 10 through 12 in the “brute force” breakdown above).  With a deferred series of equal or related payments corresponding to a lump sum value that exists intact today, we again have a present value of a deferred ordinary level annuity situation:

PMT x FAC = TOT
$2,000,000
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$2,000,000 x 1.445851 = $2,891,702.42
(the same as the third group sub-total shown above).  Thus we find the total of these three present values to be $16,455,828.13 + $7,308,184.73 + $2,891,702.42 = $26,655,715.28 (a 2¢ rounding difference from the “brute force” total found above).     
131.  Companies that advertise “rent-to-own” arrangements are sometimes criticized by consumer advocates for the high interest costs built into their rent-to-own contracts.  What are the annual percentage rate (APR) and the effective annual rate (EAR) of interest paid by the renter in each of the following arrangements?    

· Don, a single father, buys a $1,250 washer/dryer combination by paying $290 every six months (starting today) for three years
· Stacy, a college student, buys $2,000 worth of furniture by paying $185 at the beginning of each quarter for five years
· Retirees Lila and Bill buy a $3,400 big-screen television set by paying $252.29 at the beginning of each month for 18 months 
Type: PV of Annuity; Rate of Return Unknown.  In each of these situations we solve by setting the problem up as a present value of a level annuity due (a series of equal payments corresponds to a lump sum value at which the consumer could otherwise purchase the item today).  We then find the periodic rate implicit in the computations, and convert that periodic rate to an APR (multiplying the periodic rate by the number of periods in a year) and an EAR (taking 1 + the periodic rate to the power of the number of periods in a year).  In the first instance, a $1,250 lump sum amount that is intact today (what Don could pay if he bought the appliances outright) equates to a series of $290 payments to be made 6 times:  
PMT x FAC = TOT
$290
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 = $1,250

With trail and error, we find r to be 15.5322%; let’s double check:

$290
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 = $1,250

$290 (4.310346) = $1,250 .  (
The rate might not seem terribly high, but recall that 15.5322% is a semiannual periodic rare; we get an annualized measure with the APR of .155322 x 2 = 31.0644%, or the more accurate (and higher) EAR of (1.155322)2 – 1 = 33.4769%.  In the second example, a $2,000 lump sum amount that is intact today (what Stacy could pay if she bought the furniture outright) equates to a series of $185 payments to be made 20 times:   
PMT x FAC = TOT
$185
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 = $2,000

With trail and error, we find r to be 7.7051%; let’s double check:

$185
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$185 (10.810800) = $2,000 .  (
Again the rate might not seem too high, but 7.7051% is a quarterly periodic rare; we annualize it with an APR of .077051 x 4 = 30.8204% or a more accurate EAR of (1.077051)4 – 1 = 34.5690%.  

In the last situation, a $3,400 lump sum amount that is intact today (what our retirees could pay 
if they bought the TV outright) equates to a series of $252.29 payments to be made 18 times:   
PMT x FAC = TOT
$252.29
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With trail and error, we find r to be 3.6766%; let’s double check:

$252.29
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$252.29 (13.476564) = $3,400 .  (
Here the rate might seem quite low, but again, recall that 3.6766% is a monthly periodic rate; 
we annualize it with an APR of .036766 x 12 = 44.1192% or a more accurate EAR of a very high (1.036766)12 – 1 = 54.2300%.    

132.  Reggie Redbird Company holds an account receivable that allows it to collect $59,000 from Hovey Industries 
in 5 months.  Orveille, an investor, is thinking about buying this asset from Reggie.  Based on the risk he perceives 
in making this investment, he would expect to earn an 8.73% effective annual rate (EAR) of interest.  How much should Orveille pay for Hovey’s IOU?     
Type: Non-Annuity; Beginning Amount Unknown.  This problem is not an annuity situation; there is just a beginning value and an ending value.  The twist here is that we are discounting an ending amount back to a beginning amount for only five months.  An effective annual rate (EAR) of 8.73% corresponds to a monthly periodic rate of 
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 – 1 = 1.0873.083333 – 1 = .007 (and to an annual percentage rate, or APR, of .007 x 12 = 8.4%.)  With 5 months until the receivable matures at $59,000 we find a beginning value of  


   BAMT (1 + r)n = EAMT
BAMT (1.007)5 = $59,000

BAMT (1.035493) = $59,000

BAMT = $59,000 ÷ (1.035493) = $56,977.67

So Orveille would pay just under $57,000 today for the right to collect $59,000 in five months.

133.  If Eric deposits $100 in his savings account today, and then makes no additional out-of-pocket deposits, how much money will he have in his account at the end of fifteen years if he can earn a 4.32% annual percentage rate (APR) of interest, and the interest is compounded annually?  What if interest is compounded semiannually?  What 
if compounding occurs quarterly?  What about monthly, daily, and continuous compounding?  

Type: Non-Annuity; Ending Amount Unknown.  Here we have a non-annuity problem; there is a beginning amount and an ending amount, but no series of equal or related cash flows occurring in-between.  So we will solve for the ending amount, using $100 as the beginning amount, in our non-annuity equation:  

BAMT (1 + r)n = EAMT .  
Seems simple enough – but what about n and r?  We actually can proceed in either of two ways.  

The more straightforward is to think of the number of time periods (of various stripes) that n represents, and to treat r as the accompanying periodic rate of return.  [The periodic rate of return is the APR divided by the number of compounding periods in a year.]  The other way is to treat n as the number of years and r as the accompanying effective annual rate (EAR) of return.  [We compute the EAR as (1 + periodic rate)number of compounding periods in the year – 1.]  Thus the 4.32% APR translates into a different EAR depending on the number of compounding periods within each year. 

The EAR differs from the APR because of the intra-year compounding, so for annual compounding the APR and EAR are the same.  With annual compounding (one compounding period during the year), the EAR of 
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With semiannual compounding Eric receives .0432 ÷ 2 = .0216 or 2.16% every 6 months instead of 4.32% at the end of each year, so he gets 2.16% thirty times during the fifteen-year period:
$100
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 = $100 (1.0216)30 = $100 x 1.898570 = $189.86 .     
However, we could also do the compounding based on the EAR for fifteen years.  We can easily see how compounding at the periodic rate for the indicated number of non-annual periods is the same as compounding at the EAR for the indicated number of years:

$100
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 = $100 (1.043667)15 = $100 x 1.898570 = $189.86 .     
[Note that the EAR is 4.3667%.]  Thus with quarterly compounding Eric would expect to end up with 
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 = $100 (1.043905)15 = $100 x 1.905083 = $190.51 .     
[Note that the EAR is 4.3905%.]  With monthly compounding he would expect to end up with
$100
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 = $100 (1.044066)15 = $100 x 1.909490 = $190.95 .     
[Note that the EAR is 4.4066%.]  With daily compounding his expected total would be

$100
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 = $100 (1.044144)15 = $100 x 1.911640 = $191.16 .     
[Note that the EAR is 4.4144%.]  Finally, with continuous compounding (an infinite number of compounding periods each year) he would reach a total of [recall that (1 + 1/∞)∞ = e = 2.718282]: 
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 = $100 (e,0432)15 = $100 (1.044147)15 = $100 x 1.911714 = $191.17 .     
[Here the EAR is 4.4147%.]  More intra-year compounding periods lead to a higher effective annual rate of return and, therefore, a higher dollar total by the end of a specified investment period.
134.  If Rachel deposits $100 into her savings account at the beginning of each year, how much money will she have in her account at the end of three years if she can earn a 4.32% annual percentage rate (APR) of interest, and the interest is compounded annually?  What if interest is compounded semiannually?  What if compounding occurs quarterly?  What about monthly, daily, and continuous compounding?  

Type: FV of Annuity; Total Unknown.  Whereas the prior problem was based on just one deposit of $100, here we have a series of $100 cash flows occurring at regular intervals.  We want to solve for the total in our annuity equation: 


PMT x FAC = TOT .
Seems simple enough – but what about n and r?  For annual compounding the result is easy to find: 

$100
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 = TOT
$100 x 3.266746 = $326.67 .
But what if cash flows occur only once each year, while interest is credited to the account’s growing balance more than once each year?  One way to solve would be to proceed line-by-line, period-by-period, watching how the account grows with interest each period plus a deposit at the start of each year.  For semiannual compounding, for example, Rachel’s semiannual periodic interest rate would be .0432 ÷ 2 = .0216, and we could compute the first six periods (three years) as

          Half-year     Beginning
          Plus 
    Balance Before    Plus 2.16%
         Ending

 
Period
       Balance
       Deposit  
        Interest
        Interest
        Balance
    
    1
      $    0
       $100.00
         $100.00
         $  2.16
        $102.16
    
    2
      $102.16             $    0
         $102.16
         $  2.21            $104.37
    
    3
      $104.37
       $100.00
         $204.37
         $  4.41
        $208.78

    
    4
      $208.78
       $    0
         $208.78
         $  4.51             $213.29
    
    5
      $213.29
       $100.00
         $313.29
         $  6.77
        $320.06
    
    6
      $320.06
       $    0
         $320.06           $  6.91            $326.97
But we can achieve the same result by using the 4.3667% effective annual interest rate [with a 2.16% semiannual periodic rate the EAR is (1.0216)2 – 1 = .043667 or 4.3667%] for three years:

 $100
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 = TOT
$100 x 3.269678 = $326.97 .
Of course, the APR translates into a different EAR depending on the number of compounding periods within each year.  With quarterly compounding Rachel receives .0432 ÷ 4 = .0108 every 3 months as the quarterly periodic rate, so the EAR is (1.0108)4 – 1 = .043905 or 4.3905%, and her total is:
$100
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 = TOT
$100 x 3.271217 = $327.12 .
With monthly compounding she receives .0432 ÷ 12 = .0036 every month as the monthly periodic rate, so the EAR is (1.0036)12 – 1 = .044066 or 4.4066%, and her total is:
$100
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 = TOT
$100 x 3.272226 = $327.22 .
Daily compounding gives us .0432 ÷ 365 = .000118 as the daily periodic rate, so the EAR is (1.000118)365 – 1 = .044144 or 4.4144%, and Rachel’s total is:
$100
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 = TOT
$100 x 3.272745 = $327.27 .
Finally, continuous compounding gives us a periodic rate of .0432 ÷ ∞ (which, the mathematicians would be quick to point out, can not be solved directly), which translates to an EAR of e.0432 – 1 = 2.718282.0432 – 1 = .044147 or 4.4147%, and her expected total is:
$100
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 = TOT
$100 x 3.272764 = $327.28 .
Again, more intra-year compounding periods lead to a higher effective annual rate of return and, therefore, a higher dollar total by the end of a specified investment period.  Of course, if we were solving for a total that exists intact in the present – for example, the amount Rachel would have 
to have on deposit today to allow for the withdrawal of $100 per year for three years – a higher EAR would result in a smaller total.  After all, if she could earn a higher effective return on her account’s declining balance, she could start with less and still take out the desired amounts. 
Higher Difficulty

135.  Alia, who is 52, just received a $55,000 insurance settlement for injuries from an auto accident.  Because the injuries have had an adverse impact on her overall health, she has decided to retire at age 56 even though she can not receive Social Security benefits until she is 62.  Today she is putting the $55,000 into an account that she thinks will earn a 5.46% annual percentage rate (APR) of return, with monthly compounding.  She will allow her balance to grow until she turns 56 in four years (48 months), and will then make monthly withdrawals for 6 years (72 months) to help pay her living expenses until she can collect Social Security.  How much does she expect to withdraw from her savings at the beginning of each month, after she has retired but before she can get Social Security payments?      

Type: Combines Non-Annuity, PV of Annuity.  Alia wants to know what kind of 72-month income stream her $55,000 will provide for her if she lets her balance grow at interest for a few years before withdrawing anything.  We are working with 120 total months: she will just earn interest for 48 months, and then will make withdrawals while continuing to earn interest on the declining balance for the remaining 72 months.  During the first 48 months she will be earning interest at a .0546 ÷ 12 = .00455, or .455%, monthly periodic interest rate:
BAMT (1 + r)n = EAMT
$55,000 (1.00455)48 = EAMT
$55,000 x 1.243468 = $68,390.77 .
Here we thought of the $55,000 as an amount Alia would deposit to grow at a .455% monthly periodic rate for 48 months.  But because there are no regular cash flows (just a balance that grows with interest), we could also think of the $55,000 as an amount she would deposit so it could grow at an effective annual rate (EAR) of (1.00455)12 – 1 = 5.5987% for 4 years:

BAMT (1 + r)n = EAMT
$55,000 (1.055987)4 = EAMT
$55,000 x 1.243468 = $68,390.77 .
Then we move ourselves figuratively through time to her retirement date, four years from now.  
We  compute how much she can withdraw every month from that date (it is a present value of a level annuity problem), starting as soon as she retires (so it is an annuity due problem, since the first withdrawal is expected to come at the beginning of the first month of the withdrawal period).  
We saw above that when compounding is all that takes place, we can use either the monthly periodic 
rate for the given number of months or the EAR for the given number of years.  But here there are monthly withdrawals along with the monthly compounding of interest on the account’s remaining, declining balance, so to compute the withdrawals we must use the monthly periodic rate:

PMT x FAC = TOT
PMT x 
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 = $68,390.77
PMT x 61.556419 = $68,390.77
PMT = $68,390.77 ÷ 61.556419 = $1,111.03 .
Alia’s original $55,000 will grow with interest to $68,390.77 before she retires and starts taking withdrawals.  She will then be able to withdraw a total of 72 x $1,111.03 = $79,994.16 over the ensuing six years, because the part of the $68,390.77 she has not yet withdrawn will continue to earn interest each month until the account is fully depleted and she starts getting Social Security.     

