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Chapter 3

Numeration and Measurement Systems

3.1  Numeration Systems

A numeration system is a system for naming and recording numbers.  Symbols used to represent numbers are called numerals.  As the next activity illustrates, developing systems of numerals can be relatively straightforward.  
____________________________________________________________________________________________

Activity 3.1A

Suppose you are on an archaeological expedition in Rome and discover a manuscript with the following three rows of symbols.

| 
| | 
| | | 
| | | |
| | | | | 
| | | | | | 
| | | | | | | 
| | | | | | | | 
| | | | | | | | | 
| | | | | | | | | | 
 | | | | | | | | | | | 

|

| |   | | |     | | | |        | | | | |          | | | | | |       | | | | | | |          | | | | | | | |            | | | | | | | | |                 ∩                       ∩ |  
I    II     III      IV            V             VI             VII               VIII                     IX                      X                        XI

The leader of the expedition says that the top row depicts a primitive numeration system that has been found in early human cave dwellings, the middle row depicts the Egyptian numeration system, and the bottom row depicts the Roman numeration system.
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1.
Consider the Egyptian numeration system.

  a.
How do you suppose the Egyptians would write the number thirty-six? _________
  b.
What advantage does this system have over the primitive system?

  c.
The next larger numeral used in the Egyptian numeration system 

was 

 .  Based on the pattern illustrated above, what do you 

suppose is the number represented by this symbol?
  ____________
  d. 
What number will the next new symbol after 

 represent?
 ____________

e.
The Egyptian numeration system had a special numeral for 1, 10, 
Egyptian hieroglyphics  

100, 1000, and so on.  Every special numeral represents a power of _____

2.
Consider the Roman numeration system.


a.
How do you suppose the Romans would write the number thirty six?
____________

b.
What advantage does this system have over the Egyptian system?
____________

c.
The next symbol used in the Roman numeration system is L.  Based on the pattern that 
____________

appears in this system, what do you suppose is the number represented by this symbol? 


d.
The next symbols are C, D, and M.  Based on the pattern that appears in this system,        
____________

state the numbers represented by these symbols.


e.
There is a Roman numeral for every power of _____, as well as a numeral for half of ___________________


3.
The Roman numeration system has a unique subtractive feature that is employed in representations of 

four and nine.  For instance, four is written as IV and nine is written as IX.


a.
Explain why this feature is referred to as subtractive.  


b.
 Apply this feature to represent the following numbers using Roman numerals. 


40   _________                  90   _________                 400   _________                 900   _________      


c.
While one might think that the economical Romans might have written 99 as IC, they did not 



do so.  Instead they thought of 99 as 9 tens plus 9 ones , just as in our system.  With this in 


mind, write 99 in Roman numerals.  
                           
___________________________________________________________________________________________
The Tally and Egyptian Systems
The most primitive numeration systems are straightforward:  simply invent a symbol for one, then use this symbol repeatedly for all the other natural numbers:   I, II, , III, IIII, etc., or  •, ••, •••, ••••, etc.  These marks, called tallies, are in one-to-one correspondence with the objects being counted.  Tallies have been observed on cave walls and prehistoric bones.  We still use them today to keep track of counts.  The tally system is additive because the value of a compound numeral is the sum of the values of each individual numeral.

Regrettably, the tally system gets tedious for larger numbers.  Historically, numeration systems became more elaborate as civilizations began to develop about 5000 years ago.  After all, in civilized societies one needed to keep track of the size of the army, the money in the treasury, the bounty of war, and so on.  For instance, a 5000 year old royal Egyptian mace is inscribed with an etched record of 120,000 prisoners and 1,422,000 captive goats!    
To record larger numbers efficiently, the Egyptians bundled the items they were counting into piles of ten.  Then they repeated this process, bundling 10 piles of ten into a bigger pile that we call 1 hundred.  Next, 10 hundreds were bundled into 1 thousand, and so on.  This is called a base 10 system.  In a base 10 system, 10 smaller units are grouped into 1 larger unit.  These units are ten, hundred, thousand, ten-thousand, and so on.    
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Ten for One Principle

In a base ten system, ten smaller units are regrouped into one of the next larger unit.  

A major implication of the Ten for One Principle is that every unit in a base 10 system is a power of ten.  For instance, 1 hundred = 10 tens = 10 ( 10 = 102.  Likewise, 1 thousand = 10 hundreds = 10 ( 100 = 10 ( 10 ( 10 = 103.  
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The Egyptian numeration system was a simple additive base ten system, with a unique


 numeral used for each power of ten:  I was used for one, ∩ for ten, 

 for ten tens 

(1 hundred), and so on, with symbols for the powers of ten up to a million.  The value 

of a compound Egyptian numeral is simply the sum of the values of these symbols.
  100,000
This makes the system easy to learn.
1,000,000
Example 1:  ∩∩∩ I I I I  = 10 + 10 + 10 + 1 + 1 + 1 + 1  = 34  

As we will see shortly, it is possible to use other numbers as bases of numeration systems.  However, many ancient civilizations used base 10.  Why do you think ten was so popular?  

The Roman System and the Subtractive Feature  

The Roman system is an ancient numeration system still in use today in special contexts, such as cornerstones and chapter headings.  The continued use of this system 1500 years after the collapse of the Roman Empire is a tribute to the influence of that empire on Western civilization.  The Roman system is an additive base ten system with single numerals representing powers of ten.  Presumably for convenience, the Romans also had symbols for halves of these powers, including 5, 50, and 500.
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Roman Numerals:   I = 1, V = 5, X = 10, L = 50, C = 100, D = 500, and M = 1000 
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The Roman numeration system also incorporates a subtractive feature that is unique to this system.  For example, IV represents one less than five, IX represents nine, XL represents forty, and so on.  Whenever a symbol of lesser value precedes a symbol of greater value, the subtractive property is in use.  Usually it is used only with pairs of symbols within one base ten unit of each other.  For example, 49 is not written as IL but as 40 plus 9, or XLIX.  In modern times the rule is to use the subtractive feature specifically for numbers involving four or nine.  For instance, eight is represented as

        Roman numerals 
VIII, not IIX.  However, as can be seen by the inscription to the left, this rule has not 

  Admiralty Arch, London 
always been applied consistently.
Conversions Involving the Roman Numeration System

To convert a Roman numeral to our system, work left to right, one base ten unit at a time.  Watch out for the subtractive feature.

Example 2:   
MMMCMLXXXIV =  MMM CM LXXX  IV  =  3 thousands  +  9 hundreds +  8 tens  +  4 ones  

Converting in the opposite direction involves translating each digit in our system one at a time.  

Example 3:  
3869 = 3 thousand + 8 hundred + 6 tens + 9 ones  =  MMM  DCCC  LXX  IX  =  MMMDCCCLXIX


999 = 9 hundreds + 9 tens + 9 ones  =  CM  XC  IX  =  CMXCIX

[image: image12.wmf]
Teaching Tip:  Various tricks can be used to help students remember Roman numerals.  For instance, the acronym LCD, familiar as the abbreviation for the Least Common Denominator and Liquid Cathode Display, can be helpful in remembering the symbols for 50, 100, and 500.  As for the symbol “M,” it received a lot of press recently with the dawn of a new millennium.  Celebrating this event (albeit a little late) by passing out M & M candies may not only help students remember the meaning of M but also connect Roman numerals with pleasant memories!    

The Use of Place Value

Even with the use of a base, the Egyptians and Romans still had to write a lot of symbols for large numbers.  For instance, it takes a total of 12 Roman symbols to write 3,879.  This inefficiency inspired some ancient civilizations to invent a feature that greatly streamlined the writing of numbers.  The advantages of this very powerful feature, called place value, are unveiled in the next activity.  

____________________________________________________________________________________________

Activity 3.1B

A.
More on Basic Systems

1a.
What is the total number of Egyptian symbols that must be written to represent 786?

______________

  b.
The Egyptians had symbols for each base ten unit up to a million.  What is the total 



number of Egyptian symbols that must be written to represent 7,867,952? 


______________

2.
Roman Numerals


a.
Translate MMMCMLXXXIV to our system.
______________

  b.
Translate 2438 to the Roman system.






______________

3.
Inventing your own basic additive base five numeration system 

a.
List your symbols for the base 5 units up to 25.  [Invent your own.]     _________________________________


  b.
Write the following numbers in your system:    17  ______________________     87   ____________________



[Hint:  Think in terms of pennies, nickels, and quarters.]

4.
Suppose you were to invent a basic additive base 60 system.

  a.
List the first four numbers for which you must invent symbols.

  b.
Invent another symbol to deal with the inconvenience of writing ten using ten symbols.   
B.
On your next archaeological expedition, you go to Iraq, the location of the ancient “Fertile Crescent.”  It was in this area that the oldest human civilization came into being.  The latter included various kingdoms with names you may recognize, such as Sumeria and Babylon.  These are all referred to as the Mesopotamian civilization.  About the same time as the Egyptians were building their pyramids, the Mesopotamians were developing a sophisticated numeration system.  Since they traded with the Egyptians, it was necessary to convert from Mesopotamian to Egyptian numerals, and vice versa.  Suppose your archaeological expedition discovers a broken clay tablet that your leader identifies as a conversion chart from Egyptian to Mesopotamian.  The broken pieces are placed in order as follows.
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 |      | |       | | |              | | | | | | | | |    ∩     ∩ |           ∩∩∩∩∩ | | | | | | | | |    ∩∩∩∩∩∩     ∩∩∩∩∩∩ |      ∩∩∩∩∩∩ | |      
          |   | |     | | |         | | | | | | | | |     <     < |
  <<<<< | | | | | | | | |
|
|    |
|      | |

1.
Translate the Egyptian numerals, writing your translations directly below these numerals and above the Mesopotamian numerals.  
2.
What symbol did the Mesopotamians use for ten?
_____________

3.
Something very peculiar is happening in the Mesopotamian numeration system, beginning with the number 60.  

Can you explain it?  [Hint:  << | | |     < |  represents 23 sixties plus 11 ones.]  

4.
Can you translate the following Mesopotamian numeral to our system?  There are two clumps of numerals.


<<< | | | |     < | |  
5.
Write the following numbers in Mesopotamian.


a.
25                          b.  66                    c.  129 [Hint:  219 = 2 · 60  + 9]            
d.  60     
____________________________________________________________________________________________

The Mesopotamian Use of Base 60 

Like the Egyptians, the Mesopotamians had symbols for one and ten and used the additive principle.  For instance, <<< | | | |  meant 34.  But unlike the Egyptians, the Mesopotamians used base sixty.  This meant that they bundled 60 ones into 1 sixty, 60 sixties into 1 bundle of sixty sixties (60 • 60), and so on.  This may strike you as very strange, 
but notice that base 60 units follow the same pattern as base ten units.  In a base ten system, the base 10 units are 1, 

10, 102, 103, and so on.  In a base 60 system, the base 60 units are 1, 60, 602, 603, etc.  Before you decide that 60 is a bizarre choice for a base, think about the relationship between seconds, minutes, and hours.   

The Mesopotamian Use of Place Value

The most extraordinary feature of the Mesopotamian system was its use of place value.  A place value numeration system is a system in which the value of a numeral is determined not only by its basic meaning but also by its location or place.  Instead of inventing a set of numerals to represent their base units (60, 602, and so on), they used location to identify the base units of compound numerals implicitly.  The Mesopotamians were the first known people to develop such a system.  
Example 4:  
(a)    |      << | | |   means 1 sixty and 23 ones:    1 sixty  +  23 ones  =  83

(b)  <<       < |        < | |   =  20 (sixty sixties)  +  11 (sixties)  +  12 ones  =  20 · 602  +  11 · 60  +  12 
This probably strikes you as really bizarre.  Yet it is very similar to our own system--except for the use of funny symbols and base sixty.  Our own system is a base 10 place value system.  What does this mean?  We are so familiar with it that we are often unaware of its structure, which is illustrated in the next example.

