Applications of Recursive Formulas

Credit Cards, Fruit, and Mortgages

Submitted by John George

Abstract

This is a discovery lab using Excel that applies the use of recursive formulas to everyday applications.  Students will look at the long term behavior of recursive models both numerically and graphically.  Content standards IF.A.3, and IF.B.4 as well as Mathematical Practices Standards 4 and 5 are represented in this activity.
Applications of Recursive Formulas-Credit Cards, Fruit, and Mortgages
Directions: Answer the questions below. You may work with one other person, in which case you only need to turn in one report. If you do that, make sure that both people get hands-on experience with the computer and that both participate in writing the report. Your report should consist of answers to each question, phrased in complete sentences. (A sentence is not necessary when you are writing a recurrence formula, but it is necessary any time you have to give a verbal answer.) Your report should be typed and should include appropriate tables or graphics from Excel, imported into Word.

A. Savings Account Problem You have a bank account that earns interest at a rate of 3% annually, compounded monthly.
1. Write a recursive formula that models how the balance in this account changes from month to month.

2. Now suppose the starting balance is $100. Write the initial condition for the problem. 

3. Use Excel to determine the balance after 1 year, and plot the sequence of monthly balances. You should have a column for the months and a column for the balances.
4. Use Excel to determine when the balance will reach $120.

5. Now answer questions 3 and 4 if the interest rate is 6% annually, compounded monthly.

B. Credit Card Problem You have a credit card that charges 1.5% interest per month. Suppose you can only afford to pay $30 per month, and you do not make any other charges on this credit card.

1. Write a recursive formula that models how the amount owed on this card changes from month to month.

2. If your balance is $1000, use Excel to compute the amount owed after each month. Plot the resulting sequence. When do you pay off the balance?

3. What is the amount of your last payment?  Make sure to remove the $30 payment on the last month to see what you really need to pay. 
4. If your starting balance is $2500, use Excel to compute the amount owed after each month. When do you pay off the balance? Explain what is happening here and why.

5. For what starting balance will you exactly pay the interest each month? This is the equilibrium value. 

6. If you start with a balance greater than the equilibrium value, what happens over time? (Try several different initial conditions to see what happens.)

7. If you start with a balance less than the equilibrium value, what happens over time? (Try several different initial conditions to see what happens.)

8. Do the values go toward equilibrium? 

C. Fruit Warehouse Problem You are the manager of a fruit warehouse, and you distribute boxes of fruit to grocery stores within the state.  Each week you receive 715 boxes of fruit from your supplier, and you ship out 685 boxes to various grocery stores.  However fruit tends to go bad over time, so each week you lose 5% of your inventory to spoilage.

1. Write a recursive formula to model the number of boxes of fruit in your inventory.

2. Suppose that you start with 420 boxes of fruit in your inventory.  Use Excel to predict how your inventory will change over the course of a year.  Explain what happens and why.

3. Make a plot showing how your inventory changes during the year.

4. Suppose that instead you begin with an inventory of 810 boxes.    Use Excel to predict how your inventory will change over the course of a year.  Explain what happens and why.

5. Make a plot showing how your inventory changes during the year.

6. Guess at the equilibrium value for this system, try different values for your initial inventory.  Equilibrium value is the value that it stays at.  What balances out?

7. In general if you start off with an initial value above equilibrium, what happens over time?  (Try several different initial conditions to see what happens.)

8. In general if you start off with an initial value below equilibrium, what happens over time?  (Try several different initial conditions to see what happens.)

9. Compare your answers to 6 and 7 in part B with your answers to 7 and 8 in part C.  Did you find generally the same type of behavior, or a different type of behavior?  Why do you think this happened?
D. Mortgage Problem You buy a house for $200,000. You put $20,000 down and mortgage the rest for 30 years at 5.5 % annual interest.
1. Write a recurrence formula and initial condition that models how the amount owed on this mortgage changes from month to month.