136.  Janet wants to be the richest person in her feng shui class.  She currently has $645,000 in her mutual fund account.  If she invests an additional $80,000 at the end of each year, and if she can earn a 9.35% compounded annual rate of return on her account’s growing balance, how many years will it take for her to have $4,000,000?  
If she instead invests an additional $162,000 at the end of each year for the first five years, how many subsequent years of $80,000 investments will it take for her to reach the $4,000,000 goal? 
Type: Combines Non-Annuity, FV of Annuity, FV of Truncated Annuity; Number of Periods Unknown.  The algebra in this type of problem can be a little tricky.  In the first part we are combining a future value of a single dollar amount with a future value of an annuity.  She wants her current $645,000 and her series of $80,000 deposits to grow, together, to $4,000,000:
$645,000 (1.0935)n + $80,000
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 = $4,000,000

$645,000 (1.0935)n + $855,614.97 [(1.0935)n – 1] = $4,000,000

$645,000 (1.0935)n + $855,614.97 (1.0935)n – $855,614.97 = $4,000,000
$1,500,614.97 (1.0935)n = $4,855,614.97
(1.0935)n = 3.256061
ln [(1.0935)n] = ln 3.235750
n (ln 1.0935) = ln 3.235750
n  x .089384 = 1.174261
n = 13.137323, or just over 13 years.

Notice what happens.  We can think of two separate accounts whose balances will be added together at a future date (specifically, after about 13 years).  Account #1 holds the $645,000 Janet has today; she will not add to it out-of-pocket but rather just let it grow with interest.  After 13.137323 years it will have grown to

BAMT (1 + r)n = EAMT
$645,000 (1.0935)13.137323 = EAMT
$645,000 x 3.235750 = $2,087,058.69 .

Account #2 is one that’s starts with nothing, but to which she adds $80,000 at the end of each year.  After 13.137323 years it will have grown to

PMT x FAC = TOT
$80,000
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 = TOT
$80,000 x 23.911764 = $1,912,941.10 .
The two accounts together will total to $2,087,058.69 + $1,912,941.10 = $3,999,999.79 (a 21¢ rounding difference from our $4 million targeted total).  There would not actually have to be two separate accounts; the buildup could all occur within one account, into which our friend deposits $645,000 today and then gets very close to the $4 million target by adding $80,000 per year for each of the next 13 years.
In the second part of the problem we combine future value of a single dollar amount with future value of an annuity and future value of a truncated annuity computations.  Janet wants her current $645,000, plus her five $162,000 deposits, plus an unknown number of $80,000 deposits, to grow to $4,000,000.  While the algebra might seem daunting, it is not too difficult if we think of the initial $645,000 as growing to a given amount by the end of year 5, at which time it will continue to grow, along with the five $162,000 deposits’ accumulated total, for the remaining n periods:
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 = $4M
[$645,000 (1.563486) + $162,000 (6.026586)](1.0935)n + $855,614.97 [(1.0935)n – 1] = $4M
[$1,008,448.33 + $976,306.92)](1.0935)n + $855,614.97 (1.0935)n – $855,614.97 = $4,000,000
$1,984,755.25 (1.0935)n + $855,614.97 (1.0935)n = $4,855,617.97
$2,840,370.22 (1.0935)n = $4,855,617.97
 (1.0935)n = 1.709502
ln [(1.0935)n] = ln 1.709502
n (ln 1.0935) = ln 1.709502
n x .089384 = .536202
 n = 5.998859, or just under 6 additional years.

Notice what happens.  We can think of three separate accounts whose balances will be added together at a future date (specifically, after about 11 2/3 years).  Account #1 holds the $645,000 Janet has today; by the end of year 5 its balance will be

$645,000 (1.0935)5 = $1,008,448.33 .

Account #2 holds the series of five $162,000 deposits; after 5 years it will have grown to

$162,000
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 = $976,306.92 .
So at the end of year 5 the two accounts together will total to $1,008,448.33 + $976,306.92 = $1,984,755.25.  Over the following 6 years it would grow to $1,984,755.25 (1.0935)6 = $3,393,279.89 .  During those same 6 years a series of $80,000 deposits will grow in value, with deposits plus interest, to

$80,000
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 = $607,205.73 .
Thus after about 11 years (6 years after the 5 years of $162,000 deposits) she will have reached $3,393,279.89 + $607,205.73 = $4,000,485.63 (a little over the $4 million targeted total, since she actually needs only 5.998859 years).  And once again, there would not actually have to be 3 separate accounts; the buildup could all occur within one account.

137. Dennis, who is about to retire from his job teaching at ISU, has saved $250,000 during his working years.  He will use that accumulated sum to purchase an annuity from a life insurance company.  The annuity will provide him with a stream of equal payments at the end of each year for 25 years.  If the insurance company provides a 5.375% annual rate of return, how large a payment will Dennis receive at the end of each year?  If he deposits each of these receipts into a savings account for his grandson, and the savings account also earns a 5.375% annual interest rate, what will the grandson’s account balance be at the end of year 25?

Type: Combines PV of Annuity, FV of Annuity.  The first part of the problem is a present value of an ordinary level annuity example; the series of equal end-of-year payments Dennis will receive corresponds to a lump sum that exists intact in the present.  We can solve for the amount of each payment with our annuity formula:   
PMT x FAC = TOT
PMT x 
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 = $250,000

PMT x 13.579122 = $250,000

PMT = $250,000 ÷ 13.579122 = $18,410.62 .
$250,000 is the present value of the annuity represented by the series of $18,410.62 payments.  Dennis invests $250,000 today, and then will withdraw a total of 25 x $18,410.62 = $460,265.50; the total withdrawals exceed the investment because of the 5.375% return earned on the account’s declining balance as the years pass.  The second part of the problem is a future value of an annuity application; the series of equal deposits corresponds to a lump sum that will not exist intact until 25 years in the future.  If Dennis does put the $18,410.62 he gets at the end of each year into a 5.375% savings account, then by the end of year 25 his grandson’s savings balance should be:
PMT x FAC = TOT
$18,410.62 x 
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 = TOT
$18,410.62 (50.270287) = $925,507.15 .

He will deposit a total of 25 x $18,410.62 = $460,265.50, but the account’s ultimate balance will be a much larger $925,507.15 because the account will grow not just with the deposits, but also with the 5.375% return earned on the account’s own growing balance from year to year.  

Note one final point: if we took the $250,000 present value of an annuity and multiplied it by the future value factor (1.05375)25, we get $250,000 (3.702028) = $925,506.98 (a slight rounding difference from the $925,507.15 answer computed as TOT above).  What we see here is that if we take the future value of the present value of an annuity, we get the future value of an annuity (for the same cash flows, rate of return, and number of periods).  
It should make sense that Dennis can create the same number of dollars for his grandson over 25 years by investing the $250,000 himself or by having an insurance company manage the process, if the rate of return earned is the same either way.  By the same token, the present value of a future value of an annuity is the present value of an annuity (for the same cash flows, rate of return, and number of periods).  Note that if we take the $925,507.15 future value of an annuity and multiply it by the present value factor 
[image: image275.wmf]25

05375

.

1

1

÷

ø

ö

ç

è

æ

, we get $925,507.15 (.270122) = the $250,000 present value of an annuity figure.      
138.  Your Aunt Eleanor’s 44th birthday is today.  She wants to retire on her 54th birthday, but will not be eligible to receive her company’s pension benefits until she is 65 years old.  Her plan is to deposit $18,000 today, and again at the beginning of each of the next 10 years (birthdays 45 through 54, for 11 total deposits), into a retirement savings account that is expected to earn a 6.7% average annual rate of return.  She will then make ten equal withdrawals, on birthdays 55 through 64, to pay her living expenses until she can start collecting her pension on her 65th birthday.  
If Eleanor follows this plan, how much can she withdraw each year (assuming her account’s declining balance continues to earn an 8.5% annual rate of return)?  [FIL 404 only:] What if, instead of equal withdrawals, she wants her withdrawals to increase by 1.5% per year, in line with the average annual inflation rate she expects?   
Type: Combines FV of Annuity, PV of Annuity.  This classic “saving for retirement” example involves both future value of an annuity and present value of an annuity applications (future value to accumulate the money, present value to deplete the account).  First Aunt Eleanor plans to make a series of $18,000 deposits and accumulate a nice big chunk of money; since the chunk will not exist intact until a future date we have a future value of an annuity application (and since the deposits are made at the start of each year it is a future value of an annuity due):   

PMT x FAC = TOT
$18,000
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 = TOT
$18,000 x 16.575740 = $298,363.31  .
So at the end of 11 years (on her 55th birthday), she should have $298,363.31 available to fund her first ten years of retirement until the pension becomes available.  We can think of that amount as 
a lump sum that is intact in the “present” (if we mentally move ourselves through time to the start of her retirement), so we now have a present value of an annuity problem (and with beginning-of-year withdrawals it is the present value of an annuity due).  The amount she can withdraw at the start of each of the 10 ensuing years is:   
PMT x FAC = TOT
PMT 
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 = $298,363.31
PMT x 7.599200 = $298,363.31

PMT = $298,363.31 ÷ 7.599200 = $39,262.46 .  
Note that because the account continues to earn a 6.7% annual return (albeit on a declining balance) even after she starts taking money out, she can start with just $298,363.31 and still withdraw a total of 10 x $39,262.46 = $392,624.60 .  If each withdrawal is to ecxceed the preceding one by 1.5%, her first withdrawal should be  
PMT x FAC = TOT
PMT 
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 = $298,363.31
PMT x 8.069003 = $298,363.31

PMT = $298,363.31 ÷ 8.069003 = $36,976.48 ,  
while the second one should be 1.5% higher at (1.015) $36,976.48 = $37,531.13, and so forth.   

139.  Lee and Karen expect to adopt a child in two years, and they want to start saving money now for expected college expenses.  Their initial plan is to deposit $4,500 into an investment account at the end of each year for 20 years.  If the growing balance could earn a 4.625% annual rate of return, how much money would they have saved by the end of year 20?  What if they made a $4,500 deposit at the beginning of each year instead?  If Lee inherits a large sum from his late uncle Royce, what amount deposited today would grow at a 4.25% average annual rate, with no additional deposits, to the same total they would reach with 20 beginning-of-year deposits of $4,500 each?
Type: Combines PV of Annuity, FV of Annuity.  This example is somewhat complex, in that we must work with present value of an annuity and future value of an annuity within the same problem.  (The situation is structurally identical to saving before retirement and then taking the money out during the retirement years.)  We start with a future value of an annuity problem; a series of related payments corresponds to a lump sum of money that will not exist intact until a future date.  They expect to accumulate

PMT x FAC = TOT
$4,500
[image: image279.wmf](

)

÷

÷

ø

ö

ç

ç

è

æ

-

04625

.

1

04625

.

1

20

 = TOT
$4,500 x 31.785317 = $143,033.93 with end-of-year deposits or 

PMT x FAC = TOT
$4,500
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 = TOT
$4,500 x 33.255388 = $149,649.24 with beginning-of-year deposits. 

Recall that the two answers computed above represent future values of annuities.  Now let’s find the present value of the second of those future values of annuities, $149,649.24.  One way to approach this problem is to treat the $149,649.24 as a desired ending amount, and take its present value directly: 
BAMT (1 + r)n = EAMT
BAMT (1.04625)20 = $149,649.24
BAMT x 2.470071 = $149,649.24
BAMT = $149,649.24 ÷ 2.470071 = $60,585.00 .
But another approach is to compute the present value of an annuity of $4,500 per year for 18 years (which is the amount you would have to have on deposit today so that you could take out $4,500 each year and deposit it into the savings account): 
PMT x FAC = TOT
$4,500
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 = TOT
$4,500 x 13.463333 = $60,585.00 .
We get the same answer either way; the two approaches are equivalent.  This problem illustrates the idea that the present value of the future value of an annuity is the present value of an annuity.  Depositing $60,585 today would allow the couple to withdraw $4,500 at the start of each year and then invest that amount through the end of year 20 – or they can simply leave the $4,500 in the same account, and as long as the buildup within the account earns the same 4.625% rate of return they should end up with the same $149,649.24 by the end of year 20.  
140.  Now Lee and Karen (see the previous problem) decide to approach the college savings problem from a different perspective.  They believe that it will cost $35,000 per year to send their child to an expensive private college for the four years that begin 20 years from today.  If a 4.625% annual rate of return can be earned on their investments over the next 24 years, how much must they deposit at the end of each of years 1 through 20 so that 
they can withdraw $35,000 at the beginning of each of years 21 through 24?  What if they made their deposits at the beginning of each year instead?  [FIL 404 only]  What if tuition will begin at $35,000 and rise by 2.25% per year?       