Example 5:  
5483  = 5 thousands  +  4 hundreds  +  8 tens  +  3 ones  =  5 · 103  +  4 · 102  +  8 · 10  +  3 · 1 

In both our system and the Mesopotamian system, the total value of a numeral depends on its location.  For instance, the numeral 5 always means five of something, but its location determines what that something is.  In our system, 
5 may represent 5 ones, 5 tens, 5 hundreds (5 ( 102), 5 ( 103, etc.  In like fashion the Mesopotamian five, | | | | | , may represent five ones, five sixties, 5 ( 602,  5 ( 603, and so on, depending on its location.  Compare the following two examples.  
Example 6:
(a)    | | | | |      | | | |        | | |  =  5 · 602  +  4 · 60  +  3 · 1
   
(b)   543  =  5 · 102  +  4 · 10  +  3 · 1

The expanded forms of the above two numerals illustrate that the Mesopotamian system  has the same mathematical structure as our system, except for using base 60 instead of base 10.  It is both additive and multiplicative.  That is, the total value of a compound Mesopotamian numeral is determined via addition and multiplication.  This place value system had many advantages, one of which was the power to write large numbers with relative efficiency.  

The Implicit Use of Base Units in Place Value Systems

When we say the formal name of a number, we explicitly state the base 10 units for each digit, except for the ones unit.  For example, 5483 is “five thousand four hundred eighty three.”  ("Ten" is abbreviated in eight-y).  However, when we write this number, these base ten units become implicit (implied but not stated).  This is true of all place value systems.  These unstated base units in a place value system are referred to as place values.  In our system, some of these place values have unique names, such as hundred, thousand, and million, while others have names reflecting the Ten for One Principle.  For instance, 1 ten-thousand means 10 thousands.   

Absence of a Placeholder

.A placeholder is a symbol used to indicate an empty place in a place value system.  Our placeholder is "0."  For instance, we use 0 in 403 to indicate that there is nothing in the tens place.  The Mesopotamians did not consistently use a placeholder.  The lack of a placeholder can create ambiguity.  For instance, the Mesopotamian numeral  | could have meant one—or one sixty, or one 602.  Presumably the Mesopotamians dealt with this situation by using context to determine the base 60 unit of a number.  (“Context” refers to the situation in which a number is used.)  This can be quite reasonable in some situations.  For instance, a modern real estate agent might say, “The price of that house is 180,” and her listeners will know that she means 180 thousand dollars.  Nonetheless, it seems strange that the Mesopotamians failed to be more precise in their reporting of numbers.         

The Mayan Place Value System 
The Mayan civilization flourished in Central America between about 250 and 900 A.D.  This civilization built many architectural masterpieces, developed a writing system, studied astronomy in depth, and created a sophisticated numeration system.  The characteristics of this system are disclosed in the next activity.         

____________________________________________________________________________________________

Activity 3.1C

You are on yet another archaeological expedition, this time to Central America.  Your group examines a tablet containing the following two rows of information.  Your group leader says that the top row is a tally system, while the bottom row is the Mayan system.  She remarks that in the Mayan system, numerals are written vertically rather than right to left.  She also mentions that the Mayans used place value, but not base 5 or base 10.
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1.
What number does            represent in Mayan? 





        __________

2.
What base are the Mayans using?  [Hint:  This is a tropical culture.  Toes as well                               ________


as fingers are readily available for counting.]

3.
There is an unusual symbol in the Mayan numeration system.  Its purpose is to indicate                     ________

that there is an empty place in the numeral.  Identify this symbol.

4.
To the right is a modern* Mayan numeral, written vertically.  It consists of three sets of
      ••


[image: image43.wmf]numerals.  Translate this numeral into our system.  [Hint:  The value of the lowest place                           ••••
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is one, the value of the next lowest place is 20, and the value of the highest place is what?]                       •••

____________________________________________________________________________________________

Like the ancient Mesopotamians, the Mayans developed a sophisticated place value 
[image: image45.wmf]numeration system.  The use of place value makes the two systems very similar, despite 
differences in bases, symbols, and organization.  The Mayans used base 20, perhaps because  
5 ( 202 
they were used to counting with toes as well as fingers.  Within this base 20 place value 
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system, they used a dot, indicated here as     , to represent one;         represented five.  
8 ( 20

Unlike the Mesopotamians, they used a vertical system to organize their place values.  In 
our modern version, the ones place is at the bottom, the next place up has a place value 
16 ( 1

of 20, the third higher
place has a value of 202, and so on.*
*  Historical note:  The Mayan system had an unusual quirk.  Instead of using 20 twenties, or 400, for one of their place values, they used 360.  Archaeologists speculate that this was connected to the Mayan discovery of the length of a year (about 360 days).  As did most ancient cultures, the Mayans attributed mystical significance to such celestial events, apparently to the point of incorporating this number into their numeration system.  In this text, we will use “Modern Mayan,” which deletes this oddity.  

Use of a Placeholder

The use of base 20, a vertical structure, and different symbols make the Mayan system look very different from the Mesopotamian.  Yet there is only one truly substantial mathematical difference between the two systems:  the Mayans made consistent use of a placeholder; the Mesopotamians did not.  The Mayan symbol for indicating an empty place was 
 EMBED Word.Picture.8  

.  This symbol may strike you as odd, not only because it is unusual but also because of the 
paradoxical use of something to represent nothing.  Perhaps this will help you appreciate questions from students who look askance at our own symbol for nothing.
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Example 7:   
In the box to the right is a single Mayan numeral,
 ••           7  of (20 twenties)





written vertically and  consisting of three places.  
 


 


In our numeration system, this number is written                   
 EMBED Word.Picture.8  

         0  twenties




as follows:  7 ( 202 + 0 ( 20 + 16 = 2816. 









                                               16  ones   

     

The Hindu Arabic System

The numeration system used by all modern peoples, including ourselves, is the Hindu Arabic system.  The Hindis of India developed this system over 1500 years ago and it eventually spread to the rest of the world.  Europeans originally thought it was an Arabic system because they learned about it from Arabia, which lies between Europe and India.  

The most important feature of our Hindu Arabic system is the use of place value.  It is a base 10 system and thus its place values are powers of 10.  As with all place value systems, these place values are implicit.  The full meaning of a Hindu-Arabic numeral is expressed when the numeral is written in expanded notation, with place values explicitly stated.  There are a number of ways to write our numerals in expanded notation, as illustrated below.

Type of Expanded Notation
Example

1.  
Using special words for powers of ten
4,308  =  4 thousands + 3 hundreds + 0 tens + 8 ones
2.
Using multiplication and addition 
4,308  =  4 · 1000  +  3 · 100  +   0 · 10  +   8 · 1  

3.
Using exponential notation
4,308  =  4 ( 103 +  3 ( 102  +   0 ( 101  +  1 ( 100  

Teaching Tip:  Remind students that multiplication here means repeated addition:  4 ( 1000 means 4 thousands, 

3 ( 100 means 3 hundreds, and so on.  Also remind students that exponents indicate repeated multiplication:  
103 means 10 · 10 · 10, 102 means 10 · 10, etc.
Use of a Placeholder

The Hindu Arabic place value system, like the Mayan system, uses a placeholder consistently.  If we did not have a placeholder, we would have a problem writing numerals with empty places, such as four hundred seven.  To write numerals like this, the Hindus invented the familiar symbol 0.  In this context, zero was not initially regarded as a number.  After all, as a placeholder it was used simply to indicate that a place was empty.  Zero was eventually accepted as a number—but a rather strange number, as some of your more skeptical students will notice.   

Use of Implicit Place Values

As with all place value systems, the values of places in Hindu Arabic numerals are unstated.  One of the purposes of sending children to school is to teach them these implicit place values:  ones, tens, hundreds, thousands, etc.
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Teaching Tip:  It is very important for teachers to stress the units in our place value system.  
Since these units or place values are implicit (a secret code!), it is important to teach place

 values explicitly.  It is also vital for teachers to stress the Ten for One Principle, with 1 ten 
equal to 10 ones, 1 hundred equal to 10 tens, one thousand equal to 10 hundreds, and so on.   

Use of Ten Unique Symbols for the Ten Basic Digits
A Secret Code
While place value is certainly the most important feature of the Hindu Arabic numeration system, the second most useful feature is the use of unique symbols for the ten digits, {0, 1, 2, 3, …, 8, 9}.  In all other historical numeration systems, the digits were represented by combinations of numerals.  For instance, three was expressed as III or III or 
| | | or  •••.  The Hindu use of place value and their invention of "3" and other symbols for the ten basic digits proved to be so ideal that this system has remained essentially unchanged for over 1500 years. 
[image: image50.wmf]Converting to Hindu Arabic

Just as we understand the meaning of a number like 23,456 simply by looking at it, so too do other peoples understand the meanings of their own numerals.  However, to understand numerals from other systems, we need to translate.  We have been doing translations from ancient systems to our system throughout this section.  A modern example of numeral translation is to the right.  This Egyptian telephone keypad shows the Arabic symbols corresponding to our familiar ten digits.  With this information, along with the fact that the Arabic system is otherwise the same as ours, we can translate Arabic numerals. 

Names of the Base Ten Units

The names for our base 10 units are cyclic, with a special name for every third power of 10.  Thus we have 
1 thousand = 1000 ones, 1million =1000 thousands, 1 billion = 1000 millions, etc. We also write commas between every three digits in a compound numeral because of this system. 


one
ten
hundred  



thousand
ten thousand
hundred thousand



million
ten million
hundred million

Example 8:
If your calculator reports an answer as 12345678, you should record it as 12,345,678. 

Teaching Tips:  

(a)  It is important to stress the Ten for One Principle when teaching these place names to children:

1 hundred = 10 tens, 1 thousand = 10 hundreds, and so on. 

(b)  Many students get quite excited about how high they can count when skip counting by thousands:  one, a thousand, a million, a billion, a trillion, a quadrillion, a quintillion, etc.

Summary of the Hindu Arabic System

 

Changing the value of eight by changing its location
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1.
Place Value


The use of place value is the single most important 

feature of the Hindu Arabic system.  A place value 

system uses implicit units called place values.                                _________   __________  _________


hundreds             tens              ones
2.
Unique Symbols for Each of 10 Digits

The exclusive feature of the Hindu system is its use of a different symbol for each of the 10 basic digits, 

{0, 1, 2, 3, …, 8, 9}.  This is the second most important feature of the system.  

3.
Base 10
Mathematically speaking, ten is not a particularly good choice for a base because it has relatively few factors.   (Twelve would have been a better choice because it has six factors, two more than 10.)   However, this fact is completely overshadowed by the physical advantage of a readily available set of ten counters.  If computers had


ten fingers instead of on-off switches, they’d use base ten too, not base two.


Example 9:  
23,456   =      2       3       4       5       6     =   2 · 104  +  3 · 103  +  4 · 102  +  5 · 101  +  6 · 1

                ▼     ▼     ▼     ▼     ▼







                          104    103   102   101     1    ← implicit place value units 

To translate numerals in systems that use place value, we first need to identify place values.  
Example 10:  
Convert the Mesopotamian numeral  < | |      <<< | | |     < |  to our system.
[image: image52.wmf]

1. 
 Identify the value of each clump of numerals:     
< | |        <<<  | | |
< |      
  

2.
Identify the place value of each clump:                    


3.
Multiply and add.               
 sixty2       sixties        ones 
                  
12 · 602  +  33 · 60   +  11   =  45,191

Note:  As soon as we write sixty as 60 and start to do computations, we are within the Hindu Arabic system.