2. Use Excel to find the payment, to the nearest penny, by guess-and-check. I suggest using absolute addressing to name a cell ‘payment’, so that you can try different values for the payment without having to recopy your formula every time. You may also find it helpful to have a plot of the sequence, so you can watch it change as you change the payment. One other tip is to copy the last balance to the top of your sheet, so you can watch it as you change the payment, without having to scroll way down every time.

3. Using the payment you found in #2, find the equilibrium value for this payment? Provide an interpretation for the equilibrium value in this case, and determine whether it goes towards or away from equilibrium.

4. Assuming that you pay the loan off in 30 years, what is the total amount paid?

5. Assuming that you pay the loan off in 30 years, what is the total amount of interest paid?
Teacher notes
This lab was modified from the original version that was written by the Mathematics department at Carroll College.

This lab should be used after studying recursive formulas.  It gives several applications and shows how they can be investigated on Excel.  I recommend that you walk the students through part A.  They may need additional help doing the absolute addressing on part D.
Credit Cards, Fruit, and Mortgages Solutions

Directions: Answer the questions below. You may work with one other person, in which case you only need to turn in one lab report. If you do that, make sure that both people get hands-on experience with the computer and that both participate in writing the lab report. Your report should consist of answers to each question, phrased in complete sentences. (A sentence is not necessary when you are writing a recurrence formula, but it is necessary any time you have to give a verbal answer.) Your report should be typed and should include appropriate tables or graphics from Excel, imported into Word.

A. Savings Account Problem You have a bank account that earns interest at a rate of 3% annually, compounded monthly.
6. Write a difference equation that models how the balance in this account changes from month to month.

an+1 = an + 0.03/12 an = 1.0025 an
7. Now suppose the starting balance is $100. Write the initial condition for the problem a0 = 100

8. Use Excel to determine the balance after 1 year, and plot the sequence of monthly balances.

a12 = 103.04  
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9. Use Excel to determine when the balance will reach $120.

It will break $120 after 74 months:  a74 = 120.29

10. Now answer questions 3 and 4 if the interest rate is 6% annually, compounded monthly.

a12 = 106.17
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 It will break $120 after 37 months:  a37 = 120.27

B. Credit Card Problem You have a credit card that charges 1.5% interest per month. Suppose you can only afford to pay $30 per month, and you do not make any other charges on this credit card.

9. Write a recursive formula that models how the amount owed on this card changes from month to month.

an+1 = 1.015 an – 30

10. If your balance is $1000, use Excel to compute the amount owed after each month. Plot the resulting sequence. When do you pay off the balance?
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The balance is paid off after 47 months.

11. What is the amount of your last payment? (Be careful here.) When you write your answer to this part, be sure to explain how you computed this number.

The last payment is $16.72. There are two ways to look at this: (1)  a46 = 16.47, and we will carry that balance for one month, so we owe interest on that amount. .015*(16.47) = .25, so we owe $0.25 interest, making our final payment $16.72. (2) a47 = -13.28, meaning that if we paid $30 for our last payment, we will have overpaid by $13.28. Thus, we really owed 30 – 13.28 = 16.72.
12. If your starting balance is $2500, use Excel to compute the amount owed after each month. When do you pay off the balance? Explain what is happening here and why.

If the starting balance is $2500, then the balance is never paid off, because the 1.5% interest charged each month is larger than the $30 payment.

13. For what starting balance will you exactly pay the interest each month? This is the equilibrium value. 

ae = $2000.

14. If you start with a balance greater than the equilibrium value, what happens over time? (Try several different initial conditions to see what happens.)

If you start with a balance greater than the equilibrium value, then over time the balance gets larger and larger, so it is never paid off.

15. If you start with a balance less than the equilibrium value, what happens over time? (Try several different initial conditions to see what happens.)

If you start with a balance smaller than the equilibrium value, then over time the balance gets smaller and smaller, so that eventually it reaches zero and the loan is paid off.