Type: Combines PV of Annuity, FV of Annuity.  This example is similar to the previous problem, but here we must compute different unknowns and consider the case of rising tuition.  First note that on the day the student is expected to begin college (20 years from today, at the beginning of year 21), the family will have to have the present value of four $35,000 beginning-of-year payments:

PMT x FAC = TOT
$35,000
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 = TOT
$35,000 x 3.742497 = $130,987.40 .
Having $130,987.40 on deposit at the beginning of year 21 (same as the end of year 20) will allow the student to withdraw $35,000 at the start of each year ($140,000 in total, with the remainder consisting of interest) over years 21 through 24.  So how much must Lee and Karen deposit each year to reach that total?  With year-end deposits, each would have to be
PMT x FAC = TOT
PMT 
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 = $130,987.40
PMT x 31.785317 = $130,987.40
PMT = $130,987.40 ÷ 31.785317 = $4,121.00 .
If beginning-of-year deposits were instead made, each deposit could be a smaller 
PMT x FAC = TOT
PMT 
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 = $130,987.40

PMT x 33.255388 = $130,987.40
PMT = $130,987.40 ÷ 33.255388 = $3,938.83 .
So if the family starts saving today, they can deposit $3,938.83 per year and have enough at the end of year 20/start of year 21 to provide for $35,000 per year payments at the start of each of years 21 through 24.  If they wait until the end of the current year to make the first deposit, then they must deposit a slightly higher $4,121.00 each year.  Putting in $4,500 per year would not be necessary unless the family anticipated costs higher than $35,000 per year.  For example, the $149,649.24 total reached with $4,500 beginning-of-year deposits would be needed only if the annual coast of schooling turned out to be not $35,000, but rather a much higher  

PMT x FAC = TOT
PMT 
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 = $149,649.24
PMT x 3.742497 = $149,649.24
PMT = $149,649.24 ÷ 3.742497 = $39,986.47 . 
[For FIL 404]  However, if tuition in the four targeted years were expected to begin at $35,000 and then rise by 2.25% per year, the amount the family would need to have on hand at the end of year 20/start of year 21 would be 

PMT x FAC = TOT
$35,000 
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 = TOT
$35,000 x 3.865849 = $135,304.71 .
To reach that total, Lee and Karen would have to make annual year-end deposits of  

PMT 
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 = $135,304.71
PMT x 31.785317 = $135,304.71
PMT = $135,304.71 ÷ 31.785317 = $4,256.83
or annual beginning-of-year deposits of 

PMT 
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 = $135,304.71

PMT x 33.255388 = $135,304.71
PMT = $135,304.71 ÷ 33.255388 = $4,068.66
(greater than the $4,121.00 or $3,938.83 deposits needed to provide for four unchanging tuition payments of $35,000 each).
141.  Two years ago, after a Mammoth Foods clerk was slow to mop up when a case of bottled water broke on the floor, Cliff slipped while shopping and was severely injured.  After lengthy court delays, both the store and Cliff have agreed to accept whatever settlement terms are found to be fair by an objective mediator – you.  Cliff has already missed two years of work in his job as a diesel mechanic, and medical experts agree that he will be unable to return to work for another four years.  The last year he worked he earned $42,000, and trade association figures show 

that pay levels for mechanics have been rising, and should continue to rise, an average of 2.5% per year.  When the accident happened Cliff incurred $16,000 in medical bills not covered by insurance, and his attorney, who has never been paid anything, says she would accept $19,000 today as payment in full for her legal work.  If you feel that Cliff’s cost of waiting to receive his money is 4.5% per year, and if (for simplicity) you treat his salary as being received in advance for an entire year, how much should Mammoth Foods pay him?

Type: Combines Non-Annuity, PV of Annuity.  This problem has many individual pieces.  The pay for Cliff’s first year of missed work would have been $42,000 (1.025)1 = $43,050.  Since he has had to wait two years, the store should pay $43,050 (1.045)2 = $47,011.67 for his first year of lost work.  The pay for his second year of missed work would have been $42,000 (1.025)2 = $44,126.25.  Since he has had to wait one year, the store should pay $44,126.25 (1.045)1 = $46,111.93 for his second year of lost wages.  So the total for lost wages to date should be $47,011.67 + $46,111.93 = $93,123.60.  

(For FIL 404 students, we could also compute this value as the compounded future value of a changing annuity due with a $43,050 initial value, a two-year period, a 4.5% expected rate of return, and a 2.5% rate of change: 

     PMT x FAC = TOT
$43,050.00
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 = TOT 

$43,050.00 x 2.163150 = $93,123.60 .)
To reimburse the $16,000 in direct medical costs Cliff paid two years ago, the store should give him $16,000 (1.045)2 = $17,472.40.  The attorney’s fee is easy: $19,000.  (We might assume that the lawyer has built her own cost of having had to wait for payment into the $19,000 she quoted.)  
The amount he should be paid for missing work in the coming four years is the present value 

of a series of unequal payments.  The pay he could expect to earn if he worked would be $42,000 (1.025)3 = $45,229.41 for the current year, $42,000 (1.025)4 = $46,360.14 for the following year, $42,000 (1.025)5 = $47,519.14 for the third year, and $42,000 (1.025)6 = $48,707.12 for the final year.  The present values of these amounts are computed as:
BAMT (1 + r)n = EAMT
For year 1: BAMT (1.045)0 =  $45,229.41 
( BAMT   =   $  45,229.41
For year 2: BAMT (1.045)1 = $46,360.14 
( BAMT   =  $  44,363.77
For year 3: BAMT (1.045)2 = $47,519.14 
( BAMT   =   $  43,514.70
For year 5: BAMT (1.045)3 = $48,707.12 
( BAMT   =   $  42,681.88








Total
         $175,789.76
Or, especially for FIL 404 students, we could compute the answer with the present value of a changing annuity due factor (recall that we treat Cliff’s job pay as though it would be received in full at the start of each year), using as PMT the first payment in the changing stream:
PMT x FAC = TOT
$45,229.41
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 = $175,789.78 .
If he deposited this amount today, over the next four years he could make withdrawls as shown:




                    Minus

  
  Beginning      Beginning of Year       Total           Plus 4.5%
    Ending
    

  
Year
   Balance
   Withdrawal  
     Available         Interest     
   Balance
    

  1
$175,789.76         $45,229.41
  $130,560.35   
  $5,875.22   
$136,435.57                                                       
  2
$136,435.57         $46,360.14      $  90,075.43     $4,053.39   
$  94,128.82       



  3
$  94,128.82     
   $47,519.14
   $  46,609.68    $2,097.44   
$  48,707.12

    
  4
$  48,707.12     
   $48,707.12       $       0
  $      0   
$       0
So his total award should be $93,123.60 + $17,472.40 + $19,000 + $175,789.76 = $305,385.76.
142.  Kathy and Chadwick plan to send 6-year olds Craig and Ryan to Chickasee Academy, an elite private high school where the twins will enroll in 8 years.  Chickasee’s current annual tuition is $8,500 per student, payable in 
full at the beginning of each year, but that cost is expected to rise by an average annual rate of 3.25% in the years to come.  Part of the needed tuition money will come from the $3,000 Kathy and Chadwick recently won in the Illinois state lottery, which they just placed in a Dunlap State Bank savings account that should provide a 4.16% annual percentage rate (APR) of interest with quarterly compounding.  The couple will accumulate the rest of the needed money by making equal deposits into this account at the beginning of each quarter, starting today and continuing 
for the eight years until the twins enter Chickasee.  How much do they have to deposit each quarter?  
Type: Combined Non-Annuity, PV of Annuity, FV of Annuity.  This problem is fairly complex, in that multiple steps are required.  First we compute the amount that will be needed, on the day the twins start high school, to pay the four years of tuition bills.  In eight years the cost of sending the pair to Chickasee for a year should be $17,000 (1.0325)8 = $21,956.82.  The subsequent three years should cost $21,956.82 (1.0325) = $22,670.41; $22,670.41 (1.0325) = $23,407.20; and $23,407.20 (1.0325) = $24,167.94.  Kathy and Chadwick want to have enough saved, on the day Craig and Ryan turn 14, to fund the plan.  On that day they need the entire $21,956.82 first year’s payment, 
plus the present value at that time of each of the other three.  Note that with a 4.16% APR 
and quarterly compounding, we have a quarterly periodic rate of .0416 ÷ 4 = .0104, and we are discounting for 4, 8, and 12 quarters, respectively.  
Year 1:  BAMT (1.0104)0 = $21,956.82 
( BAMT = $21,956.82 ÷ (1.0104)0 =  $21,956.82
Year 2: BAMT (1.0104)4 =  $22,670.41 
( BAMT = $22,670.41 ÷ (1.0104)4 =  $21,751.34
Year 3:  BAMT (1.0104)8 = $23,407.20 
( BAMT = $23,407.20 ÷ (1.0104)8 =  $21,547.79
Year 4: BAMT (1.0104)12 = $24,167.94 
( BAMT = $24,167.94 ÷ (1.0104)12 = $21,346.15








          Total  $86,602.10
Alternatively, because interest is compounded quarterly but the deposits occur annually, we can think in terms of years and discount at the effective annual rate.  Money that stays in the account for a whole year will earn a (1.0104)4 – 1 = 4.2253% effective annual rate (EAR) of interest, so we can compute the present value of the payment stream as: 
Year 1:  BAMT (1.042253)0 = $21,956.82 
( BAMT = $21,956.82 ÷ (1.042253)0 =  $21,956.82
Year 2: BAMT (1.042253)1 =  $22,670.41 
( BAMT = $22,670.41 ÷ (1.042253)1 =  $21,751.34
Year 3:  BAMT (1.042253)2 = $23,407.20 
( BAMT = $23,407.20 ÷ (1.042253)2 =  $21,547.79
Year 4: BAMT (1.042253)3 = $24,167.94 
( BAMT = $24,167.94 ÷ (1.042253)3 = $21,346.15








          

 Total  $86,602.10
[Or for FIL 404 students: note that we have the present value of an annuity due starting at $21,956.82 and changing from period to period by 3.25%, while the effective annual rate (EAR) of interest earned on the account’s declining balance is (1.0104)4 – 1 = 4.2253%.  So we could compute the present value of this four year changing annuity, with beginning-of-year cash flows, as

PMT x FAC = TOT
$21,956.82 
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 = TOT
$21,956.82 x 3.784306 = $86,602.17 ; 
the answer above is actually slightly less correct due to rounding in more individual computations.]
Either way, we can look at the year-by-year cash flows while the twins are going to Chickasee: 

       
        Beginning          Minus Tuition
   Total          Plus 4.2253%
 Ending

  
Year
         Balance

Payment
Available
 Interest
Balance
    
  1
      $86,602.17         $21,956.82        $64,645.35
$2,731.46     $67,376.81
    
  2
      $67,376.81         $22,670.41        $44,706.40
$1,888.98     $46,595.38
    
  3
      $46,595.38        $23,407.20        $23,188.18
$   979.77    $24,167.95
    
  4
      $24,167.95         $24,167.94         $      0
            $      0
        $       0

(yes, there is a tiny 1¢ rounding difference on the last line).  So now we see that Kathy and Chadwick need to accumulate $86,602.10 over the next 8 years.  But $3,000 (1.042253)8 = $4,177.40 will be provided by the lottery winnings.  So over 8 years they must deposit enough to total, with interest, to $86,602.10 – $4,177.40 = $82,424.70.  What series of equal quarterly deposits will grow, with interest, to $82,424.70 by the end of year 8 (32 quarters later)?  Here we have a future value of an annuity problem, because a series of equal deposits corresponds to a lump sum that will not exist intact until 32 quarters have passed: 
     

PMT x FAC = TOT
PMT 
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 = $82,424.70

PMT x 38.130267 = $82,424.70

PMT = $82,424.70 ÷ 38.130267 = $2,161.66 .
Here we have quarterly cash flows, so we must use the quarterly periodic rate in our computations.  The couple will deposit a total of 32 x $2,161.66 = $69,173.12 , and with interest earned on the account’s growing balance will reach an $82,424.70 sub-total.  Adding the $4,177.40 to which their current $3,000 will grow provides a total of $86,602.10 by the time the twins are ready to start high school.   
143.  Margie, who turned  61 years old today, expects to retire on her 70th birthday.  She already has $245,000 saved, and hopes to have an income of $35,000 per year in retirement.  (She knows that the purchasing power of that $35,000 will decline over time if there is inflation.)  Because of health problems that run in her family, she thinks it unlikely that, even with new medical advances, she could live to be as old as 91.  She wants to take her first $35,000 withdrawal on the day she retires (her 70th birthday), which is nine years from today, and wantes to then be able to take 20 more $35,000 annual withdrawals.  If she can earn a 5.9% annual rate of return on any money that remains invested from year to year, how much must she plan to save annually during her nine remaining working years to provide a $35,000 annual income stream for 21 years in retirement?