__________________________________________________________________________________________
3.1 Homework Problems

A.  
Answer the following.

1.
What key advantages does the first system listed below have over the second?

  a.
Roman vs. tally system         
b. Mayan vs. Mesopotamian system  
c.  Hindu Arabic vs. Mayan

2.
List the similarities and differences between the Mayan and the Hindu Arabic systems.  

3.
For each of the following systems, state the place value of a digit in the 4th place.  (The ones place is 1st.) 

  a.
Hindu Arabic                
b. Mesopotamian               
c. Modern Mayan

4.
Consider a base B place value system.


a.
State the values of the first five places.                            b.  State the value of the 12th place.

5.
Identify the system for each of the following and convert each to Hindu Arabic numerals.
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b.  <<<   <<< | |     <<< < | |    | |
c.  
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d.  MDCCXLVIII

6.
Convert the following to Roman numerals:   a. 78      b.  842    c.  1999     

7a.
Choose the system that is closest to the Hindu Arabic system:  primitive tally, Mayan, Mesopotamian, Egyptian, or Roman.  Justify your answer.  

8a.
Do we have a single special symbol for ten?  Did the Mayans have a single special symbol for twenty?  Did the Mesopotamians have a single special symbol for sixty?  Why or why not?  

  b.
Consider a base B place value system, with 1 used for one and 0 as a placeholder.  What is the value of the numeral which is written as "10"?  

9a.
List four key mathematical features of the Hindu Arabic numeration system.

  b.
Which one of these features is the most valuable?

  c.
Which one of these features is unique and led to its adoption by the rest of the world?

10.
Write each of the following numbers (1) using zeros and commas; and (2) using scientific notation.       

(a) 
6 million;   (b)  5 billion;  (c)  4 trillion;   (d)  3 quadrillion;   (e)  2 quintillion. 

11.
Write the following in all three forms of expanded notation:  (a)  7,842   (b)  10,005

12.
Define the following:  (a) place value     (b) placeholder

13.
List the digits in the Hindu Arabic numeration system.
14.
A modern tribe describes numbers using both hands and feet.  Figure out the number that is described as follows:  “the number contained in one person and another person, and including the hand of a third person.”  

15a.
State the Ten for One Principle.

  b.
Use this principle to describe the relationship between a hundred and a thousand.

16a.
What are the three names used repeatedly in our cyclic naming system?  

  b.
Describe as specifically as possible how each place value in the following list is related to the one before it:


thousand, million, billion, trillion, quadrillion, quintillion. 

17.
An Additive Base 12 System

  a.
Create an additive base 12 system with the minimum number of symbols necessary to write the number 1,000.

  b.
Write the following numbers in your system: 3, 11, 12, 24, 144, 1000. [Hint:  1000 = 6·144 + 11·12 + 4 · 1]
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18.
Suppose you have 43 cents in quarters, nickels, and pennies, with 

the minimum possible number of coins for this amount of money.  

  a.
Determine the number of coins you have of each type.

  b.
Explain how this relates to a base five place value system.  
19.
Suppose you discover a culture that uses a base five place value numeration system.  Conveniently, they use the numerals {0, 1, 2, 3, 4}.

  a.
Explain the meaning of 10 in this system.  [Hint:  What do you have one of?  What do you have 0 of?]

[image: image55.wmf]  b.
Write the first 50 whole numbers using this system.  [Hint:  Save yourself work by using patterns.]

20.
Place Value Systems

  a.
Suppose you were to invent a base 6 place value numeration system with distinct symbols for each of your key numerals, using numerals from the Hindu Arabic system.  What numerals would you use?

  b.
If you were to invent a base 8 place value numeration system with distinct symbols for each of your key numerals, how many symbols would you need?  

  c.
If you were to invent a base N place value numeration system, where N represents any natural number, and you were to use distinct symbols for each of your key numerals, how many symbols would you need?  
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21.
Inventing a Base 12 Place Value System

  a.
Invent symbols for a base 12 place value numeration system, using different symbols 

for the key numerals.  State the meaning of any symbols of your own invention.  

[Hint:  How many distinct symbols do you need?]

  b.
Convert the following Hindu Arabic numbers to your system:  

11, 12, 13, 24, 144, 145, and 1728.  [Hint:  1728 = 123.] 
Ancient petroglyph 


 in New Mexico
22.
Convert the following to Hindu Arabic.

  a.
MMCMLXXIV 
b.  MMMDCCCXCIX
c.   MCMLIII  
d.  MDLV  
e.  CDIXIV

23.
Convert the following Hindu Arabic numerals to Roman numerals.

  a.
1954
b.  892
c.  2048
d.  2469
e.  34
   

24.
Indicate whether the following traits apply to (1) a base B additive system, (2) a base B place value system, 

(3) both systems, or (4) neither system.

  a.
A single special symbol is used for every power of B.

  b.
The value of a numeral depends on its position relative to other numerals.

  c.
Determining the total value of a compound numeral requires addition.

  d.
The values of the basic units in the system are 1, B, B2, B3, B4, B5, etc.

  e.
The units in the system are implicit.

  f.
This system is efficient in representing large numbers.    

B.
Create a chart.  Assign a row to each of the six numeration systems described in this section.  Create columns with the following headings:  (a) additive, (b)  subtractive, (c) multiplicative,  (d)  use of place value,  


(e) consistent use of placeholder, and (f) value of base (specify).  Check the characteristics that apply to each numeration system, specifying the bases for systems that use bases.  [Note:  Rows are horizontal and columns are vertical.]

C.
For each numeration system listed below, choose one applicable characteristic.  DO NOT USE ANY LETTER MORE THAN ONCE.  [Hint:  This is a bit of a puzzle, with more than one way to complete it.]

1.

______  Ancient Egyptian

A.  Use of place value

2.

______  Mesopotamian

B.  Consistent use of placeholder

3.

______  Roman


C.  Used a base

4.

______  Mayan


D.  Subtractive

5.

______  Hindu Arabic

E.  Unique symbol for each number less than the base


6.

______  Tally


F.  Additive
D.
Additional Problems  (no answers in the Solutions Manual)

1.
Convert the following to Hindu-Arabic.
  a.
CCCXLIX

       
b.  MCMVIII


c.  MDCCXCIV

2.
Identify the system for each of the following and convert each into Hindu Arabic numerals.

[image: image57.wmf]
                                                                                                     
  •••






                                 • • 
[image: image58.wmf]  a.




 EMBED Word.Picture.8  


 EMBED Word.Picture.8  


 EMBED Word.Picture.8  
∩∩ I I I I 
b.   < |   << | |     << | | | |    | |
  
c. 
 EMBED Word.Picture.8  

  
 
d.  <<< | |     < | |     
3.
Describe a feature of the Mayan system that is an improvement over each of the following systems.

  a.
ancient Egyptian system
b.  Mesopotamian system


4.
List similarities and differences between the Mayan and the Hindu-Arabic systems.

5.
State the numerical relationship between each of the following pairs of place values.

  a.
hundred and thousand
b.  billion and trillion
          
c.  hundred-thousand and million
        

6.
Write 40,780 in three forms of expanded notation.

7.
What is the purpose of a placeholder in a place value system?

8.
List the numeration systems described in this section that have the following characteristics.    

  a.
subtractive feature                b.  not additive               c.  no base
              d.  no place value

9a.
Convert 1,200,451 to numerals in the Egyptian numeration system.

  b.
If 7,895,452 were to be written as a numeral in the Egyptian system, how many individual numerals would it contain?
10.
Convert 7,451 to numerals in the following numeration systems.   (a) Mesopotamian       (b) Mayan
11.
Homer Simpson commented, when his son Bart was born: "As long as he's got eight fingers and eight toes, he's fine by me".  Suppose you were creating a base 16 additive numeration system for Bart.
  a.
Why would Bart like this system?

  b.
Describe the minimum number of symbols you would have to invent to write the following numbers:


(1)  10 ( 162 + 8 ( 16 + 14
(2)  1340

  c.
For a system that goes no higher than 163 – 1, describe three useful additional symbols for your system that parallel additional symbols in the Roman numeral system.
  d.
Convert 4,167 to your system.
12a.
Explain why a hundred is one tenth of a thousand.
  b.
Is every place value in our numeration system equal to one tenth of the next larger place value?

  c.
If someone were to invent a place value to the right of one, using the same pattern as in part (b), what would this place value be?  Justify your answer
  d.
Refer to part (c).  What would the next place value be, if this pattern were to be extended one more place?  Justify your answer.
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The ancient Egyptians developed a system for representing fractions using the symbol          , which meant  “part.”   Their system was based on unit fractions.  For instance, the following symbol meant 1/3: 

  a.
Write the ancient Egyptian symbol for 1/5.

  b.
Noting that 1/6 + 1/3 = 1/2, how would the ancient Egyptians made note of this fact?
  c.
How might the ancient Egyptians have written 3/5, if they used the same additive principle for unit fractions as they used for whole numbers?

14.
The word for a thousand quintillion is a sextillion.  Name the next two larger places in our numeration system.
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15.
Consider a place value system that is exactly like ours except for the 


use of base fourteen instead of base ten.

  a.
Suppose the ancient Egyptians used base fourteen.  What do you 

suppose their first single symbol larger than one would represent?

  b.
Suppose the ancient Hindus used base fourteen.  What do you 

suppose would be the value of their first place larger than one?

  c.
Suppose the ancient Mesopotamians used base fourteen.  What do 

you suppose would be the value of their first place larger than one?

  d.
Why would anyone use base fourteen instead of base ten?!?



16a.
How many distinct individual symbols does our numeration system

have? 



A Visiting Fourteen-Fingered Alien
  b.
What advantages does the feature described in part (a) give our system, 

compared to place value systems that do not include this feature?
  c.
If a base 12 numeration system with place value were to have the feature described in part (a), how many distinct individual symbols would it have?

17.
Imagine that you are a child just beginning to learn to write numbers.  Rank the numeration systems described in this section from easiest to hardest to learn.

18.
Consider base 10 numeration systems and the Ten for One Principle at work in these systems.

  a.
How does this principle operate in an additive system?  Include an example.

  b.
How does this principle operate in a place value system?  Include an example.

19.
Imagine that you are an accountant’s apprentice in ancient Egypt and you are learning addition.  One of your homework problems is to add 67 and 78 (written, of course, in ancient Egyptian numerals).  

  a.
Do this problem using ancient Egyptian numerals.

  b.
What facts did you need to apply to write your answer correctly?

20.
Refer to the previous problem.  Suppose another of your homework problems consisted of adding eight large numbers.   What advantages would our system have over the Egyptian system for such a problem?   Answer this question from the point of view of a child who is only just learning a numeration system.

21.
Describe at least two advantages and at least two disadvantages of a place value system.  [Hint:  Consider the previous problems, as well as other situations that occur in arithmetic.]
___
_________________________________________________________________________________________
__________________________________________________________________________________________
3.2  Numeration System Conversions 

Conversions Within the Hindu Arabic System

As we have already seen, the use of a base involves bundling or composing smaller units into larger units.  In our Hindu Arabic base ten system, we use the Ten for One Principle, whenever we have 10 smaller units, we group them into one larger unit.  This principle also applies to other base ten systems such as the Egyptian system.  However, due to the use of unique symbols for each digit, our Hindu Arabic system has another feature not shared by any other historical numeration system.  As you shall see in the next activity, Hindu Arabic conversions to higher place values are built in!  It is also easy to spot the total number of tens, hundreds, thousands, etc., in each compound numeral.

____________________________________________________________________________________________

Activity 3.2A

1a.
What mistake might an ancient Egyptian child make when learning to write 9 and then 10?









  b.
Why will an American child not make this sort of mistake?