16. Do the values go toward equilibrium? 

Balances tend to move away from the equilibrium value.

C. Fruit Warehouse Problem You are the manager of a fruit warehouse, and you distribute boxes of fruit to grocery stores within the state.  Each week you receive 715 boxes of fruit from your supplier, and you ship out 685 boxes to various grocery stores.  However fruit tends to go bad over time, so each week you lose 5% of your inventory to spoilage.

10. Write a recursive model to model the number of boxes of fruit in your inventory.

an+1 = 0.95 an + 30

11. Suppose that you start with 420 boxes of fruit in your inventory.  Use Excel to predict how your inventory will change over the course of a year.  Explain what happens and why.

Your inventory grows over the course of a year, because the number of boxes that spoil is less than the net 30 boxes that you receive.

12. Make a plot showing how your inventory changes during the year.


[image: image4.wmf]0

100

200

300

400

500

600

0

2

4

6

8

10

12

14

month

boxes of fruit


13. Suppose that instead you begin with an inventory of 810 boxes.    Use Excel to predict how your inventory will change over the course of a year.  Explain what happens and why.

Your inventory gets smaller over the course of a year, because the number of boxes that spoil is greater than the net 30 boxes that you receive.

14. Make a plot showing how your inventory changes during the year.
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15. Calculate the equilibrium value for this system, and try this as your initial inventory.  Explain what happens.  What balances out?

The equilibrium value for this system is 600 boxes of fruit.  If we choose this as our initial condition, then the number of boxes in our inventory never changes and remains constant at 600 boxes every month.  This is because the number of boxes that spoil is exactly balanced by the net 30 boxes we receive.

16. In general if you start off with an initial value above equilibrium, what happens over time?  (Try several different initial conditions to see what happens.)

Initial conditions above equilibrium tend to decrease over time converging to equilibrium from above.

17. In general if you start off with an initial value below equilibrium, what happens over time?  (Try several different initial conditions to see what happens.)

Initial conditions below equilibrium tend to increase over time converging to equilibrium from below.

18. Compare your answers to 6 and 7 in part B with your answers to 7 and 8 in part C.  Did you find generally the same type of behavior, or a different type of behavior?  Why do you think this happened?

No we do not find the same type of behavior.  Our values tend to approach it rather than move away from it.

D. Mortgage Problem You buy a house for $200,000. You put $20,000 down and mortgage the rest for 30 years at 5.5 % annual interest.
6. Write a recurrence formula and initial condition that models how the amount owed on this mortgage changes from month to month.

an+1 = 1.004583 an - p

a0 = 180,000

7. Use Excel to find the payment, to the nearest penny, by guess-and-check. I suggest using absolute addressing to name a cell ‘payment’, so that you can try different values for the payment without having to recopy your formula every time. You may also find it helpful to have a plot of the sequence, so you can watch it change as you change the payment. One other tip is to copy the last balance to the top of your sheet, so you can watch it as you change the payment, without having to scroll way down every time.

p = $1022.02 (or $1022.03)

8. Using the payment you found in #2, find the equilibrium value for this payment? Provide an interpretation for the equilibrium value in this case, and determine whether it goes towards or away from equilibrium.

ae = $222,986.20. 

If you were to borrow this amount of money, and pay $1022.02 every month, then you would just be paying off the interest, so the amount you would owe would never change and remain fixed at exactly $222,986.20.  If you start out with a balance above this, then the balance will grow over time, while if you start out with a balance below this then the balance will get smaller over time and eventually be paid off.  

9. Assuming that you pay the loan off in 30 years, what is the total amount paid?
The total amount paid is 360 * $1022.20+20,000 = $387,992. (Note: this was not taking into account the very small overpayment in month 360. Someone who takes that into account will come up with slightly different numbers.)

10. Assuming that you pay the loan off in 30 years, what is the total amount of interest paid?

The interest is $367992 - $180,000 = $187,992. (Depends on exact answer to previous question.)
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