Type: Combined Non-Annuity, PV of Annuity, FV of Annuity.  A problem in which we save regularly before retiring, and then deplete the account after retiring, combines a future value of an annuity with a present value of an annuity.   We start with the second part: how much will Margie have to have, 
on the day she retires, to be able to collect a series of 21 beginning-of-year payments of $35,000 each?  We move ourselves forward in time until the withdrawal plan begins, and since the big chunk of money will have to be intact on that day, we have a present value of a level annuity (specifically, 
a present value of a level annuity due) situation:

PMT x FAC = TOT
$35,000
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21

 = TOT
$35,000 x 12.563618 = $439,726.64 .

So $439,726.64 is the amount Margie will need to have on hand when she retires.  Now we move ourselves back to today and, because this large amount of money will not exist intact until a future date (9 years from now), we have a future value of an annuity situation.  It might initially seem that she has to accumulate the entire $439,726.64 with annual deposits during her nine remaining working years.  But recall that she has already saved $245,000.  The $245,000 will grow at 5.9% interest each year for 9 years to become 
BAMT (1 + r)n = EAMT
$245,000 (1.059)9 = $410,421.14.
So she only has to accumulate the remaining $439,726.64 – $410,421.14 = $29,305.50 through annual contributions into her retirement savings plan:

PMT x FAC = TOT
PMT 
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 = $29,305.50 
PMT x 11.443870 = $29,305.50 
PMT = $29,305.50 ÷ 11.443870 = $2,560.80 .
So here’s what happens.  Margie opens a new retirement savings account at the First National Bank, and deposits $2,560.80 at the end of each year for 9 years.  That account grows, with interest and her own deposits, to $29,305.50 by the time she retires.  At the same time, her current $245,000 savings balance at the Second National Bank grows with interest (but no additional deposits) to $410,421.14 by the time she retires in 9 years.  [The accounts could actually be at the same bank.  In fact, it could all be done through the same account.  But treating the amounts as accumulating through two separate accounts might create a helpful mental picture.]  So she retires with a total of $29,305.50 + $410,421.14 = $439,726.64.  She uses that amount as a means of funding a series of 21 beginning-of-year withdrawals of $35,000 each.  She starts her retirement with $439,726.64 but withdraws much more than that (a total of 21 x $35,000 = $735,000) over time, because whatever remains in her account from year to year continues to earn a 5.9% annual interest rate.  [If you are not convinced, see the accompanying year-by-year analysis of the numbers.]
	
	Age She
	
	Minus
	Amount
	
	Total
	
	

	
	Turns at
	
	Beginning 
	Available
	
	Accumulated
	Plus
	

	
	Beginning
	Initial
	of Year
	to Earn
	Plus 5.9%
	Before
	End of Year
	Ending

	Year
	of Year
	Balance
	Withdrawal
	Interest
	Interest
	Deposit
	Deposit
	Balance

	1
	61
	$245,000.00
	$0.00
	$245,000.00
	$14,455.00
	$259,455.00
	$2,560.80
	$262,015.80

	2
	62
	$262,015.80
	$0.00
	$262,015.80
	$15,458.93
	$277,474.74
	$2,560.80
	$280,035.54

	3
	63
	$280,035.54
	$0.00
	$280,035.54
	$16,522.10
	$296,557.64
	$2,560.80
	$299,118.44

	4
	64
	$299,118.44
	$0.00
	$299,118.44
	$17,647.99
	$316,766.43
	$2,560.80
	$319,327.23

	5
	65
	$319,327.23
	$0.00
	$319,327.23
	$18,840.31
	$338,167.54
	$2,560.80
	$340,728.34

	6
	66
	$340,728.34
	$0.00
	$340,728.34
	$20,102.97
	$360,831.31
	$2,560.80
	$363,392.12

	7
	67
	$363,392.12
	$0.00
	$363,392.12
	$21,440.13
	$384,832.25
	$2,560.80
	$387,393.05

	8
	68
	$387,393.05
	$0.00
	$387,393.05
	$22,856.19
	$410,249.24
	$2,560.80
	$412,810.05

	9
	69
	$412,810.05
	$0.00
	$412,810.05
	$24,355.79
	$437,165.84
	$2,560.80
	$439,726.64

	10
	70
	$439,726.64
	$35,000.00
	$404,726.64
	$23,878.87
	$428,605.51
	$0.00
	$428,605.51

	11
	71
	$428,605.51
	$35,000.00
	$393,605.51
	$23,222.73
	$416,828.24
	$0.00
	$416,828.24

	12
	72
	$416,828.24
	$35,000.00
	$381,828.24
	$22,527.87
	$404,356.11
	$0.00
	$404,356.11

	13
	73
	$404,356.11
	$35,000.00
	$369,356.11
	$21,792.01
	$391,148.12
	$0.00
	$391,148.12

	14
	74
	$391,148.12
	$35,000.00
	$356,148.12
	$21,012.74
	$377,160.86
	$0.00
	$377,160.86

	15
	75
	$377,160.86
	$35,000.00
	$342,160.86
	$20,187.49
	$362,348.35
	$0.00
	$362,348.35

	16
	76
	$362,348.35
	$35,000.00
	$327,348.35
	$19,313.55
	$346,661.90
	$0.00
	$346,661.90

	17
	77
	$346,661.90
	$35,000.00
	$311,661.90
	$18,388.05
	$330,049.95
	$0.00
	$330,049.95

	18
	78
	$330,049.95
	$35,000.00
	$295,049.95
	$17,407.95
	$312,457.90
	$0.00
	$312,457.90

	19
	79
	$312,457.90
	$35,000.00
	$277,457.90
	$16,370.02
	$293,827.91
	$0.00
	$293,827.91

	20
	80
	$293,827.91
	$35,000.00
	$258,827.91
	$15,270.85
	$274,098.76
	$0.00
	$274,098.76

	21
	81
	$274,098.76
	$35,000.00
	$239,098.76
	$14,106.83
	$253,205.59
	$0.00
	$253,205.59

	22
	82
	$253,205.59
	$35,000.00
	$218,205.59
	$12,874.13
	$231,079.72
	$0.00
	$231,079.72

	23
	83
	$231,079.72
	$35,000.00
	$196,079.72
	$11,568.70
	$207,648.42
	$0.00
	$207,648.42

	24
	84
	$207,648.42
	$35,000.00
	$172,648.42
	$10,186.26
	$182,834.68
	$0.00
	$182,834.68

	25
	85
	$182,834.68
	$35,000.00
	$147,834.68
	$8,722.25
	$156,556.92
	$0.00
	$156,556.92

	26
	86
	$156,556.92
	$35,000.00
	$121,556.92
	$7,171.86
	$128,728.78
	$0.00
	$128,728.78

	27
	87
	$128,728.78
	$35,000.00
	$93,728.78
	$5,530.00
	$99,258.78
	$0.00
	$99,258.78

	28
	88
	$99,258.78
	$35,000.00
	$64,258.78
	$3,791.27
	$68,050.05
	$0.00
	$68,050.05

	29
	89
	$68,050.05
	$35,000.00
	$33,050.05
	$1,949.95
	$35,000.00
	$0.00
	$35,000.00

	30
	90
	$35,000.00
	$35,000.00
	$0.00
	$0.00
	$0.00
	$0.00
	$0.00


144.  [FIL 404 only]  Now let’s put the previous problem on steroids.  Margie’s nephew Kent, an Illinois State University MBA student, convinces her that if she ignores the inflation issue in her retirement planning she will 
have to endure a declining standard of living as time passes.  After looking at some historical economic data, the two agree that a 2.3% average annual inflation rate might be expected over future decades.  Therefore, Margie’s annual withdrawals should start at $35,000 and increase steadily by 2.3% per year.  At the same time, she expects her income to rise with inflation during her remaining working years, so she wants to build her retirement savings with deposits that increase by 2.3% per year.  How much does Margie have to save in each of her 9 remaining working years to provide an income stream that begins with $35,000 and then increases by 2.3% for each of the 20 additional expected retirement years?

Type: Combined Non-Annuity, PVof Annuity and FV of Annuity.  To compute how much her increasing deposits must be in each of her eight remaining work years, we first have to find the amount she will need, the day she retires, to fund a series of 21 beginning-of-year withdrawals starting at $35,000 and then growing by 2.3% per year.  So here we have a present value of a changing annuity due:

PMT x FAC = TOT
$35,000
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 = TOT
$35,000 x 15.187921 = $531,577.25
(an amount larger than the $439,726.64 computed in the previous problem, because here this total must fund a series of growing withdrawals).  Thus she will need to have accumulated $531,577.25 by the time she retires.  But part of that total will come from growth in her $245,000 current savings: 
BAMT (1 + r)n = EAMT
$245,000 (1.059)9 = $410,421.14.

So she only has to accumulate the difference of $531,577.25 – $410,421.14 = $121,156.11 through annual contributions into her retirement savings plan.  (But note that this amount is much larger than the $29,305.50 she needs to accumulate if withdrawals stay constant at $35,000.)  Because she will accumulate a large future total with a growing stream of year-end deposits, we have a future value of a changing ordinary annuity situation:       
PMT x FAC = TOT
PMT 
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 = $121,156.11
PMT x 12.446840 = $121,156.11

PMT = $121,156.11 ÷ 12.446840 = $9,733.89 .
So here’s what happens.  Margie opens a new retirement savings account at the First National Bank, 
and deposits $9,733.89 at the end of the first year.  Then in each successive year her deposit increases by 2.3%; for example, she deposits $9,733.89 x 1.023 = $9,957.77 at the end of year 2.  She continues making these increasing deposits until the end of year 9.  That account grows, with interest and her own increasing deposits, to $121,156.11 by the time she retires.  At the same time, her current $245,000 savings balance at the Second National Bank grows with interest (but no additional deposits) to $410,421.14 by the time she retires in 9 years.  So she retires with a total of $121,156.11 + $410,421.14 = $531,577.25.  She uses that amount to fund a series of 21 beginning-of-year withdrawals, starting with $35,000 and growing by 2.3% per year.  

If the annual deposit she has to make seems high (beginning at $9,733.89 and then growing by 2.3% per year to a high of $9,733.89 x 1.0238 = $11,675.93), consider that for her deposits to be the same each year each one would have to be
PMT x FAC = TOT
PMT 
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 = $121,156.11
PMT x 11.443870 = $121,156.11
PMT = $121,156.11 ÷ 11.443870 = $10,586.99 .

But with deposits growing over time, the first one is lower and the last is higher than we would see in a series of equal deposits.  [If you are not convinced, see the accompanying year-by-year analysis.]
	
	Age She
	
	Minus
	Amount
	
	Total
	
	

	
	Turns at
	
	Beginning 
	Available
	
	Accumulated
	Plus
	

	
	Beginning
	Initial
	of Year
	to Earn
	Plus 5.9%
	Before
	End of Year
	Ending

	Year
	of Year
	Balance
	Withdrawal
	Interest
	Interest
	Deposit
	Deposit
	Balance

	1
	61
	$245,000.00
	$0.00
	$245,000.00
	$14,455.00
	$259,455.00
	$9,733.89
	$269,188.89

	2
	62
	$269,188.89
	$0.00
	$269,188.89
	$15,882.14
	$285,071.03
	$9,957.77
	$295,028.80

	3
	63
	$295,028.80
	$0.00
	$295,028.80
	$17,406.70
	$312,435.49
	$10,186.79
	$322,622.29

	4
	64
	$322,622.29
	$0.00
	$322,622.29
	$19,034.72
	$341,657.00
	$10,421.09
	$352,078.09

	5
	65
	$352,078.09
	$0.00
	$352,078.09
	$20,772.61
	$372,850.70
	$10,660.78
	$383,511.48

	6
	66
	$383,511.48
	$0.00
	$383,511.48
	$22,627.18
	$406,138.65
	$10,905.97
	$417,044.63

	7
	67
	$417,044.63
	$0.00
	$417,044.63
	$24,605.63
	$441,650.26
	$11,156.81
	$452,807.07

	8
	68
	$452,807.07
	$0.00
	$452,807.07
	$26,715.62
	$479,522.69
	$11,413.42
	$490,936.10

	9
	69
	$490,936.10
	$0.00
	$490,936.10
	$28,965.23
	$519,901.34
	$11,675.93
	$531,577.25

	10
	70
	$531,577.25
	$35,000.00
	$496,577.25
	$29,298.06
	$525,875.31
	$0.00
	$525,875.31

	11
	71
	$525,875.31
	$35,805.00
	$490,070.31
	$28,914.15
	$518,984.46
	$0.00
	$518,984.46

	12
	72
	$518,984.46
	$36,628.52
	$482,355.94
	$28,459.00
	$510,814.94
	$0.00
	$510,814.94

	13
	73
	$510,814.94
	$37,470.97
	$473,343.97
	$27,927.29
	$501,271.27
	$0.00
	$501,271.27

	14
	74
	$501,271.27
	$38,332.80
	$462,938.46
	$27,313.37
	$490,251.83
	$0.00
	$490,251.83