2.
The numeral 10 can be interpreted to mean either (a) ten ones or (b) 1 _____ and _____ ones.

3a.
One hundred means  _____ tens.  Thus 400 is equal to _____ tens.  Similarly, 430 is equal to _____ tens.

  b.
One thousand means _____ hundreds.  So 3 thousand is the same as ____ hundreds. 

  c.
 3700 = 3 ___________ + 7___________ = 30 _______________ + 7 _____________  = 37 ______________

  d.
Since every hundred is composed of 10 tens, 3700 is also the same as _______ tens.  

  e.
In general, we can identify the total number of tens in a whole number by observing the tens digits and all the digits to the __________ of the tens place.     

4.
Using the pattern observed above, fill in the following blanks with a single place value.

  a.
37,000 = 3700 _________________  =  370 _________________  =  37 _________________

  b.
3,000,000 ones = 3 ______________  =  3,000 __________________ 

  c.
6,000,000,000,000 =  ________ trillion  =  _____________  billion  =  _____________________ million

____________________________________________________________________________________________

Automatic Conversions

Because our Hindu Arabic system uses unique symbols for each digit, there is only one way to write each number.   This is a great advantage for a number of reasons, but it has one disadvantage:  it obscures the fact that we are grouping by tens.  To understand this point, consider the Egyptian base 10 system for a moment.  If you were learning to write eight, nine, and ten in Egyptian, you might make the following mistake.

| | | | | | | |                 | | | | | | | | |                      | | | | | | | | | |

                                                    8 marks                  9 marks                       10 marks

Unfortunately, you would be scolded for forgetting that ten is written not as | | | | | | | | | | but as ∩.  In other words, ten ones have to be exchanged for one ten.  Similarly, Mayans had to learn that twenty was not written as 20 ones or even as four fives, but as one twenty and no ones.

 
···  
····  
·                      
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In contrast, a child has no trouble writing ten correctly in the Hindu Arabic system—because there is only one way to write 10.  The conversion from ten ones to 1 ten is automatic.  This has tremendous advantages, not only because children will write ten correctly from the get-go, but also because it makes computations easier.  However, it means that the meaning of the Ten for One Principle and place value does not occur automatically when children are learning to count.  After all, it is natural for children to assume that “10” is just a symbol that means ten, just as “9” means nine.  Of course 10 does mean ten ones, but it also involves two place values, with “1” meaning 1 ten and “0” meaning no ones.  Likewise, 11 means eleven ones and it also means 1 ten plus 1 one.  The first step to becoming competent at algorithms for addition and other operations in our Hindu Arabic system is to understand this second meaning.  (An algorithm is simply a step-by-step process for completing a task.)

Converting from Place Value to Place Value

Sometimes it is useful to describe numerals in terms of a place value other than the ones place.   Since our place values are related to each other according to the Ten for One Principle, we can easily convert one place value into another.  For instance, since one hundred is 10 tens, we can convert 370 to tens as follows:

370  =  3 hundreds + 7 tens  =  (3 sets of 10 tens) + (7 tens)  =  30 tens + 7 tens = 37 tens

We can identify the total number of tens in a number simply by observing all the digits to the left of the tens place.  For instance, 2536 includes 253 tens.  Likewise, 2500 is equivalent to 25 hundreds and 3,000,000 is equivalent to 3,000 thousands.  As the following examples illustrate, numbers can be described in terms of any place value.

Example 1:  (a) 1200 
=  1 thousand  2 hundred
(b) 
5,400,000,000  =  5 billion 4 hundred million



=  12 hundreds

5,400,000,000  =  5400 million

        



=  120 tens    

5,400,000,000  =  5,400,000 thousand


           =  1200 ones

Multiplying and Dividing by a Whole Number Power of Ten

Because we use a base ten system, an obvious pattern occurs when multiplying or dividing a number by a power of 10.  This is investigated in the next activity. 

____________________________________________________________________________________________

Activity 3.2B

1.
Fill in the following blanks with words.

  a.
 28 • 1000 means 28 ____________________            b. 28,000 means 28 ________________________

2.
When 347 is multiplied by 10, the place value of 3 increases from ______________ to __________________. 

3a.
46 • 104 =  _______________

  b.
Multiplying 46 by 104 increases the place value of each digit by ___________________

  c.
Tacking four zeroes on 46 has the effect of increasing the place value of each digit by ___________________
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4.
Dividing 400 by 100 reverses the process of multiplying by 100.           
 ( 100

  a.
With this in mind, fill in the box with the appropriate number.
 

  b.
Describe a shortcut for computing 400 ( 100.

                         400



( 100

____________________________________________________________________________________________

The use of the Ten for One Principle in our place value system means that multiplying by 10 simply increases the place value of each digit by one place.  For example, 2 • 10 means 2 tens or 20, with 2 ones changing to 2 tens.  Likewise 34 • 100 means 34 hundreds or 3400.  In general, multiplying an integer by 10N, where N is a whole number, increases the place value of each digit by N places, so the product is found simply by tacking on N zeros.  Since division is the inverse of multiplication, dividing by 10N reverses this process:  the place value of every digit is decreased by N places, so the quotient is found simply by deleting N zeros.  (Later we will discuss the situation in which the dividend does not have N zeros.)  
Example 2: 
(a)  54 • 104  =  540,000    
(b)  540,000 ( 10,000 = 54 

Conversions Between Place Value Systems

We have already dealt with the problem of converting from numerals in another place value system to our own base 10 system.  The key is to identify implicit place values.  Following is an example illustrating the process of converting from the Mesopotamian to our Hindu Arabic system.

Example 3: 
| | |    << | | | | |   < |   | |  =  3 · 603  +  25 · 602  +  11 · 60  +  2 · 1  =  738,662   

                     
▼        
▼       ▼  ▼     




603
602
     601   1    ← implicit base 60 place value units 

The same process applies when converting from any place value system to our system, regardless of the base or types of symbols used.  To convert from our system to another system is a matter of reversing this process.

____________________________________________________________________________________________
[image: image64.wmf]Activity 3.2C

A.
Suppose human beings had only one hand.  Besides being very awkward, this situation would probably have given rise to a base five numeration system.  (But think, if we had only one hand, how would we count its fingers?)  Let’s suppose these lopsided humans wrote numbers in the same way as we do, except for using base five instead of base 10.

1.
What digits would they use?
_____________________
 
2.
State the value of the first four place values in base five.    _________     _________    _________    _________    

3.
Write the first eleven whole numbers in base five.   ________________________________________________

4.
If 123 is a base five number, written 123five or 1235, state the place value of each digit:


a.
place value of 1  _____________  b.   place value of 2  _____________   c.  place value of 3  __________  

5.
Convert the following base five numerals to base 10 (our system):


a.
123five
_______________
      b.  4303five

_____________

6a.
Sara’s change purse contains only pennies, nickels, and quarters.  She used the minimum 


number of coins to pay for an 89¢ item using exact change.  What were these coins? 
____________

  b.
Write 89 in base five.  [Hint:  Consider part (a).]
____________

B.
Lest you think that the use of different bases is either ancient history or useless fancy, be aware that computers use base 2!

1.
What digits are necessary for using a base two place value system?  


 ____________
2.
State the value of the first four place values in base two.    _________     _________    _________    _________    

3.
Write the appropriate place value after each digit of the following base two numeral.


1011two  =  1 ·  _______  +  0 ·  _______    +  1 ·  _______    +  1 ·  _______       

4.
Convert 101011two to base ten. 
_____________




           



                                                       

_______________

5.
Convert 1023four to base ten.  (Notice that this is a base four number.) 
_____________



_______________

6.
What operations did you use to convert the above numerals to base 10?  _______________________________
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C.
Suppose you finance your archaeological expeditions by supervising the packaging of eggs at the Eggs-a-Million chicken farm.  A dozen eggs are packaged in a carton.  (Why are there 12 eggs in a carton??)  Then a dozen cartons are packaged into a larger bundle called a gross.  A gross is 122 or144.  The next size bundle is a dozen gross, which is called a great gross.  A great gross is 123 or 1728.        
1.
One day you ship off 3 great gross, 11 gross, and 7 cartons of eggs.  How many eggs                    One less egg…    

did you ship?  





_______________

2.
Figure out how many great gross (GG), gross (G) , cartons (D) , and loose eggs (L) result 


from packing the following shipments.


a.
307 eggs 
_______________



b.
5,826 eggs
_______________
3.
Convert the following numbers to base 12.  


a.
5,826   
_______________



b.  
135    [Hint:  What symbol will you use to write eleven?]  
_______________


4a.
What operations did you use to convert the above base 10 numerals to base 12?  ________________________

  b.
How are these operations related to the operations you used to do  
  ________________________


conversions in the other direction, from other bases to base 10?

5.
Suppose you decided it would be a clever marketing ploy to package eggs using base eight units instead of base twelve units.   So your package sizes are 8, 82 or 64, and 83 or 512.  


a.
Figure out the number and type of packages needed for packing 1000 eggs.  


1000 eggs  =  ______        ______       ______       ______       




                                        83                                 82                             8                     1


b.
In the traditional packing system, a day’s worth of eggs was packaged into one great gross, 3 gross, 9 dozen, and 5 loose eggs.  Figure out the number and type of packages needed for packing these same eggs into your base eight packages.  

____________________________________________________________________________________________

Converting from a different numeration system to our own, or vice versa, is a matter of paying attention to units.  The following example uses familiar base five units, namely pennies, nickels, and quarters, but the principle is the same regardless of the units involved.

[image: image66.wmf]Example 4:
Carlos pays a bill for $1.13 using the minimum number of pennies, 

nickels, and quarters.  How many coins of each type did he use?

Solution A
There are four quarters in a dollar.  This leaves 13¢.  There are two 

nickels in 13¢, leaving 3¢, or three pennies. 

Solution B
The following is a more organized version of Solution A. 
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    113¢

[image: image69.wmf]
 -  100¢  
=  4 quarters


  13¢  


 -   10¢
   
=  2 nickels                In base five, this is 423five.



    3¢  


 -
     3¢   
=  3 pennies



   0¢

 

As the next example illustrates, it is helpful to start converting to another base by first labeling the empty places.   

Example 5:
Convert 18,893 to base 12.  


a.
  Create labeled base twelve places, starting with the largest power of 12 that is less than 18,893.

  18,893  =                                                          Stop at 123 because 124  is larger than 18,893.    



 
  123      122       121        1        



                     (1728)  (144)       


b.
  Use division to determine the number of 1728’s in 18,893:  18893 ÷ 1728 = 10.93….  This   




  means that there are ten 1728’s in 18,893, with a remainder.  

  18,893  =      10                                                  


                       123        122       121        1    


c.
  Determine the remainder by subtracting.    

  

  18,893



           -  17,280  =  10 • 1728         



                1,613  


d.
  Repeat steps (b) and (c) to find the number of 144’s in 1613 and the remainder.  Keep repeating  





 these steps until all places are determined.


  Summary:           18,893


18893 ÷ 1728  = 10.93….  



            -  17,280
=  10 • 1728         
  



                 1,613  
                              1,613 ÷ 144  =  11.20…

                                -   1,584
=  11 • 144




             
 29  

29 ÷ 12  =  2.41…


                                 -
24 
=   2 • 12


   

                                       

5

                                         -
5
=   5 • 1 
18,893   =       10          11          2          5            
  

0
    123        122       121        1    
e. 
Write the answer without using stated place values.


Now we have a problem.  We cannot write 18,893 as 101125twelve because this numeral would 

mean the following:  101125 = 1 · 125 +  0 · 124   +  1 · 123  +  1 · 122  +  2 · 121  +  5 · 1. 


We need single symbols for ten and eleven.  Let’s use the first letters of these numbers for these symbols:  let T represent ten and E represent eleven.  Now we can write 18,893 in base 12 as follows:  18,893 = TE2512. 