	15
	75
	$490,251.83
	$39,214.46
	$451,037.37
	$26,611.21
	$477,648.58
	$0.00
	$477,648.58

	16
	76
	$477,648.58
	$40,116.39
	$437,532.19
	$25,814.40
	$463,346.59
	$0.00
	$463,346.59

	17
	77
	$463,346.59
	$41,039.07
	$422,307.52
	$24,916.14
	$447,223.66
	$0.00
	$447,223.66

	18
	78
	$447,223.66
	$41,982.97
	$405,240.70
	$23,909.20
	$429,149.90
	$0.00
	$429,149.90

	19
	79
	$429,149.90
	$42,948.57
	$386,201.33
	$22,785.88
	$408,987.20
	$0.00
	$408,987.20

	20
	80
	$408,987.20
	$43,936.39
	$365,050.81
	$21,538.00
	$386,588.81
	$0.00
	$386,588.81

	21
	81
	$386,588.81
	$44,946.93
	$341,641.88
	$20,156.87
	$361,798.75
	$0.00
	$361,798.75

	22
	82
	$361,798.75
	$45,980.71
	$315,818.05
	$18,633.26
	$334,451.31
	$0.00
	$334,451.31

	23
	83
	$334,451.31
	$47,038.26
	$287,413.05
	$16,957.37
	$304,370.42
	$0.00
	$304,370.42

	24
	84
	$304,370.42
	$48,120.14
	$256,250.27
	$15,118.77
	$271,369.04
	$0.00
	$271,369.04

	25
	85
	$271,369.04
	$49,226.91
	$222,142.13
	$13,106.39
	$235,248.52
	$0.00
	$235,248.52

	26
	86
	$235,248.52
	$50,359.13
	$184,889.39
	$10,908.47
	$195,797.86
	$0.00
	$195,797.86

	27
	87
	$195,797.86
	$51,517.39
	$144,280.48
	$8,512.55
	$152,793.03
	$0.00
	$152,793.03

	28
	88
	$152,793.03
	$52,702.29
	$100,090.74
	$5,905.35
	$105,996.09
	$0.00
	$105,996.09

	29
	89
	$105,996.09
	$53,914.44
	$52,081.66
	$3,072.82
	$55,154.47
	$0.00
	$55,154.47

	30
	90
	$55,154.47
	$55,154.47
	$0.00
	$0.00
	$0.00
	$0.00
	$0.00


145.  Stan plans to borrow $218,000 at a 7.875% stated annual percentage rate (APR) of interest to buy a new house.  He will repay the money in equal installments at the end of each month for the next 30 years.  How much will each monthly payment be?  How much in total interest will Stan pay over the life of the loan, if he does not pay the loan off early?  If he decides to repay the remaining principal balance after 21 years, how much will he still owe, and how much in total interest will he have paid over the 21 years?  If he decides at the end of year 11 that he wants the loan to be repaid by the end of year 18, how much principal should he repay (along with his regular payment) at the end of the last month of year 11?
Type: PV of Annuity; Payment/Total Unknowns.  Loan repayment is a present value of an ordinary level annuity situation; a series of equal end-of-period payments corresponds to a lump sum that exists intact in the present.  First we solve for an unknown payment, which is what potential borrowers typically want to know.  Payments are to be made monthly, over 30 years x 12 = 360 months, with 
a .07875 ÷ 12 = .006563 monthly periodic interest rate:
PMT x FAC = TOT
PMT  
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= $218,000

PMT  x 137.917834 = $218,000

PMT  = $218,000 ÷ 137.917834 = $1,580.65 .

Stan will pay $1,580.65 each month for 30 years, for a total of $1,580.65 x 360 = $569,034.00 over the life of the loan.  Because $218,000 of that total will represent a repayment of the principal borrowed, the remaining $569,034.00 – $218,000 = $351,034.00 will be the interest paid over the loan’s life if he keeps the loan outstanding for all 30 years.  After 21 years have passed, Stan will owe the present value, at that time, of the remaining 9 years of $1,580.65 monthly payments:

PMT x FAC = TOT
$1,580.65 
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$1,580.65 
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= TOT
$1,580.65  x 77.196150 = $122,020.09 .

So here is what happens.  Stan borrows $218,000, and thus must pay back a total of $218,000 in principal, plus an appropriate amount of interest on the portion of the $218,000 that remains unpaid from period to period during the loan’s life.  If he keeps making payments for the entire 30 years, he will end up paying back a total of $569,034.00, of which interest will constitute $351,034.00.  After 21 years (252 months, with 360 – 252 = 108 months remaining) he will still owe $122,020.09 (which is almost 56% of the $218,000 principal, even though only 108/360 = 30% of the 360-month original amortization period will remain).  At that time, he might choose to repay the remaining $122,020.09 principal balance in full (the remaining principal balance on a home mortgage loan typically can be repaid without penalty) and thus owe no further interest.  If he does that, he will have paid a total of (252 x $1,580.65) + $122,020.09 = $398,323.80 + $122,020.09 = $520,343.89.  

Since $218,000 of that total will have been principal, the remaining $520,343.89 – $218,000 = $302,343.89 will have been interest.  Thus we might say that paying the loan off 9 years early would save Stan a total of $351,034.00 – $302,343.89 = $48,690.11 in interest.  [Consumer advocates often like to show “interest savings” figures such as this one.  While their computations make sense, their logic sometimes seems flawed – after all, Stan’s home mortgage loan is the cheapest source of borrowed money he will ever find.  Does he really want to pay it off early, perhaps at a cost of running up more debt on his 19% credit cards??] 

Finally, recall that a loan’s remaining principal balance is always the present value of the remaining payments.  When the loan was originated, the remaining principal balance was the full 

PMT x FAC = TOT
$1,580.65
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= TOT
$1,580.65 x 137.917834 = $218,000 .

At the end of year 11, Stan will have 19 years (228 months) of payments remaining and thus will owe 

$1,580.65
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$1,580.65 x 118.085188 = $186,651.35 .

But if he wants to have only 7 years (84 months) of payments remaining, he will want to owe only

$1,580.65
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$1,580.65 x 64.416343 = $97,187.72 .

His extra payment – in addition to his regular $1,508.65 monthly payment – at the end of year 11 (month 132) therefore should be enough to get his principal balance down from $186,651.35 to $97,187.72, or $186,651.35 – $97,187.72 = $89,469.63 .   

146.  Joan plans to deposit $4,350 into an account at the end of every six-month period for the next three years.  
The account balance will earn a 5.28% annual percentage rate (APR) of interest, but with compounding to occur quarterly.  How much money will be in her account at the end of year 3?  [FIL 404 only]  What if Joan expects 1.4% annual inflation, and thus wants her deposits to begin with $4,350 and then increase by .7% every six months?
Type: FV of Annuity; Total Unknown.  Consider a period-by-period “brute force” breakdown.  Note that the quarterly periodic rate is 5.28% ÷ 4 = 1.32%.  
     
         Beginning
          Plus 1.32%         Balance Before
     Plus
   
   Ending
         

Quarter          Balance
           Interest      
   Deposit
   Deposit   
   Balance

   
     1

  $0
  
   $0

       $0

       $0

      $0

    
     2
              $0

   $0
    
       $0

 $4,350.00      
$  4,350.00

    
     3
     $  4,350.00
          $  57.42
    
$  4,407.42
       $0
   
$  4,407.42
    
     4
     $  4,407.42
          $  58.18

$  4,465.60
 $4,350.00
$  8,815.60
    
     5
     $  8,815.60
          $116.37

$  8,931.97
       $0
   
$  8,931.97
    
     6
     $  8,931.97
          $117.90

$  9,049.87
 $4,350.00
$13,399.87
    
     7
     $13,399.87
          $176.88

$13,576.75
       $0

$13,576.75
    
     8
     $13,576.75
          $179.21

$13,755.96
 $4,350.00
$18,105.96
   
     9
     $18,105.96
          $239.00

$18,344.96
       $0
   
$18,344.96
   
    10
     $18,344.96
          $242.15

$18,587.11
 $4,350.00
$22,937.11
   
    11
     $22,937.11
          $302.77

$23,239.88
       $0
   
$23,239.88
   
    12
     $23,239.88
          $306.77

$23,546.65
 $4,350.00
$27,896.65
Now think of a more direct approach.  Recall that we always want to match the frequency of the rate to the frequency of the cash flows.  In a typical case we might have annual cash flows but semiannual (or quarterly, etc.) compounding, and must convert the periodic rate to an effective annual rate.  In this problem we have a slight twist: we must convert Joan’s quarterly periodic rate not to an effective annual rate, but to an effective semiannual rate (to match the rate to the frequency with which deposits are made).  The effective semiannual rate is (1.0132)2 – 1 = 2.6574%.  [The effective annual rate of (1.0132)4 – 1 = 5.3855% plays no computational role in this problem.] 
Then we can just treat the problem as a 6-period future value of an ordinary level annuity (since the lump sum will not exist until a future date) situation, with 6 semiannual periods in the three included years: 




       PMT x FAC = TOT
$4,350
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 = TOT
$4,350 x 6.413022 = $27,896.65 .
If the deposits increase by .7% every six months, a period-by-period breakdown shows:  

     
         Beginning
          Plus 1.32%         Balance Before
     Plus
   
   Ending
         

Quarter          Balance
           Interest      
   Deposit
   Deposit   
   Balance

   
     1

  $0
  
   $0

       $0

       $0

      $0

    
     2
              $0

   $0
    
       $0

 $4,350.00      
$  4,350.00

    
     3
     $  4,350.00
          $  57.42
    
$  4,407.42
       $0
   
$  4,407.42
    
     4
     $  4,407.42
          $  58.18

$  4,465.60
 $4,380.45
$  8,846.05
    
     5
     $  8,846.05
          $116.77

$  8,962.82
       $0
   
$  8,962.82
    
     6
     $  8,962.82
          $118.31

$  9,081.13
 $4,411.11
$13,492.24
    
     7
     $13,492.24
          $178.10

$13,670.33
       $0

$13,670.33
    
     8
     $13,670.33
          $180.45

$13,850.78
 $4,441.99
$18,292.77
   
     9
     $18,292.77
          $241.46

$18,534.23
       $0
   
$18,534.23
   
    10
     $18,534.23
          $244.65

$18,778.88
 $4,473.08
$23,251.96
   
    11
     $23,251.96
          $306.93

$23,558.89
       $0
   
$23,558.89
   
    12
     $23,558.89
          $310.98

$23,869.87
 $4,504.40
$28,374.27
Or we can just compute the future value of a 6-period annuity with a 2.6574% periodic rate of return and a .7% change in the payment every period (a slight 1¢ rounding difference):
PMT x FAC = TOT
$4,350
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 = TOT
$4,350 x 6.522818 = $28,374.26 .
147.  [FIL 404 only]  Kevin and Vickie want their retirement savings balance to be $55,000 by the end of year 7.  
To reach their goal, they plan to make equal deposits at the beginning of each year into a savings account that pays 
a 3.95% annual interest rate.  It would be easy to compute the amount to deposit each year, except that they also want to give their son, who just joined the U.S. Navy, $3,500 at the end of each of years 4 through 7 to help pay college expenses after his enlistment ends.  How much should they plan to deposit each year?  What if he instead just got out of the navy, so they want to give him $3,500 at the end of each of years 1 – 4 ?  What if they plan to give him $3,500 at the end of years 4 – 7, but want their deposits to grow each year with the 1.15% annual inflation rate they expect?  What if thses same conditions apply, but they also want their gifts to start at $3,500 and then grow by 4.5% at the end of each year, in line with expected increases in educational costs? 

Type: PV of Annuity, Non-Annuity, FV of Annuity combined.  First, compute how much the couple will need to have at the beginning of year 4 to provide for the four $3,500 year-end payments to their son (a present value of an ordinary level annuity application):

PMT x FAC = TOT

$3,500
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= TOT

$3,500 x 3.634177 = $12,719.62 . 

This amount is the present value of an annuity.  Recall that if we take the future value of a present value of an annuity we get the future value of an annuity (here, four years after the end of year 3/start of year 4):

BAMT (1 + r)n = EAMT

$12,719.62 (1.0395)4 = EAMT

$12,719.62 (1.167610) = $14,851.56 .

We can add this future value of an annuity total to the $55,000 end-of-year-7 future value of an annuity total we already knew, for a combined total of $14,851.56 + $55,000 = $69,851.56.  Now the only remaining step is to find the regular beginning-of-year deposit that would give them this total: 

PMT x FAC = TOT

PMT 
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= $69,851.56
PMT x 8.197827 = $69,851.56

PMT = $69,851.56 ÷ 8.197827 = $8,520.74 .

Year by year, the cash flows should look as follows:
      Beginning
          Plus         Balance Before    Plus 3.95%  
    Minus
    Ending
         
     Year       Balance
       Deposit            Interest
      Interest   
   Payment
    Balance

       1
          $0
    $8,520.74
    $  8,520.74
    $  336.57
$      0

$  8,857.31
       2
   $  8,857.31
    $8,520.74   
    $17,378.04
    $  686.43   
$      0

$18,064.47
       3
   $18,064.47
    $8,520.74
    $26,585.21
    $1,050.12    
$      0
   
$27,635.33
       4
   $27,635.33
    $8,520.74
    $36,156.07
    $1,428.16
$3,500.00
$34,084.23
       5
   $34,084.23
    $8,520.74
    $42,604.97
    $1,682.90    
$3,500.00
$40,787.87
       6
   $40,787.87
    $8,520.74
    $49,308.61
    $1,947.69 
$3,500.00
$47,756.30
       7
   $47,756.30
    $8,520.74
    $56,277.04
    $2,222.94   
$3,500.00
$55,000.00 .
If they wanted to give their son $3,500 at the end of each of years 1 through 4 instead of 4 through 7, the initial lump-sum value of the 4-year stream would still be $12,719.62.  But that would be a present value as of the start of year 1/end of year 0 (today), not the present value as of the start of year 4/end of year 3 as above.  So we would then have to compound it for 7 years, not 4, to get its future value at the end of year 7:  
$12,719.62 (1.0395)7 = EAMT

$12,719.62 (1.311510) = $16,681.90 .

Adding this amount to the $55,000 gives a combined $71,681.90.  The regular beginning-of-year deposit that would give them this total is:
PMT 
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= $71,681.90
PMT x 8.197827 = $71,681.90

PMT = $71,681.90 ÷ 8.197827 = $8,744.01 .

It should make sense that they would have to deposit more than $8,520.74 each year if they wanted to give their son money sooner.  Year by year, we would see  
      Beginning
          Plus         Balance Before    Plus 3.95%  
    Minus
    Ending
         
     Year       Balance
       Deposit            Interest
      Interest   
   Payment
    Balance

       1
          $0
    $8,744.01
    $  8,744.01
    $  345.39
$3,500.00
$  5,589.40
       2
   $  5,589.40
    $8,744.01
    $14,333.41
    $  566.17   
$3,500.00
$11,399.58
       3
   $11,399.58
    $8,744.01
    $20,143.59
    $  795.67    
$3,500.00   
$17,439.26
       4
   $17,439.26
    $8,744.01
    $26,183.27
    $1,034.24
$3,500.00
$23,717.51
       5
   $23,717.51
    $8,744.01
    $32,461.52
    $1,282.23    
$      0

$33,743.75
       6
   $33,743.75
    $8,744.01
    $42,487.76
    $1,678.27 
$      0

$44,166.03
       7
   $44,166.03
    $8,744.01
    $52,910.04
    $2,089.95   
$      0

$55,000.00 .
(ok, a 1¢ rounding error).  If withdrawals are to come at the neds of years 4 – 7 and deposits are to grow by 1.15% per year, the first of the year 1 – 7 beginning-of-year deposits should be: 
PMT x FAC = TOT

PMT 
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= $69,851.56
PMT x 8.471125 = $69,851.56

PMT = $69,851.56 ÷ 8.471125 = $8,245.84 .

The second deposit should be $8,245.84 (1.0115)1 = $8,340.67; the seventh should be $8,245.84 (1.0115)6 = $8,831.41 .   Year by year, we would see (with a 3¢ rounding difference):  

      Beginning
          Plus         Balance Before    Plus 3.95%  
    Minus
    Ending
         
     Year       Balance
       Deposit            Interest
      Interest   
   Payment
    Balance

       1
          $0
    $8,245.84
    $  8,245.84
    $  325.71
$      0

$  8,571.55
       2
   $  8,571.55
    $8,340.67
    $16,912.22
    $  668.03   
$      0

$17,580.25
       3
   $17,580.25
    $8,436.58
    $26,016.83
    $1,027.66    
$      0   
$27,044.49
       4
   $12,044.49
    $8,533.61
    $35,578.10
    $1,405.34
$3,500.00
$33,483.44
       5
   $33,483.44
    $8,631.74
    $42,115.18
    $1,663.55    
$3,500.00
$40,278.73
       6
   $40,278.73
    $8,731.01
    $49,009.74
    $1,935.88 
$3,500.00
$47,445.62
       7
   $47,445.62
    $8,831.41
    $56,277.03
    $2,222.94   
$3,500.00
$55,000.00 .
Finally, if the couple want their gifts to start at $3,500 and increase by 4.5% per year, then at the beginning of year 4 the amount they will need to provide for the four payments to their son is:

PMT x FAC = TOT

$3,500
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= TOT

$3,500 x 3.878651 = $13,575.28 . 

The future value of this present value of an annuity gives us the future value of an annuity at the end of year 7 (four years after the end of year 3/start of year 4):

BAMT (1 + r)n = EAMT

$13,575.28 (1.0395)4 = EAMT

$13,575.28 (1.167610) = $15,850.64 .

Adding this future value of an annuity total to the $55,000 future value of an annuity total that represents their net savings goal, we get a combined total of $15,850.64 + $55,000 = $70,850.64.  The first beginning-of-year deposit (with 1.15% increases) that would give them this total is: 

PMT x FAC = TOT

PMT 
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= $70,850.64
PMT x 8.471125 = $70,850.64

PMT = $70,850.64 ÷ 8.471125 = $8,363.78 .

With both the deposits and withdrawals growing, the year-by-year cash flows should be:

      Beginning
          Plus         Balance Before    Plus 3.95%  
    Minus
    Ending
         
     Year       Balance
       Deposit            Interest
      Interest   
   Payment
    Balance

       1
          $0
    $8,363.78
    $ 8,363.78
    $  330.37
$      0

$  8,694.15
       2
   $  8,694.15
    $8,459.97   
    $17,154.12
    $  677.59   
$      0

$17,831.71
       3
   $17,831.71
    $8,557.25
    $26,388.96
    $1,042.36    
$      0
   
$27,431.32
       4
   $27,431.32
    $8,655.66
    $36,086.98
    $1,425.44
$3,500.00
$34,012.42
       5
   $34,012.42
    $8,755.20
    $42,767.62
    $1,689.32    
$3,657.50
$40,799.44
       6
   $40,799.44
    $8,855.89
    $49,655.33
    $1,961.39 
$3,822.09
$47,794.63
       7
   $47,794.63
    $8,957.73
    $56,752.36
    $2,241.72   
$3,994.08
$55,000.00 .
148.  [FIL 404 only]  LaSalle Industries (LI) just made a large sale to Peru Manufacturing (PM).  To complete the sale, LI agreed to some fairly generous terms: PM will make no payments for a year, and then will pay $19,500 at the end of each of quarters 5 through 10.  When it receives these payments, LI expects to reinvest them to earn a 6.36% annual percentage rate (APR) of return through the end of quarter 10.  But LI needs money every quarter to sustain its operations.  If the Illinois Valley Bank offers small business loans at a 12.6% annual percentage rate (APR) of interest, how much can LI borrow at the start of each of quarters 1 through 10 if it plans to repay the bank at the 
end of quarter 10 with the money it has collected from PM?  What if LI wants its loan receipts to grow by .3% per quarter, in line with expected inflation?  What if LI instead plans to simply pay the bank the $19,500 it receives at the end of each of quarters 5 – 10? 
Type: FV of Annuity, Non-Annuity, PV of Annuity Combined.  This problem is complicated somewhat by the fact that we want to equate, in time value-adjusted terms, a 6-quarter stream of cash flows with a 10-quarter stream.  Let’s begin by computing the amount that LI will have by the end of quarter 10 (a future value of an annuity, with a series of related cash flows corresponding to a total that will not exist intact until the end of quarter 10, which is the future date when the six quarters of investments have ended).  They will invest $19,500 at the end of each of six quarters, at a .0636 ÷ 4 = .0159 quarterly periodic rate, and should expect to end up with:
PMT x FAC = TOT

$19,500
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= TOT

$19,500 x 6.243617 = $121,750.53 .

So how much of a 10-quarter loan will LI be able to pay off with this future total?  First compute the present value of the $121,705.53 future value of an annuity, discounted back for 10 quarters at a .126 ÷ 4 = .0315 quarterly periodic rate:
BAMT (1 + r)n = EAMT

BAMT (1.0315)10 = $121,750.53

BAMT = $121,750.53 ÷ (1.0315)10   OR
BAMT = $121,750.53
[image: image314.wmf]10

0315

.

1

1

÷

ø

ö

ç

è

æ

 = $89,285.01 .

If LI were to borrow $89,285.01 at a 12.6% APR in a lump sum today, then at the end of quarter 

10 it would owe the bank $121,750.53.  But here we want to know the amount LI could borrow at 

the start of each of 10 quarters, rather than in a lump sum.  The trick to solving is to remember that the present value of the future value of an annuity is the present value of an annuity; thus $89,285.01 is the present value of the annuity (series of beginning-of-period payments) that LI can receive: 

PMT x FAC = TOT

PMT 
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= $89,285.01
PMT x 8.731929 = $89,285.01

PMT = $89,285.01 ÷ 8.731929 = $10,225.12 . 

That is the answer; LI can borrow $10,225.12 at the beginning of each quarter for ten quarters.  Then at the end of those ten quarters the amount it will owe, with accumulated interest, will be exactly (ok, a 2¢ rounding difference) the $121,750.53 it has available:
PMT x FAC = TOT

$10,225.12
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= TOT

$10,225.12 x 11.907005 = $121,750.55 .

Quarter by quarter, the cash flows should look as follows:

       
    Beginning
      Plus Amt.      Balance Before    Plus 3.15%           Ending
         
       Quarter      Amt. Owed
     Borrowed           Interest
      Interest   
   Balance Owed
        
1
  $      0
    $10,225.12
   $  10,225.12
    $  322.09
   $  10,547.21
       
2
  $  10,547.21
    $10,225.12
   $  20,772.33
    $  654.33   
   $  21,426.66
       
3
  $  21,426.66
    $10,225.12
   $  31,651.78
    $  997.03    
   $  32,648.81
       
4
  $  32,648.81
    $10,225.12
   $  42,873.93
    $1,350.53
   $  44,224.46
       
5
  $  44,224.46
    $10,225.12
   $  54,449.58
    $1,715.16    
   $  56,164.74
       
6
  $  56,164.74
    $10,225.12
   $  66,389.86
    $2,091.28    
   $  68,481.14
       
7
  $  68,481.14
    $10,225.12
   $  78,706.26
    $2,479.25   
   $  81,185.51 

       
8
  $  81,185.51
    $10,225.12
   $  91,410.63
    $2,879.43   
   $ 94,290.06
       
9
  $ 94,290.06
    $10,225.12
   $104,515.18
    $3,292.23   
   $107,807.41
           10
  $107,807.41
    $10,225.12
   $118,032.53
    $3,718.02   
   $121,750.55 .
If LI wanted to receive loan amounts that rise systematically by .3% as the quarters progress, the first amount they receive should be: 
PMT x FAC = TOT

PMT 
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= $89,285.01
PMT x 8.843987 = $89,285.01

PMT = $89,285.01 ÷ 8.843987 = $10,095.56 ,

while the last of the ten withdrawals should be $10,095.56 (1.003)9 = $10,371.44 (vs. a level $10,225.33 with unchanging quarterly loans).  With that growing series of loans LI will again owe, 

by the end of ten quarters, exactly (ok, 1¢ rounding difference) the $121,750.53 it has available: 

PMT x FAC = TOT

$10,095.56
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= TOT

$10,095.56 x 12.059809 = $121,750.52 .

If LI instead simply planned to put the $19,500 received at the end of each of quarters 5 – 10 toward loan repayment, then it is as though they were reinvesting at a .126 ÷ 4 = .0315 quarterly periodic rate, and if they could do so would expect to end up with:      

PMT x FAC = TOT

$19,500
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= TOT

$19,500 x 6.492820 = $126,609.99 .

The 10-quarter loan LI can pay off with this future total is:
BAMT (1 + r)n = EAMT

BAMT (1.0315)10 = $126,609.99
BAMT = $126,609.99 ÷ (1.0315)10   OR

BAMT = $126,609.99
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 = $92,848.66 .

If LI were to borrow $92,848.66 at a 12.6% APR in a lump sum today, then at the end of quarter 

10 it would owe the bank $126,609.99.  The equivalent loan spread out over all 10 quarters would be: 

PMT x FAC = TOT

PMT 
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= $92,848.66
PMT x 8.731929 = $92,848.66

PMT = $92,848.66 ÷ 8.731929 = $10,633.24 . 