Warning

Conversions from one base to another are relatively easy once you understand the process.  Unfortunately, it can  also be easy to make the mistake of going in the wrong direction.  For instance, it is incorrect to convert 67 to base 12 by computing  6 • 12 + 7.  Paying attention to the units can forestall this mistake.  The unit for the digit 6 in 67 is ten, not twelve, so  67 has 6 tens, not 6 twelves.  Our task in this problem is to figure out the number of twelves in 67.  We accomplish this by dividing 12 into 67:  67 ÷ 12 = 5 r 7.  Thus 67 consists of 5 twelves and 7 ones and we can write 67 as 57twelve.  
Notice that converting from base 10 to another base involves the operations of division and subtraction.  These are the inverses of the operations of multiplication and addition that we use to convert from another base to base 10.   For example, we convert 57twelve to base ten as follows:  57twelve = 5 ( 12 + 7 = 67.  Pay attention to the units!  
57twelve literally means "5 twelves plus 7 ones."
Teaching Tip:  Help students see that converting from a smaller to a larger base results in a smaller number of units, and vice versa. Use egg cartons to make this point, including regular cartons that hold 12 eggs (12-cartons) and modified cartons that hold only ten eggs (10-cartons).  Start out with 31 eggs.  These fill up three 10-cartons, with one loose egg.  Now re-package these eggs into the 12-cartons.  This results in only two full 12-cartons, along with 7 loose eggs:  31ten = 27twelve..
___________________________________________________________________________________________
3.2 Homework Problems

A.
Answer the following.


1a.
When an ancient Egyptian learned to write ten with a special symbol rather than using ten strokes, what did he learn about his numeration system that is not obvious to a modern child learning to write ten as 10?

  b.
What mistake might a Mayan child make when learning to write 18, 19, and then 20?  Why can't an American child make the same kind of mistake when writing 8, 9, 10?  

2a.
Ten means   ?   ones or  ?  ten and   ?   ones.      
b.  Which interpretation is a young child likely to have?

  c.
Which interpretation makes it easy to add ten and six?

3a.
600  =  6   ?    =  60    ?    =  600  ?                   
b.
120,000  = 12  ?    =   120   ?    =  1200   ?  
  c.
1 million =   ?   thousand
d.
4 billion  =    ?   thousand  

  e.
10 hundreds = 1    ?   

4.
Define the following prefixes: (a)  bi-   (b)  tri-   (c) quad-     (d) quint-     

5a.
Why is two thousand the same as 20 hundred?

  b.
If you convert a quantity to a smaller unit, the number of the smaller unit will be (smaller/larger) than the number of larger units.

6.
Fifty ones  =  10 + 10 + 10 + 10 + 10  = 5  ? 
7.
Convert the following to base 10:  
(a)  40twelve     
(b)  1876nine       
(c)  1011100011two
8.
Convert to base 12:   

(a)  36       
(b)  597         
(c)  14,832

9.
Convert to base five:    

(a)  47      
(b)  333       
(c)  3,823

10.
Convert to base 2:      

(a)   8       
(b)  47         
(c)  127

11.
Is it possible to convert a number in base ten to any other base if the only thing you know how to do is to count?  Explain by showing how to convert 33 to base 5.

12.
Sneak preview of decimal numerals:

  a.
What does 2.1 mean?
b.  What does 2.1twelve mean?

  c.
What does 2.01 mean?
d.  What does 2.01five mean?

13.
Explain why the product of 23 and 10 is 230.

14.
Quickly compute the following.

  a.
35 · 1,000
       b.  100 · 1000
c.  102 · 103   
d.  100 + 1000



15.
State the number of digits necessary in a numeration system similar to ours except that it uses base 15.
16.
1234N is a number in base N.  Write this number in expanded notation.
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17a.
One day the chickens at Eggs-a-Million produce 1289 eggs.  How many gross, cartons, and loose eggs is this?

  b.
After a wild night, the chickens produce 7,834  eggs.  If the eggs are also packaged into great-gross (12 gross), describe the number of great-gross, gross, cartons, and loose eggs for this day.
18.
Consider the problem of converting 38ten  to base 5.

  a.
Describe how a first grader can do this problem using 38 pennies.

  b.
Use a more efficient method to do this conversion.

19.  
Convert 38 to the indicated bases.

  a.
base 12   
______    ______
b.  base 2   ___       ___        ___  ​​​   __    _   __  __   _  ___

                twelves        ones
                     25         24          23         22         21          1

20.
Convert 1733 to base five.  [Hint:  Set up your place values as in the previous problem.]

21.
Convert E7T312 to base 10.  (“T” represents ten and “E” represents eleven in base 12.)

22.
Explain why 28 x 100 is the same as 2800.

23.
432 x 106 means 432  ?  .
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24.
You developed a marketing plan to sell more eggs by coloring them and packaging them into groups of 8.  It was a flop.  So the eggs are being repackaged using base 12.  Repackage 6 sets of 64 eggs, 7 sets of eight eggs, and 6 loose eggs into base 12 packaging.   
B.
Additional Problems  (no answers in the Solutions Manual)

1.
Fill in the blanks with place values.
  a.
500 thousand = 5  ?           b.    50 hundred = 5  ?         c.  53 hundred = 5.3  ?          d. 2000 thousand = 2  ?      
2.
Convert to base ten:  (a)  53twelve          (b)ETT twelve             (c)  1073eight            (d) 10101000two    
3.
Convert to base 5:  (a)  38             (b)  137                (c)  900                (d) 53twelve
4.
Using the Ten for One Principle in reverse:

  a.
1 hundred is 1/10 of  ?          b.    ?  is 1/10 of a hundred           c.  ?  is 1/10 of one    c.  ?  is 1/10 of a tenth.

5.
Think about the results of the previous problem.

  a.
Use written place values to explain the meaning of 3.6.     b.  Apply this principle to change 3.6eight to base 10.
6.
Think about conversions between place value systems.

  a.
What operations do we use when converting a large number in a different base to base 10?
  b.
What operations do we use when converting a large base 10 number to a different base?

  c.
How are the answers to parts (a) and (b) related to each other?
7.
Convert 4321five to base eight.      
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8.
As of the end of 2006, the United States national debt, which is the amount of money owed by the federal government, was $4.9 trillion.  Write this number using the following place values.

  a.
billions            b.  millions             c.  thousands                   d.  ones

9.
Information that may be useful for the following problem includes facts from the previous problem and the following facts.  

The diameter of a penny is ¾ of an inch.  Its thickness is 0.06 inches.  Since 1982, penny is no longer 95% copper but instead 97.5% zinc.  A newer penny weighs 2.5 grams.  The base metal value of a newer penny was about $0.0089 in 2007, while the base value of the copper penny was about $0.022.
  a.
If the federal government pays, on average, an interest rate of 4% on its debt and does not pay off any of the principal, how much interest would it have paid for 2006?
  b.
If the federal debt were converted to pennies and all the pennies were stacked up, how high would the stack be?  Convert your answer to miles, feet, and inches.
  c.
If the federal debt were converted to newer pennies, how much would it weigh?

  d.
If the federal debt were converted to older pennies and the older pennies were sold on the copper market, how much profit would the federal government make?
  e.
Why doesn’t the federal government implement part (d)? 

10.
The 2007 U.S. federal budget was about 2.8 trillion dollars and the U. S. population was about 300 million.
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  a.
If the federal budget were paid in equal amounts to all U.S. citizens, how much would each citizen receive?

  b.
If the national debt were divided equally among all U.S. citizens, how much would each citizen owe?

  c.
If you had to use your share of the federal budget to pay off your part of the national debt, what would be your net result?

11.
Show how to perform the following computations quickly.
  a.
3000 ( 40,000         b. 1 thousand ( 1 million       c.  34,000 ( 1,000         d.  560,000 ( 10,000 

12.
Describe how a first grader can convert 71 to base five using appropriate coins.  

13.
Fill in the blanks with numbers.


  a.
1 trillion bytes =  ?  billion bytes       b.  a million million = ?  billion         c.  a hundred hundreds = ?  thousands     

____________________________________________________________________________                                   

____________________________________________________________________________________________

3.3  Decimal Form:  Expanding Place Value to All Rational Numbers  
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While human beings have been using fractions like ½ and ⅜ for millennia,  the decimal form of rational numbers was not developed until relatively recently.  The big breakthrough came in 1585 when a Dutch mathematician named Simon Stevin published a little book entitled The Tenth.  “Decimal” means a tenth or referring to ten.  Stevin’s book was essentially a primer on the meaning of and operations with rational numbers in decimal form, such as 0.5 and 0.375.  His intent was to teach everyone “how to perform with an ease, unheard of, all computations necessary between men by integers without fractions.”  Stevin explained that tenths, hundredths, thousandths, and so on, could be used just as we use ones, tens, etc., in our place value system.  As you shall see in future chapters, Stevin was quite right that computing with decimals is very similar to computing with whole numbers.  This is a huge advantage!
advantage!  

____________________________________________________________________________________________
Activity 3.3A

This activity is enhanced with the use of base ten blocks.
1.
10 ones = 1 ___________;  10 tens = 1 __________________;   10 hundreds = 1 ________________________
2.
If a unit is partitioned into 10 equal parts, then each part is called __________________
3a.
Since 1 hundred is equal to 10 tens, then one ten is equal to ______ of a hundred.

  b.
Similarly, a hundred is one tenth of a ________________ and a thousand is one tenth of a  _________________


  c.  In general, any place value is equal to _________________ of the next larger place value.

4a.
Using base ten blocks, a sheet of paper, or your imagination, partition a unit into ten equal parts, 
_________

then partition one of these parts into 10 equal parts.   How many of the smaller parts, each a tenth 

of a tenth, are in the original unit? 


 

  b.
This means that a tenth of a tenth is the same as what unit fraction?     
 _________


5a.
On grid paper, outline a 10 by 10 square.  Shade a hundredth of this unit.  Then partition this 
 _________

hundredth into 10 equal parts.  Each of these smaller parts is what fraction of a hundredth?
 

  b.
If every hundredth were to be partitioned into 10 equal parts, how many of these smaller 
 _________

parts are in the original unit?     


  c.
Thus a tenth of a hundredth of the original unit is the same as what unit fraction of this unit? 
 _________
6.
Create place values to the right of the ones place by extending the pattern involving tenths.
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_____________  _____________  _____________  _____________  _____________  _____________  


       Hundreds               Tens                    Ones

                                       1/10                          1/10                             1/10                            1/10                            1/10
7.
23.45 means the following:  2 tens + 3 _____________ + 4 _______________ + 5 ___________________

8.
(a)  1 hundred  = 1/10  of __________           (b) one =_____ of ten           (c) 1 hundredth = one tenth of  ________        
9a.
If the decimal point were to be removed from 7.9, which of the following would change?

(1)  values of the decimal places     
(3)  (place value of 9) = 1/10  of (place value of 7)


(2)  (place value of 7) = 10  ( (place value of 9)
(4)  value of the number
  b.
Are place values symmetric with respect to the decimal point?    

____________________________________________________________________________________________
Extending the Place Value System to all Rational Numbers

Our place value numeration system can be extended to include rational numbers that are not integers, such as 1/2 and 58/97.  Since each place value is 1/10 of the of the place value to its left , we can create place values less than one.   The first place to the right of one will be 1/10 of one, which is of course one tenth.  The next place will be 1/10 of 1/10,  the third place will be 1/10 of 1/10 of 1/10, and so on.  There are an infinite number of places to the right, just as there are an infinite number of places to the left.

But wait.  What is 1/10 of 1/10?  We can construct a tenth of a tenth by partitioning one unit into 10 equal parts, then partitioning one of these parts—one of the tenths—into 10 equal parts, as illustrated below.     

Illustration of a Tenth of a Tenth
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                                                                     One Unit
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                                     1 tenth                                                              .