It should make sense that LI could borrow more than $10,225.12 each quarter if it would use the $19,500 receipts to reduce its 12.6% APR loan balance rather than investing it to earn a 6.36% APR; the period-by-period cash flows would be (with a slight 5¢ rounding difference):  
       
    Beginning
   Plus Amt.     Balance Before   Plus 3.15%     Minus 
     Ending
         
       Quarter      Amt. Owed
  Borrowed           Interest
 Interest     Payment    Balance Owed
        
1
  $      0
 $10,633.24
  $10,633.24
$  334.95     $    0   
    $10,968.19
       
2
  $10,968.19
 $10,633.24
  $21,601.43
$  680.44     $    0   
    $22,281.87
       
3
  $22,281.87
 $10,633.24
  $32,915.11
$1,036.83     $    0   
    $33,951.94
       
4
  $33,951.94
 $10,633.24
  $44,585.18
$1,404.43     $    0  
    $45,989.61
       
5
  $45,989.61
 $10,633.24
  $56,622.85
$1,783.62     $19,500
    $38,906.47
       
6
  $38,906.47
 $10,633.24
  $49,539.71
$1,560.50     $19,500
    $31,600.21
       
7
  $31,600.21
 $10,633.24
  $42,233.45
$1,330.35     $19,500
    $24,063.80 

       
8
  $24,063.80
 $10,633.24
  $34,697.04
$1,092.96     $19,500
    $16,290.00
       
9
  $16,290.00
 $10,633.24
  $26,923.24
$  848.08     $19,500
    $ 8,271.32
           10
  $ 8,271.32
 $10,633.24
  $18,904.56
$  595.49     $19,500       $      0   
149.  [FIL 404 only]  Courtney and Jason just bought a $205,000 house, paying 10% down and borrowing the remaining $184,500 through a 7.68% (annual percentage rate, or APR) mortgage loan with end-of-month payments for 15 years.  They also plan to start a family in six years, at which time one of the two will quit work to be home with the children.  Their plan is a very conservative one: to save enough money at the start of each month during the six dual-income years to stay current with their mortgage loan payments and also fully provide for the year 7 – 15 payments to be made.  (They could simply repay the loan early, but doing so would leave them with no liquidity for emergencies.)  If they can earn a 4.56% APR on their growing savings balance, how much should they plan to save each month?  What if they wanted each monthly deposit to be .1% higher than the previous month’s deposit?         

Type: PV of Annuity, Non-Annuity, FV of Annuity Combined.  This problem is more complicated than a “saving for retirement” problem because the present value of an annuity (withdrawing for loan payments) period overlaps the future value of an annuity (making savings deposits) period.  First 

we can compute the monthly loan payment, a simple present value of an ordinary level annuity application with the regular payment as the unknown.  Note that the loan’s monthly periodic rate 
is .0768 ÷ 12 = .0064, and that this loan is to be repaid over 15 years x 12 = 180 months:

PMT x FAC = TOT

PMT 
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= $184,500 

PMT x 106.692776 = $184,500

PMT = $184,500 ÷ 106.692776 = $1,729.26 .

Therefore they will make a payment of $1,729.26 at the end of each month for 15 years.  How much should they save each month for six years to fund that 15-year series of monthly payments?  First, consider the amount they would need to have on hand in a 4.56% APR (.0456 ÷ 12 = .0038 monthly periodic rate) savings account today for their mortgage loan to be fully funded: 

PMT x FAC = TOT

$1,729.26 
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= TOT
$1,729.26 x 130.197602 = $225,145.51 .

So $225,145.51 saved today (plus .38% interest earned monthly on the remaining savings balance) would allow for $184,500 (plus .64% interest applied monthly to the remaining loan balance) to be repaid over the ensuing fifteen years.  In other words, $225,145.51 is the present value of an annuity of $1,729.26 paid at the end of each of 180 periods at a .38% periodic discount rate.  But the question at hand is: what series of savings deposits over 6 years (72 months) would provide for the same payment stream to be made?  The answer is easy if we bear in mind that a present value of an annuity’s (here, $225,145.51) future value is the future value of an annuity for the same periodic discount rate and number of periods.  First, we have to compute the future value 72 months later of that present value of an annuity:

BAMT (1 + r)n = EAMT

$225,145.51 (1.0038)72 = EAMT 

$225,145.51 (1.314007) = $295,842.84 .

This future value of a present value of an annuity becomes our future value of an annuity (here a level annuity due, since equal savings deposits are to be made at the beginning of each month):

PMT x FAC = TOT

PMT  
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= $295,842.84

PMT x 82.947506 = $295,842.84

PMT = $295,842.84 ÷ 82.947506 = $3,566.63 .

So here is what happens: Courtney and Jason deposit $3,566.63 at the beginning of each month for six years, which would allow them to accumulate $295,842.84 in savings by the end of month 72 if they were not also withdrawing $1,729.26 at the end of each month to make loan payments during that same period.  But making those payments reduces the savings balance by both the payments themselves and the .38% monthly interest that would have been earned on that money:

PMT x FAC = TOT

$1,729.26
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= TOT
$1,729.26 x 82.633499 = $142,894.81 .

So they are left at the end of month 72 with $295,842.84 – $142,894.81= $152,948.03 – which 
is good, because that is exactly the amount they need (along with .38% earned each month on the remaining savings balance) for making the remaining 180 – 72 = 108 months worth of $1,729.26 monthly payments; double check it:
      

PMT x FAC = TOT

$1,729.26
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= TOT
$1,729.26 x 88.447101 = $152,948.03 . (
Finally, if Courtney and Jason wanted each deposit to exceed the previous one by .1%, the first deposit would have to be: 

       PMT x FAC = TOT

PMT  
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= $295,842.84

PMT x 85.821535 = $295,842.84 

PMT = $295,842.84 ÷ 85.821535 = $3,447.19 .

The deposits would start with $3,447.19 and then rise to $3,447.19 (1.001)1 = $3,450.64 in month 
2 (and ultimately to $3,447.19 (1.001)71 = $3,700.71 in month 72, vs. the level $3,566.63 computed above).  Note that throughout this problem we have rounded each answer to whole cents before proceeding to the next step; if we were to complete this problem on a spreadsheet some of the totals or sub-totals would differ by a few cents from the figures shown here.    

150.  [FIL 404 only]  Five-year-old Farnsworth has shown so much academic promise that his parents, Mark and Melanie, hope to send him to Yalevard University in 13 years.  Educational consultants expect the annual cost of attending Yalevard (currently $28,000) to rise by an average of 7% per year into the distant future.  What is the cost of attending Yalevard expected to be in each of the four years when Farnsworth is likely to attend?  How much could Mark and Melanie deposit today, in one lump sum, to provide for the four years of Yalevard costs if they can earn a 4.625% compounded annual rate of return on their account’s balance?  What equal annual deposit could they instead make at the beginning of each of years 1 through 17, into an account that earns a 4.625% annual rate of return, to be able to make the four beginning-of-year payments to the school in years 14 through 17?  What if they instead wanted equal year 1 – 7 deposits, followed by equal year 8 – 17 deposits that are 40% higher?  What if they instead wanted their stream of deposits to grow each year by their 9% expected average annual increase in income?  What if, as a recruitment tool, Yalevard offered the choice of paying at the end of each school year instead of the beginning?    

Type: PV/FV of Annuiuty.  Actually, several types of operations are addressed in this problem.  It may seem quite difficult, but the computations are not too daunting if we keep a specific relationship in mind.  Let’s start with the expected cost of attending Yalevard in year 14 (13 years from now), a simple non-annuity computation:  
BAMT (1 + r)n = EAMT

$28,000 (1.07)13 = EAMT
$28,000 x 2.578534 = $67,475.66 .

Ouch; that’s a lot of money!!  (Mark and Melanie need to learn that Illinois State is your best tuition buy.)  And then the cost should grow by an additional 7% in each of the three subsequent years: 

$67,475.66 (1.07) = $28,000 (1.07)14 = $72,198.96 ,

       $72,198.96 (1.07) = $28,000 (1.07)15 = $77,252.88 , and

$77,252.88 (1.07) = $28,000 (1.07)16 = $82,660.58 .
Now we have to move ourselves forward in time to the day (13 years from now, at the end of year 13/start of year 14) when Farnsworth is expected to begin studying at Yalevard.  At that date, the amount Mark and Melanie would need to have on hand, if they were to make no further deposits, is the present value (at that time) of those four payments, which are to be made at the beginning of each of the four years (so the first is discounted for zero periods and the fourth for 3 periods).  We can compute the four present values separately and then add them together:
BAMT (1 + r)n = EAMT

BAMT (1.04625)0 = $67,475.66
BAMT = $67,475.66 ÷ (1.04625)0   OR

BAMT = $67,475.66
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 = $67,475.66 .
BAMT = $72,198.96 ÷ (1.04625)1   OR

BAMT = $72,198.96
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 = $69,007.37 .

BAMT = $77,252.88 ÷ (1.04625)2   OR

BAMT = $77,252.88
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 = $70,573.84 .

BAMT = $82,660.58 ÷ (1.04625)3   OR

BAMT = $82,660.58
[image: image331.wmf]3

04625

.

1

1

÷

ø

ö

ç

è

æ

 = $72,175.87 .
The total is $67,475.66 + $69,007.37 + $70,573.84 + $72,175.87 = $279,232.74 .  But we can compute this same total as the present value of a changing annuity due, beginning with $67,475.66 and then increasing by 7% per year, at a 4.625% discount rate:

PMT x FAC = TOT
$67,475.66 
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= TOT
$67,475.66 x 4.138274 = $279,232.74 .
Either way we compute it, we find $279,232.74 as the amount Mark and Melanie would need to have at the end of year 13/start of year 14 (when Farnsworth turns 18 and begins college).  The amount they could deposit today to reach the $279,232.74 total in 13 years is a simple non-annuity problem:  
BAMT (1 + r)n = EAMT

BAMT (1.04625)13 = $279,232.74
BAMT = $279,232.74 ÷ (1.04625)13   OR

BAMT = $279,232.74
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 = $155,133.37 .
They could deposit this amount today, and the entire four years of college would be funded, something they might consider if they had just inherited money from Mark’s great aunt Moweaqua:

	
	Age He
	
	Plus
	Minus
	Amount
	
	

	
	Turns at
	
	Beginning
	Beginning 
	Available
	
	

	
	Beginning
	Initial
	of Year
	of Year
	to Earn
	Plus 4.625%
	Ending

	Year
	of Year
	Balance
	Deposit
	Withdrawal
	Interest
	Interest
	Balance

	1
	5
	$0.00
	$155,133.37
	$0.00
	$155,133.37
	$7,174.92
	$162,308.29

	2
	6
	$162,308.29
	$0.00
	$0.00
	$162,308.29
	$7,506.76
	$169,815.04

	3
	7
	$169,815.04
	$0.00
	$0.00
	$169,815.04
	$7,853.95
	$177,668.99

	4
	8
	$177,668.99
	$0.00
	$0.00
	$177,668.99
	$8,217.19
	$185,886.18

	5
	9
	$185,886.18
	$0.00
	$0.00
	$185,886.18
	$8,597.24
	$194,483.42

	6
	10
	$194,483.42
	$0.00
	$0.00
	$194,483.42
	$8,994.86
	$203,478.27

	7
	11
	$203,478.27
	$0.00
	$0.00
	$203,478.27
	$9,410.87
	$212,889.14

	8
	12
	$212,889.14
	$0.00
	$0.00
	$212,889.14
	$9,846.12
	$222,735.27

	9
	13
	$222,735.27
	$0.00
	$0.00
	$222,735.27
	$10,301.51
	$233,036.77

	10
	14
	$233,036.77
	$0.00
	$0.00
	$233,036.77
	$10,777.95
	$243,814.72

	11
	15
	$243,814.72
	$0.00
	$0.00
	$243,814.72
	$11,276.43
	$255,091.15

	12
	16
	$255,091.15
	$0.00
	$0.00
	$255,091.15
	$11,797.97
	$266,889.12

	13
	17
	$266,889.12
	$0.00
	$0.00
	$266,889.12
	$12,343.62
	$279,232.74

	14
	18
	$279,232.74
	$0.00
	$67,475.66
	$211,757.08
	$9,793.77
	$221,550.85

	15
	19
	$221,550.85
	$0.00
	$72,198.96
	$149,351.89
	$6,907.52
	$156,259.41

	16
	20
	$156,259.41
	$0.00
	$77,252.88
	$79,006.53
	$3,654.05
	$82,660.58

	17
	21
	$82,660.58
	$0.00
	$82,660.58
	$0.00
	$0.00
	$0.00


But what if they instead wanted to spread the deposits out equally over the period from today through the start of Farnsworth’s final year of college?  It helps us here to recall that the future value of the present value of an annuity is the future value of an annuity.  So let’s take the future value, four years later, of the $279,232.74 present value of an annuity we computed above:  

BAMT (1 + r)n = EAMT

$279,232.74 (1.04625)4 = EAMT

$279,232.74 x 1.198235 = $334,586.35 .

Now we simply find the level annual beginning-of-year deposit needed to reach this future value lump sum over 17 years: 


       

PMT x FAC = TOT
PMT 
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= $334,586.35
PMT x 26.167920 = $334,586.35
PMT = $334,586.35 ÷ 26.167920 = $12,786.13 .