                             |………|………|………|………|………|………|………|………|………|………|


1 tenth of a tenth
Since there are 10 of these smaller parts in each tenth, there must be a total of 100 smaller parts in the original unit.  Hence 1/10 of 1/10 is 1/100.  A two-dimensional  diagram illustrates the same point.  (Two-dimensional figures have both length and width.)    


1 tenth of a tenth = 1 hundredth
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One of these 10 rows is 1/10 of the unit.                 
This small square is one tenth of  the row.  So it is a one tenth of a
tenth of the large square unit.  

The small square is also one of                        100 equal parts of the large square.


Thus 1/10 of 1/10 = 1/100.  

 One Unit

Teaching Tip:  Here is an activity for finding 1/10 of 1/10 using money.  Start with a real dollar and ask students how much it is worth. When they say, “1 dollar,” give them each a (fake) dollar.  Now cut your dollar into ten equal parts.  This should get their attention!  “How much might one of these parts be worth?”  Eventually students should suggest, “1/10 of a dollar.”  “Do we have a coin worth this amount?”  Help students recognize that a dime is a tenth of a dollar because 10 dimes are worth 1 dollar.  Next cut a paper enlargement of a dime into 10 equal parts and go through the same routine again.  One of these parts is 1/10 of 1/10 of a dollar and each part is worth a penny.  “So 1/10  of 1/10  of a dollar is what fraction of a dollar?”  

Similarly, 1/10 of a hundredth is a thousandth, 1/10 of a thousandth is a ten-thousandth, and so on.   Thus we can extend our place value notation to the right of one to include tenths, hundredths, etc. 
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Decimal Place Values 

            __________  ___________    __________     _________   __________   _____________

                   tens                ones                 tenths         hundredths      thousandths    ten-thousandths      etc.

    






                                                                      .

                              1/10                        1/10                 1/10
1/10 
1/10
Notice that words such as “tenth” have a double meaning, as the following examples illustrate:  (1) Betsy finished tenth in the race and (2) Betsy gave a tenth of her inheritance to charity.  In the first example, “tenth” is an ordinal number indicating a position in a race.  In the second example, “tenth” is a fraction referring to one of 10 equal parts of Betsy’s inheritance.  The meaning of such words is usually clear from the context.
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Teaching tip:  The name of every fractional place value is derived from a whole number place value by appending “th.”  For the sake of basic understanding and good spelling, point out this fact to your students.
Stress that the “d” is not lost in “hundredth,” “thousandth,” etc., even though it is not audible.       

Strictly speaking, a decimal number is any number written using base ten place values, including whole numbers.  However, in common usage decimal number or decimal refers to a number containing a decimal point, such as 9.8 or 0.347.  
Decimal numbers can be described in expanded notation in four ways, as illustrated by the following example.
Example 1:  65.234 can be written in expanded notation in four ways.

a.  Words:  

65.345  =  6 tens + 5 ones + 2 tenths + 3 hundredths + 4 thousandths     

b.  Fractional place values
65.345  =  6 • 10  +  5 • 1  +  2 • 1/10   +   3 • 1/100  +  4 • 1/1000   

c.  Positive exponents only   
65.345  =  6 • 10  +  5 • 1  +  2 • 1/10   +   3 • 1/102  +   4 • 1/103  

d.  Positive and negative exponents
65.345  =  6 • 10  +  5 • 1  +  2 • 10-1  +   3 • 10-2  +   4 • 10-3  
Note:  The definition of a negative exponent is as follows.  x -n = 1/xn.  That is, a negative sign in the exponent means to take the reciprocal of the base.  Thus 10-3 = 1/103 = 1/1000.   

The Connection Between Decimal and Fraction Form

A terminating decimal is a decimal number that contains only a finite number of digits.  Terminating decimals are simply fractions “in disguise.”   (So are some non-terminating decimals, which we will discuss later.)

Example 2:
(a)
4.3 = 4 + 3 tenths = 4 + 3/10 = 4 3/10 or 43/10      


(b)
0.004  = 4 thousandths = 4/1000      

In other words, terminating decimal numbers are rational numbers.  Recall that a positive rational number is simply an elementary fraction A/B, where A and B are whole numbers with B ≠ 0.  Positive terminating decimals are simply elementary fractions with denominators that are powers of 10.  This may be the single most important fact that students need to understand about decimal numbers.  
Describing Decimal Numbers with a Single Place Value

Decimal numbers are usually described in terms of their rightmost place value, rather than a sum involving different place values.  The concepts underlying such transformations are revealed in the next activity.  

____________________________________________________________________________________________
Activity 3.3B

Fill in the following blanks with places values (e.g., hundredths).

1a.
Every place value in our decimal numeration system is [1/2, 10 times, 1/10, 100 of] the next larger place value.  

  b.
Every place value in our decimal numeration system is [1/2, 10 times, 1/10, 100 of] the next smaller place value.  

2a.
According to the definition of place value, 0.43 means 4 ____________________  +  3  __________________
  b.
Since 1 tenth = 10 ____________ , we can rewrite 4 tenths + 3 hundredths as 40 ____________ + 3 hundredths.  

  c.
This means that 0.43 can be read as 43 ________________________________.

3.
Similarly 0.086 can be read as 86 ___________________________ because 8 hundredths + 6 thousandths is the same as 80 _________________________ + 6 thousandths.

4a.
0.4 means 4 ___________ and 0.40 is often read as 40 _________________________________ 

  b.
Explain why 0.40 is the same as 0.4 using expanded notation.

  c.
Why is it that tacking on zeros to a whole number changes its value, but tacking on zeros to a decimal number does not change its value?

5.
Recall that whole numbers can be described using a single place value.  For instance, 3400 can be read as 


“34 hundred” instead of “3 thousand, 4 hundred.”  Explain how this principle applies in a similar way to the decimal number, 0.34.  Be as specific as possible.  

6.
Fill in the following blanks with appropriate place values.


5,400,000,000  =  5 __________________  +  4 ___________________________________


                         =  5 __________________  +  4 tenths of a __________________________


                         =  5.4 ____________________________


7.
Use these patterns to answer the following.

  a.
$9,963,000,000,000  =  $9.963  ___________________________  (U.S. gross domestic product in 2000)

  b.
5,629 billion dollars =   _________________________ dollars (U.S. gross federal debt in 2000)

8.
In general, if we change a quantity from a smaller to a larger unit, the number of larger units is [larger, smaller] than the number of smaller units, and vice versa.

____________________________________________________________________________________________
In a previous section we observed that whole numbers can be described in terms of a single place value.  For example, 1300 is often read as “13 hundred” instead of  “1 thousand, 3 hundred.”  It can also be useful to describe decimal numbers in terms of a single place value, usually the rightmost value.

Example 3:
0.12  =  1 tenth + 2 hundredths  =  10 hundredths + 2 hundredths  =  12 hundredths   


As the above example illustrates, a decimal number can always be described as a whole number with a single decimal unit.  This is very useful for understanding the size of the number.
Example 4:
a.
  According to the definition of place value:
0.023  =  2 hundredths  +  3 thousandths


b.
  2 hundredths = 20 thousandths          =>
0.023  =  20 thousandths  +  3 thousandths







=  23 thousandths

Thus it is easy to convert any terminating decimal to fraction form:  just listen to yourself as you read the decimal!    For instance, 0.023 = 23 thousandths = 23/1000.
Teaching Tip: An informal way to read decimals is from left to right.  For instance, 0.023 is often read as “zero point zero two three.”  While this is convenient, teachers must ensure that students understand the meaning of decimal numbers both in expanded notation and in terms of the rightmost place value.  Children who do not understand the true meaning of decimals often have trouble writing them correctly.  For example, they may write 

34 hundredths as 34.01.  It may be effective to practice reading decimal fractions formally before writing them.

It is also common to describe larger whole numbers using decimal form with a larger place value.  

Example 5: 
3,100,000  =  3 million + 1 hundred thousand  =  3 million + 0.1 million  =  3.1 million
This example indicates a general principle that applies whenever conversions are made from one unit to another.
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Conversion Principle

If a quantity is converted from a smaller unit to a larger unit, then the number of larger units 

will be smaller than the number of smaller units, and vice versa.

Example 6: 

                   24 loose eggs   =  2 cartons of eggs

                  
                                   ↓                               ↓                  


larger number with smaller unit        smaller number with larger unit

In contrast to whole numbers, the appending of zeros to the right of a decimal number does not change the place value of its digits.  Thus the resulting decimal number is equivalent to the original number.

Example 7:
0.30  =  3 tenths + 0 hundredths  =  3 tenths  =  0.3 

Teaching Tip:  While 0.3 and 0.30 are mathematically equivalent, scientists have developed a convention of using zeroes to indicate levels of precision for measurements.  In a measurement setting, 0.30 cm means that the measurement is accurate to a hundredth of a centimeter, while 0.3 means that the level of precision is accurate only to a tenth of a centimeter.   

Symmetries and Asymmetries in the Decimal System
Contrary to popular belief, the decimal point is not the center of symmetry for our place value system.  The center of symmetry is the ones place:

thousand        hundred      ten      ONE      tenth    hundredth         thousandth

                                   
 EMBED Word.Picture.8  


The basic purpose of the decimal point is to identify the location of the ones place!  Of course it also separates whole places from fractional places.

Teaching Tip:  Emphasizing that one is the center of the system can help prevent young students from making the common mistake of identifying the first place to the right of the decimal point as “oneths.” 

Relationships between place values can be confusing because of the mirror image relationship between whole numbers and decimal place values.  Consider the following examples.

    
Whole Numbers
vs.
Decimal Fractions

     
A tenth of a hundred is ten.           
vs.
A tenth of a hundredth is a thousandth.  

     
10 hundreds  = 1 thousand     
vs. 
10 hundredths  =  1 tenth

Another disconcerting fact is that a ten-thousandth is an entirely different number than ten thousandths: 

1 ten-thousandth = 0.0001 while 10 thousandths = 0.010 =  1 hundredth.

Multiplying and Dividing Decimal Numbers by Powers of 10

In our base 10 system, multiplying and dividing decimal numbers by whole number powers of ten is easy.

____________________________________________________________________________________________
Activity 3.3C

1a.
102 = 10 ( 10 =  __________   b.  103 = _________________  =  ___________      c.  10N contains  ____ zeros.

2a.
In our numeration system, every place value is equal  to____ of the next smaller place value.  

  b.
What is the name of this principle?

  c.
Does this principle apply to the right of the decimal point?  Use an example to support your answer.

3.
Consider the effect on place values of multiplying by 10. 

  a.
When 8 is multiplied by 10, the place value of 8 changes from the ones place to the _________  place.  

  b.
In other words, the place value of 8 is increased by ____ place.  

  c.
If we multiply 8 by 10 ( 10 ( 10, the place value of 8 will increase by ____ places.  

  d.
Move 8 the correct number of places:   8 ( 103 =                                                     [image: image1.png]


  


ten th.     th.        h         ten       one

  e.
This number contains  ___  zeros.
  f.
How convenient!  Describe a shortcut for multiplying a whole number by 10N.

4.
Use the shortcut to compute the following:  (a)  8 ( 10,000  _____________ b.  54 ( 103    _________________

5a.
The Ten for One Principle also applies to place values to the right of the decimal point.  If 0.008 is multiplied by 10, the place value of 8 changes from the _____________________ place to the ___________________  place.    

  b.
If 0.008 is multiplied by 102, the place value of 8 will increase by ____ place(s).   

  c.
Move 8 the correct number of places:   0.008 ( 102 =                                                       [image: image2.png]


    


         ten       one      tenth    h.th        th.th
  d.
Does the shortcut you described in the last part of the previous problem work for 0.008 ( 102? 

  e.
Describe a shortcut that works.
  f.
Does this shortcut apply to whole numbers as well?

 6a.
Multiplying a positive number by 104 must produce a larger number.  Explain how to use this fact to decide where to put the decimal point in the product of 0.006 and 104.  
  b.
Describe advantages and disadvantages of this method compared to a method involving left/right.
7a.
Division is the inverse of multiplication.  Therefore, dividing a decimal number by 10N has the effect of (decreasing/increasing) the place value of a digit by N places.
  b.
Use this fact to find 0.034 ( 102 

  c.
Describe a shortcut for this problem that involves the apparent movement of the decimal point.  
8.
Explain why 0.047 > 0.0385 by comparing digits in the largest place value containing a nonzero digit.

9.
A second method for comparing 0.047 and 0.0385
  a.
If 0.047 is written as 0.0470, it will have the same length as _____________
  b.
Fill in the following blanks with the appropriate place value: 
0.0470 = 470 _________________________

 

0.0385 = 385 _________________________


____________________________________________________________________________________________
Multiplying a whole or decimal number by 10N, with N a positive integer, increases the place value of each digit by N places.  With whole numbers, the result can be obtained by appending N zeroes.

Example 8:
456 • 100 = 45,600
   

 

However, appending zeros to a decimal number does not increase the place values of the digits.  For instance,

0.04 ( 10 is not equal to 0.040.  Just as for whole numbers, multiplying 4 hundredths by 10 increases the place value of 4 y one place, from hundredths to tenths:  0.04 · 10 = 0.4.  Thus multiplying a decimal number by 10N has the visual effect of moving the decimal point N places to the right, in the direction that yields a larger number.  In fact, this rule also applies to whole numbers by making their decimal points visible. 
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Example 9:
(a)  0.043 ( 104 =    0   4   3  0.  = 430
(b)  456 • 100 = 456. • 100 = 456٨ 0  0 .  =  45,600
   

 

Teaching Tip: To avoid miscounting, students should move the decimal point one place at a time, as indicated in the above examples.  Just make sure students do not have more than one decimal point in the final answer!
Dividing Decimal Numbers by Powers of 10

Since each place value is 1/10 of the next larger place value, the effect of dividing by 10 is to decrease the place value of each digit by one place.  Thus dividing a decimal number by 10N has the reverse effect of multiplying by 10N:  the decimal point moves N places to the left, in the direction yielding a quotient smaller than the dividend.  

Example 10:
8.76 ÷ 100  =  0.0876 

Also recall that dividing by 10N is the same as multiplying by 1/10N or 10-N.  Thus multiplying by 10-N, where N is a positive integer, has the effect of moving the decimal point N place to the left.  

Example 11:
8.76 ÷ 100  =  8.76 ÷ 102  =  8.76 • 10-2  =  0.0876

Teaching tip:  Just memorizing rules about moving decimal points right or left can be very confusing.  The most common mistake students make when multiplying or dividing decimals by powers of 10 is to move the decimal point the wrong way.  Students should be less likely to make this mistake if they understand that multiplying by a number such as 100 yields a larger product, while dividing by 100 yields a smaller quotient.
Comparing Rational Numbers in Decimal Form

Comparing decimals is easy once you have a solid understanding of place value.  One method is to compare the digits in the largest nonzero decimal place.  

Example 12:
0.3 is larger than 0.19 because 0.3 contains 3 tenths while 0.19 contains only 1 tenth. 

A second method of comparing decimals is to convert both decimals to the same place value unit.  First append zeros to the decimal number with fewer digits  to make it the same length as the other decimal number.
Example 13:
Compare 0.29 to 0.076 by writing 0.29 in its equivalent form of 0.290.  
· [image: image92.png]


0.29 = 0.290 = 290 thousandths 
· [image: image93.png]


0.076 = 76 thousandths                        290 thousandths > 76 thousandths
The U.S. Currency System
The American currency system is an base ten system.  Unfortunately, confusion can occur in the posting of prices involving cents.  Be careful as you work through the next activity!

____________________________________________________________________________________________
Activity 3.3D

1.
A dollar is the basic unit in the American base ten currency system.  Describe the coins (if any) that have the following values.   

  a.
a tenth of a dollar  _________  b.  a hundredth of a dollar _________   c.  a thousandth of a dollar  __________


2.
We use the symbol $ to represent dollars.  What other money symbol do we use and how is it related to a dollar?

3a.
1¢ = 1  _________________ of a dollar = $______
b.  $0.59 = 59 _____________ of a dollar = _______ ¢

4. 
We usually read $2.39 as “two dollars and thirty-nine cents.”  Strictly speaking, since the ¢ symbol does not appear in this price, what is the literal meaning of $2.39?  Use the appropriate decimal place value.
5a.
0.1¢ = 1 tenth of a _______ =  1 tenth of a ______________ of a dollar  = 1 thousandth of a dollar = $_______ 
  b.
0.03¢ = 3 hundredths of a ___________  =  3 hundredths of a hundredth of a dollar = $ _____________

6a.
0.79 seconds means 79 _____________________ of a second

  b.
0.79¢ means  _____________________________________________________________________________
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7.
Which is larger, 0.79¢ or 1¢?  Justify your answer.

8.
Suppose a gas station advertises the price of unleaded gas as $3.189.  What is that 9 doing up there?

____________________________________________________________________________________________
The American money system uses two basic units, dollars and cents.  A cent is one hundredth of a dollar: 1¢ = $0.01. The decimal point serves the same purpose in this system as it serves in any other decimal system:  it identifies the ones place relative to the unit being used.   For example, $0.1 means one tenth of a dollar, which is the same as 10 cents:  $0.1 = $0.10 = 10¢.  Similarly, 0.1¢ means one tenth of a cent, and 0.15¢ means 15 hundredths of a cent.  

Teaching Tip:  Unfortunately, a price such as 75¢ is sometimes written as .75¢.  However, “.75¢” means 75 hundredths of a cent, not 75¢.  This confusion may arise because of the way we automatically convert hundredths of a dollar to cents when we read a price.  For instance, we usually read $4.25 as “4 dollars and 25 cents,” rather than “4 dollars and 25 hundredths of a dollar.”  In any case, it is important to know that .75¢  ≠ 75¢.  
Example 14:
(a)   0.25 always means 25 hundredths.  Thus, 0.25¢ means 25 hundredths of a cent and



$0.25 means 25 hundredths of a dollar.  Pay attention to units!



(b)
$0.25 = 25 hundredths of a dollar  =  25¢ 




(c)   0.9¢ =9 tenths of a cent = 9 thousandths of a dollar = $0.009

      
(d)   0.89¢
=  89 hundredths of a cent  =  89 hundredths of a hundredth of a dollar  =  $0.0089

[image: image95.png]


Next time you are in a grocery store where beans are advertised as .89¢ per pound, give the managers a penny for a pound of beans and tell ‘em to keep the change.

Another traditional and potentially confusing practice in price reporting is to indicate a tenth of a cent by elevating it.  These elevated numbers in money situations are not exponents, even though they look just like exponents.     




                                                                       Less than a cent!
Example 15:
At a gas station, the price of regular unleaded gas is posted as $3.359.  This 

means $3.359 or 3 dollars and 35.9 cents.  The elevated 9 means 9 tenths 


of a cent or 9 thousandths of a dollar.  
Decimal Points That Are Not Decimal Points

 It is not uncommon for people to use dots with numbers—but the dots may not be decimal points!  For example, sections of a text (including this one) might be labeled 4.1, 4.2, …4.9, 4.10, 4.11.  This may seem perfectly reasonable to you (and me too!), but now step back for a moment.  Isn’t 4.1 the same number as 4.10?  Isn’t 4.11 less than 4.2?  Good grief!  Are the sections of this book mis-numbered?  

The “decimal points” in these section titles are not really decimal points at all, but a code for separating two separate numbers.  Writers use “4.1” as an abbreviation for “Chapter 4, Section 1,” “4.2” for Chapter 4, Section 2,” and so on.   Point out to students that one has to be careful about interpreting dots.
The letter on the right, penned by a fourth grader in Ms. Harper's class in Toronto, Canada, was one of many written to the authors of the Everyday Mathematics series about the “error” in their texts.  Here is an excerpt of what the authors wrote to these students:   “[Although] we don't mean them as ordinary numbers, "4.1" and "4.10" look like ordinary numbers.  We mean them as identification codes, similar to the numbers you see on license plates or bar codes. One way to see that our lesson numbers are not ordinary numbers is to think about whether adding Lesson 4.1 and Lesson 4.10 would

give you Lesson 8.2. Such non-numerical uses of number are actually quite common…. [However] We will definitely change [our section codes] in any future 
 “Your decimals are not mathematically correct!  When 
edition of Everyday Mathematics.”
you go 4.1  4.2  4.3 …4.10  4.11.  The 4.1 and 4.10 are 
the same thing.  It drives us nuts.  Please fix it for next 
year.  Sincerely, Alex."
____________________________________________________________________________________________
3.3 Homework Problems
A.
Answer the following.

1a.
What does “decimal” mean?           b.  What is a decimal number?            c.  State the Ten for One Principle.
2a.
1 hundred = 10  ?       b. 1 ten = 10 ?        c. 1 one = 10  ?          d. 1 tenth = 10  ?           e. 1 hundredth = 10  ?  

3a.
1/10 of ten =  ?           b.  1/10 of a tenth =  ?           c. 1/10 of a hundred =  ?          d.  1/10 of a hundredth =  ? 
4.
Write 87.065 in expanded form using four types of expanded notation.

5.
Show why 0.050 is equivalent to 0.05 using the definition of place value.

6a.
Explain the meaning of 0.0097 using the definition of place value.

  b.
Explain why this number is the same as 97 ten-thousandths.


7.
Which of the following are accurate statements about the decimal point?

  a.
It marks the center of the decimal system.

  b.
It identifies the location of the ones place, which is to its left.

  c.
It separates whole number places from decimal places.

  d.
A decimal point can be placed to the right of any whole number without changing the value of the number.

8a.
Explain the meaning and purpose (if any) of the three zeroes in 0.0230.  
  b.
For the number in part (a), write an equivalent decimal form that has the least number of zeroes.
9.
 ?   of a larger place value is equal to one of the next smaller place value.

10.
What is the difference between a hundred thousandths and a hundred-thousandth?

11.
Suppose a fourth grader thinks that 10 hundredths is a thousandth, and argues that this makes sense because 


he knows that 10 hundreds are a thousand.  Explain how pennies and dimes can be used to help this child understand the correct answer. 

12a.
What happens to the place value of 7 when the number 0.07 is multiplied by 10? 

  b.
Explain how this is related to the Ten for One Principle.


13.
Which of the following are equivalent to 8 cents?


(a) $0.8     (b)  $0.08      (c)  $0.08¢       (d) 0.08¢       (e)  8¢     (f) 8 hundredths of a dollar   (g) .8¢


14.
Change the following to dollars.

  a.
80¢     
              b.  5¢   
       c.  0.3¢
    d.  45¢
e.  .89¢
         f.  4.2¢
15a. 1000 thousandths = 1 ?  and 1000 thousands  =  1 ?      b.  a tenth of a tenth =  1 ?  and ten tens = ?
  c.
100 hundreds = ? and 100 hundredths = ?
d.
1000 millions = ? and 1000 millionths = ?
16.
Determine the larger decimal in two ways:  (a) converting to whole numbers with a common decimal unit, and 


(b) comparing the largest nonzero place value.

  a.
0.053 and 0.2     
      b. 0.004 and 0.0015 
          c.  0.0123 and 0.00876        

17.
Order each of the following sets from smallest to largest.

  a.
0.006, 0.4, 0.08, 0.0023        
b.  0.12345, 0.2034, 0.2111, 0.1311, 0.08765, 0.2008

18a.
Explain the meaning of 10-4.         b.  Identify expressions equivalent to 10-n:  (1) -10n    (2) 1/10n     (3) 10/n    
19.
Compute the following as efficiently as possible.  Do not use a calculator.

  a.
38 • 10-4          b.  38 • 10,000         c.  0.5 • 10-2           d.  4.9 • 103            e.  2.025 • 10-3            f.  4.9 • 100
20.
Order from least to greatest:  1.4, - 0.3, 0.52, 0.528, 0.0687, 0.513, 0.07.