This is a future value of a level annuity due computation; a series of equal cash flows corresponds to a lump sum total that would not exist intact until the end of year 17.  So here is what happens.  Mark and Melanie can either deposit $155,133.37 today, or else deposit $12,786.13 today and then again at the start of each of the next 16 years (17 total deposits).  Either way, they should be able to withdraw enough at the start of each of years 14 through 17 to pay the increasing tuition bills and deplete the account to a zero balance, as shown below:

	
	Age He
	
	Plus
	Minus
	Amount
	
	

	
	Turns at
	
	Beginning
	Beginning 
	Available
	
	

	
	Beginning
	Initial
	of Year
	of Year
	to Earn
	Plus 4.625%
	Ending

	Year
	of Year
	Balance
	Deposit
	Withdrawal
	Interest
	Interest
	Balance

	1
	5
	$0.00
	$12,786.13
	$0.00
	$12,786.13
	$591.36
	$13,377.49

	2
	6
	$13,377.49
	$12,786.13
	$0.00
	$26,163.61
	$1,210.07
	$27,373.68

	3
	7
	$27,373.68
	$12,786.13
	$0.00
	$40,159.81
	$1,857.39
	$42,017.20

	4
	8
	$42,017.20
	$12,786.13
	$0.00
	$54,803.32
	$2,534.65
	$57,337.98

	5
	9
	$57,337.98
	$12,786.13
	$0.00
	$70,124.11
	$3,243.24
	$73,367.35

	6
	10
	$73,367.35
	$12,786.13
	$0.00
	$86,153.47
	$3,984.60
	$90,138.07

	7
	11
	$90,138.07
	$12,786.13
	$0.00
	$102,924.20
	$4,760.24
	$107,684.44

	8
	12
	$107,684.44
	$12,786.13
	$0.00
	$120,470.57
	$5,571.76
	$126,042.33

	9
	13
	$126,042.33
	$12,786.13
	$0.00
	$138,828.46
	$6,420.82
	$145,249.28

	10
	14
	$145,249.28
	$12,786.13
	$0.00
	$158,035.40
	$7,309.14
	$165,344.54

	11
	15
	$165,344.54
	$12,786.13
	$0.00
	$178,130.67
	$8,238.54
	$186,369.21

	12
	16
	$186,369.21
	$12,786.13
	$0.00
	$199,155.34
	$9,210.93
	$208,366.27

	13
	17
	$208,366.27
	$12,786.13
	$0.00
	$221,152.40
	$10,228.30
	$231,380.70

	14
	18
	$231,380.70
	$12,786.13
	$67,475.66
	$176,691.16
	$8,171.97
	$184,863.13

	15
	19
	$184,863.13
	$12,786.13
	$72,198.96
	$125,450.30
	$5,802.08
	$131,252.37

	16
	20
	$131,252.37
	$12,786.13
	$77,252.88
	$66,785.62
	$3,088.83
	$69,874.46

	17
	21
	$69,874.46
	$12,786.13
	$82,660.58
	$0.00
	$0.00
	$0.00


If Mark and Melanie instead wanted to make beginning-of-year deposits that remained level through years 1 – 7 and then rose by 40% for years 8 – 17, we would find the year 1 – 7 value by solving for PMT (with the higher level being equal to 1.4 PMT) in a sequential annuity problem:

PMT 
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 + 1.4 PMT 
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= $334,586.35
PMT (13.236363) + 1.4 PMT (12.931558) = $334,586.35

PMT (13.236363) + PMT (18.104181) = $334,586.35

PMT (31.340544) = $334,586.35

PMT = $334,586.35 ÷ 31.340544 = $10,675.83 .

They would deposit $10,675.83 at the beginning of each of years 1 – 7, and then $10,675,83 x 1.4 = $14,946.16 at the beginning of each of years 8 – 17.  It should njot be surprising that the year 1 – 7 deposits are lower, and the year 8 – 17 deposits higher, than the 17-year level $12,786.13 deposit seen above.  The year-by-year values for this sequential annuity situation are as follows:

	
	Age He
	
	Plus
	Minus
	Amount
	
	

	
	Turns at
	
	Beginning
	Beginning 
	Available
	
	

	
	Beginning
	Initial
	of Year
	of Year
	to Earn
	Plus 4.625%
	Ending

	Year
	of Year
	Balance
	Deposit
	Withdrawal
	Interest
	Interest
	Balance

	1
	5
	$0.00
	$10,675.83
	$0.00
	$10,675.83
	$493.76
	$11,169.59

	2
	6
	$11,169.59
	$10,675.83
	$0.00
	$21,845.42
	$1,010.35
	$22,855.77

	3
	7
	$22,855.77
	$10,675.83
	$0.00
	$33,531.60
	$1,550.84
	$35,082.44

	4
	8
	$35,082.44
	$10,675.83
	$0.00
	$45,758.27
	$2,116.32
	$47,874.59

	5
	9
	$47,874.59
	$10,675.83
	$0.00
	$58,550.42
	$2,707.96
	$61,258.38

	6
	10
	$61,258.38
	$10,675.83
	$0.00
	$71,934.21
	$3,326.96
	$75,261.17

	7
	11
	$75,261.17
	$10,675.83
	$0.00
	$85,937.00
	$3,974.59
	$89,911.58

	8
	12
	$89,911.58
	$14,946.16
	$0.00
	$104,857.75
	$4,849.67
	$109,707.42

	9
	13
	$109,707.42
	$14,946.16
	$0.00
	$124,653.58
	$5,765.23
	$130,418.81

	10
	14
	$130,418.81
	$14,946.16
	$0.00
	$145,364.97
	$6,723.13
	$152,088.10

	11
	15
	$152,088.10
	$14,946.16
	$0.00
	$167,034.27
	$7,725.33
	$174,759.60

	12
	16
	$174,759.60
	$14,946.16
	$0.00
	$189,705.76
	$8,773.89
	$198,479.66

	13
	17
	$198,479.66
	$14,946.16
	$0.00
	$213,425.82
	$9,870.94
	$223,296.76

	14
	18
	$223,296.76
	$14,946.16
	$67,475.66
	$170,767.27
	$7,897.99
	$178,665.25

	15
	19
	$178,665.25
	$14,946.16
	$72,198.96
	$121,412.46
	$5,615.33
	$127,027.78

	16
	20
	$127,027.78
	$14,946.16
	$77,252.88
	$64,721.07
	$2,993.35
	$67,714.42

	17
	21
	$67,714.42
	$14,946.16
	$82,660.58
	$0.00
	$0.00
	$0.00


If Mark and Melanie instead wanted to make beginning-of-year deposits that grew by 9% annually, we would find the first deposit’s value with a 17-year future value of a changing annuity due problem:

PMT x FAC = TOT
PMT 
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= $334,586.35
PMT x 51.914746 = $334,586.35

PMT = $334,586.35 ÷ 51.914746 = $6,444.92 .

Each subsequent deposit would be higher than its predecessor by 9% [the second would be $6,444.92 (1.09)1 = $7,024.96; the 17th would be $6,444.92 (1.09)16 = $25,588.30 – vs. the $12,786.13 each year with level deposits].  Year by year, the account would show as follows:
	
	Age He
	
	Plus
	Minus
	Amount
	
	

	
	Turns at
	
	Beginning
	Beginning 
	Available
	
	

	
	Beginning
	Initial
	of Year
	of Year
	to Earn
	Plus 4.625%
	Ending

	Year
	of Year
	Balance
	Deposit
	Withdrawal
	Interest
	Interest
	Balance

	1
	5
	$0.00
	$6,444.92
	$0.00
	$6,444.92
	$298.08
	$6,743.00

	2
	6
	$6,743.00
	$7,024.96
	$0.00
	$13,767.96
	$636.77
	$14,404.73

	3
	7
	$14,404.73
	$7,657.21
	$0.00
	$22,061.94
	$1,020.36
	$23,082.30

	4
	8
	$23,082.30
	$8,346.36
	$0.00
	$31,428.66
	$1,453.58
	$32,882.23

	5
	9
	$32,882.23
	$9,097.53
	$0.00
	$41,979.76
	$1,941.56
	$43,921.33

	6
	10
	$43,921.33
	$9,916.31
	$0.00
	$53,837.63
	$2,489.99
	$56,327.63

	7
	11
	$56,327.63
	$10,808.78
	$0.00
	$67,136.40
	$3,105.06
	$70,241.46

	8
	12
	$70,241.46
	$11,781.56
	$0.00
	$82,023.02
	$3,793.56
	$85,816.59

	9
	13
	$85,816.59
	$12,841.91
	$0.00
	$98,658.49
	$4,562.96
	$103,221.45

	10
	14
	$103,221.45
	$13,997.68
	$0.00
	$117,219.13
	$5,421.38
	$122,640.51

	11
	15
	$122,640.51
	$15,257.47
	$0.00
	$137,897.98
	$6,377.78
	$144,275.76

	12
	16
	$144,275.76
	$16,630.64
	$0.00
	$160,906.40
	$7,441.92
	$168,348.32

	13
	17
	$168,348.32
	$18,127.40
	$0.00
	$186,475.72
	$8,624.50
	$195,100.22

	14
	18
	$195,100.22
	$19,758.86
	$67,475.66
	$147,383.43
	$6,816.48
	$154,199.91

	15
	19
	$154,199.91
	$21,537.16
	$72,198.96
	$103,538.11
	$4,788.64
	$108,326.75

	16
	20
	$108,326.75
	$23,475.51
	$77,252.88
	$54,549.37
	$2,522.91
	$57,072.28

	17
	21
	$57,072.28
	$25,588.30
	$82,660.58
	$0.00
	$0.00
	$0.00


Finally, if the school payments were to be made at the end of each year, then the lump sum amount that Mark and Melanie would need to have at the end of year 13/start of year 14 would be a smaller 
PMT x FAC = TOT
$67,475.66 
[image: image338.wmf]÷

÷

÷

÷

÷

ø

ö

ç

ç

ç

ç

ç

è

æ

-

÷

ø

ö

ç

è

æ

-

07

.

04625

.

04625

.

1

07

.

1

1

4

= TOT
$67,475.66 x 3.955339 = $266,889.12 .
But again we assume that they want to spread the deposits out equally over the period from today through the start of Farnsworth’s last year of college.  Taking the future value, four years later, 
of the $266,889.12 present value of an annuity we computed above gives us
BAMT (1 + r)n = EAMT

$266,889.12 (1.04625)4 = EAMT

$266,889.12 x 1.198235 = $319,795.80 .

If Mark and Melanie want to make beginning-of-year deposits that grow by 9% annually, we find the first deposit’s value with a 17-year future value of a changing annuity due problem:

PMT x FAC = TOT
PMT 
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= $319,795.80
PMT x 51.914746 = $319,795.80
PMT = $319,795.80 ÷ 51.914746 = $6,160.02 .

Each subsequent deposit would be higher than its predecessor by 9% [the second deposit would be $6,160.02 (1.09)1 = $6,714.42; the 17th would be $6,160.02 (1.09)16 = $24,457.16].  Year by year, the account would show as follows:

	
	Age He
	
	Plus
	Amount
	
	Minus
	

	
	Turns at
	
	Beginning
	Available
	
	End
	

	
	Beginning
	Initial
	of Year
	to Earn
	Plus 4.625%
	of Year
	Ending

	Year
	of Year
	Balance
	Deposit
	Interest
	Interest
	Withdrawal
	Balance

	1
	5
	$0.00
	$6,160.02
	$6,160.02
	$284.90
	$0.00
	$6,444.92

	2
	6
	$6,444.92
	$6,714.42
	$13,159.34
	$608.62
	$0.00
	$13,767.96

	3
	7
	$13,767.96
	$7,318.72
	$21,086.68
	$975.26
	$0.00
	$22,061.94

	4
	8
	$22,061.94
	$7,977.40
	$30,039.34
	$1,389.32
	$0.00
	$31,428.66

	5
	9
	$31,428.66
	$8,695.37
	$40,124.03
	$1,855.74
	$0.00
	$41,979.76

	6
	10
	$41,979.76
	$9,477.95
	$51,457.71
	$2,379.92
	$0.00
	$53,837.63

	7
	11
	$53,837.63
	$10,330.97
	$64,168.60
	$2,967.80
	$0.00
	$67,136.40

	8
	12
	$67,136.40
	$11,260.75
	$78,397.15
	$3,625.87
	$0.00
	$82,023.02

	9
	13
	$82,023.02
	$12,274.22
	$94,297.25
	$4,361.25
	$0.00
	$98,658.49

	10
	14
	$98,658.49
	$13,378.90
	$112,037.40
	$5,181.73
	$0.00
	$117,219.13

	11
	15
	$117,219.13
	$14,583.00
	$131,802.13
	$6,095.85
	$0.00
	$137,897.98

	12
	16
	$137,897.98
	$15,895.47
	$153,793.45
	$7,112.95
	$0.00
	$160,906.40

	13
	17
	$160,906.40
	$17,326.07
	$178,232.47
	$8,243.25
	$0.00
	$186,475.72

	14
	18
	$186,475.72
	$18,885.41
	$205,361.13
	$9,497.95
	$67,475.66
	$147,383.42

	15
	19
	$147,383.42
	$20,585.10
	$167,968.52
	$7,768.54
	$72,198.96
	$103,538.11

	16
	20
	$103,538.11
	$22,437.76
	$125,975.87
	$5,826.38
	$77,252.88
	$54,549.37

	17
	21
	$54,549.37
	$24,457.16
	$79,006.53
	$3,654.05
	$82,660.58
	$0.00
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