21.
Which of the following are equivalent to dividing by 10,000?

  a.
multiplying by 104

b. multiplying by 10-4    

c. dividing by 104
  d.
multiplying by 0.00001  

e. multiplying by 0.0001

f. dividing by 10-4    
22.
Multiplying by a Negative Power

  a. 
Multiplying by 10-3 creates a (smaller/larger) number.  

  b. 
Moving the decimal point of a number to the ​ ?   creates a smaller number.

23.
In terms of relationships between adjacent place values, are decimal place values any different from whole number place values?

24.
The tens place is to the (left/right) of the hundreds place, while the tenths place is to the (left/right) of the hundredths place.

25.
0.045 = 4 hundredths + 5 thousandths  =  40  ?  +  5 thousandths  =  45  ?
26.
Explain why 83 hundred-thousandths is the same as 830 millionths.  Be sure to state the relationship between these two base ten units.

27a.
Explain why .59¢ is not the same as $0.59.        b.  Convert .59¢ to dollars.
28.
Which of the following are equivalent to .9 cents?


(a) $0.9        (b)  $0.09        (c)  $0.09¢        (d) $0.009        (e)  9¢        (f) 9 tenths of a dollar        (g) .009¢


29.
The Conversion Principle

  a.
State the Conversion Principle.   
b.   4,200,000  =   ?  million      
c.   0.0081  =  8.1  ?    

30.
Compare the following pairs of decimal numbers using two different methods.

  a.
0.0197 and 0.004723

b.  0.00043 and 0.000123

c.  0.347 and - 0.76
31.
In some parts of the country, water costs about 0.4¢ per gallon.  How much will 100 gallons cost?

32.
Suppose the sign to the right is one of the prices of gasoline at a gas station.

  a.
At this price, how much will you pay for 10 gallons of gas?

  b.
Which of the following are equivalent to this price?


(1) $3.159    (2) 3 dollars 15 cents   (3) $3 + 15.9¢    (4) $3.15 + 9/10 of a cent

  c.
If you found the expression “3.159” in the middle of a mathematical 

calculation, what number would you compute for this expression?  

B.
Additional Problems  (no answers in the Solutions Manual)

1.
Write 400.023 in the four types of expanded notation.

2a.
Explain why 0.00850 is the same as 0.0085 from a mathematical point of view.

  b.
Explain why 0.00850 is not the same as 0.0085 in a scientific measurement situation.

3a.
Write ten thousandths in decimal notation.
b.  Write one ten-thousandth in decimal notation.

4a.
Explain why .10¢ is not the same as 10¢.       b. Describe the exact relationship between .10¢ and a dime.
5.
Fill in the blanks with place values.

  a.
10 hundredths = 1  ?       
b. 10 tenths = 1 ?        
c. d. 1 thousandth = 10  ?           
  e.
1 thousand = 10  ?  
e.  1/10 of a thousand = 1  ?      
f. 1/10 of a thousand = 1  ?       


6.
List three completely different uses of a dot, in both mathematical writing and other writing.
7.
Decide whether the following statements are true or false.  If the statement is false, correct it.
  a.
Multiplying any positive number M by 104 will always yield a product greater than M.

  b.
Multiplying any positive decimal number by 104 can be accomplished by moving the decimal point four places to the right.

  c.
Multiplying any positive number M by 10-4 will always yield a product less than M.

  d.
Moving the decimal point of a positive number to the left always results in a smaller number.

  e.
Dividing any positive number M by 10n can be accomplished by moving the decimal point in the direction that results in a smaller number.

  f.
Multiplying by 10-4 is the same as dividing by 104.

8.
Compute the following as efficiently as possible.  Do not use a calculator.

  a.
382 • 10-5          b.  28 • 100,000        c.  0.5 ( 100         d.  4.9 ( 103         e.  2.025 • 10-3           f.  4.9 ( 100
9.
Fill in the following with place values.
  a.
A tenth of a cent is a  ?  of a dollar.        
b.  10 hundred dollar bills are worth 1  ?  dollars.

  c.
1000 thousand dollar bills are worth 1  ?  dollars.
d.
1 thousandth of a hundred dollars is 1  ?  dollar.

10.
Which of the following are equivalent to 10-3?

  a.
1/1000       b.  – 103         c.  -3 ( 10            d . 1 thousandth         e.  1 per thousand             f.  10 ten-thousandth

11.
A centimeter is a hundredth of a meter and a millimeter is a thousandth of 

a meter.  
  a.
What is the relationship between a centimeter and a millimeter?
  b.
The main marks on the ruler to the right are for centimeters.  What is

the distance between any two of the smallest marks?

  c.
What are the values of the marks halfway between the longest marks?

12.
Explain why 5 thousand + 9 hundred is the same as 59 hundred by referring to the relationship between hundreds and thousands.

13a.
What effect does multiplying a decimal number by 10 have on the place value of each digit of the number?

  b.
What effect does multiplying a decimal number by 1/10 have on the place value of each digit of the number?

14.
Use grid paper to illustrate why a tenth of a hundredth is a thousandth.

15.
Change the following terminating decimals into fraction form.

  a.
0.1             b.  0.3                 c.  0.007                   d.  0.00345                   e.  1.2                     f.    3.1415926

16.
Change the following fractions to decimal form.

  a.
17/1000          b.  7/100          c.  19/10,000              d.  137/1000             e.  1375/1000         f.  2000/1000  
17.
Describe the gasoline price of 3.289 in three different ways.     
4.
An easy way to find that 50,000 ( 1000 is equal to 50 is to cross out three zeros from both the dividend and the divisor.  Why does this method work?

18a.
1992 NAEP 8th grade mathematics item   [22% correct]


A certain reference file contains approximately one billion facts.  About how many millions is that?

   
(1)  1,000,000          (2)  100,000          (3) 10,000          (4)  1,000           (5)  100  

  b.
What are your chances of guessing the correct answer?  Report your answer in percent form.
  c.
Discuss what students need to know about our numeration system in order to answer this question correctly.

19.  
A classic example of computer-assisted theft is the case of programmer who realized he could steal excess interest from a bank.   When interest on a bank account is calculated, there may be a fraction of a cent left over after rounding a balance to the nearest cent.   This programmer instructed a computer to deposit these fractions of a cent into his own account.

  a.
Suppose you had $1636.78 in a saving account at this programmer’s bank, with an interest rate of 3% compounded monthly.  This means that your account earned interest at the end of each of the 12 months of the year at an interest rate of 1/12 of 3%.  Find the amount of money that would have been deposited into the programmer’s account.

  b.
Suppose someone else has $195,731.20 in the same type of savings account.  Find the amount of money that would have been deposited into the programmer’s account.  [Hint:  Look before you leap!]

  c.
Think about this situation and suggest an average for the amount of money that would have been deposited into the programmer’s account each time interest was calculated for an account.

  d.
Let’s suppose that the programmer’s bank had 50,000 accounts with interest calculated each month.  Also suppose the programmer was in operation for two years.  How much money would have accumulated in his account due to this operation?

____________________________________________________________________________________________

____________________________________________________________________________________________

3.4  
Equivalent Forms of Rational Numbers:  


Fractions, Decimals, Percents, and Scientific Notation

We know that every rational number has an infinite number of equivalent fraction forms.  For instance, 1/2 is equal to 2/4, 3/6, 4/8, etc.  This is the result of the Fundamental Property of Fractions.  We have just learned that rational numbers can be written in decimal as well as fraction form.  However, as you may recollect from previous experiences, there is more to rational numbers in decimal form than first meets the eye.  We will begin to explore the intricacies of decimal form in this section.  Later on, after studying division, we will return to this topic.

Percents are another common form for rational numbers.  It is extremely important to be adept at converting rational numbers back and forth between the three basic forms of fraction, decimal, and percent.  Familiarity with a fourth form of rational numbers, scientific notation, has also become essential in this age of electronic computing.
____________________________________________________________________________________________
Activity 3.4A
1.  
A rational number is a number that can be written as a fraction with numerator and denominator that are ________________________, with the denominator not equal to ____.

2. 
Using the definition of place value, convert the following decimals to fraction form.

 a.
0.3  __________       b.  0.07  __________       c.  0.00001  __________       d.  0.00000007  __________

3.
Examine your answers to the previous problem and fill in the following blanks:  A decimal fraction with a finite number of digits can be expressed in fraction form using a denominator that is a power of         .  The exponent corresponds to the number of _______________________________ in the decimal.
4.
Convert the following numbers to decimal form by using the definition of place value.

  a.
3/100    __________

b.  71/1,000                 ________
c.  7,123/1,000               ___________

5. 
Fill in the indicated numerators using the Fundamental Property of Fractions.  Then convert these fractions to decimal form.


  a.
4/5 =      /10 =  _______  
 
b. 18/2000 =      /1000 =  ______    
c.    4/25 =      /100 =  ______    

____________________________________________________________________________________________
Converting Between Fraction and Decimal Forms
In Chapter 1, a rational number was defined as a fraction A/B, with A and B integers and B ≠ 0.  Decimal form is simply another way of writing rational numbers.  Decimals with a finite number of digits are called terminating decimals.  These decimals are fractions with denominators that are powers of ten:  10, 100, 1000, etc.  

Example 1:
(a)  0.2 = 2 tenths  = 2/10     (b)  0.00021 = 21 hundred-thousandths = 21/100,000
Conversely, fractions with denominators that are powers of ten can easily be converted to decimal form.  Sometimes it is easy to use the Fundamental Property of Fractions to create such fractions.  

Example 2:
(a)  23/1000 = 0.023              (b)  18/200 = 9/100 = 0.09

However, most fractions do not have denominators that are powers of ten.  For reasons that will be explained later, we can use long division to convert such fractions to decimal form.  Unfortunately, there is a big catch.  This often results in a decimal that never terminates.  As the next activity illustrates, there is a pattern to this endlessness. 

____________________________________________________________________________________________
Activity 3.4B
1.
Use long division on separate paper to convert the following fractions to exact decimal form.  Do not round your answers. 

  a.
1/9 _____________                               b.  3/7_____________                             c.  11/120   _____________         

2.
What happens eventually in each of the decimal forms of these rational numbers?

____________________________________________________________________________________________
For reasons that we will investigate later, the decimal form of a rational number either terminates or contains a block of digits that repeat forever.  The repetitions are indicated either by an ellipsis (…) or a bar over the repeating digits.  Be careful to draw this bar only over the digits that repeat. 

Example 3:
(a)
 1/40 
=  1 ÷ 40  =  0.025                        
                   


(b)
 5/12 
=  5 ÷ 12  =  0.416666...  =  0.416         


(c)
   2/7 
=   2 ÷ 7   =  0.28571428571428 ...  =  0.285714


Rational numbers written in decimal form either terminate or repeat.  

A Warning about Calculators

Numbers reported on a calculator are restricted by the finite space  on the screen.  Thus using a calculator to convert a number from fraction to decimal form often leads to an approximation.  Most calculators round the last digit on display using the rule of thumb for five:  if the next digit is 5 or above, the last digit on display is rounded up.  Thus the calculator will display 0.4166666667 for 5/12.  The exact answer is 0.4166….    

A Special Unit:  Percent

“Hundredths” is a very useful unit in situations involving small parts.  For instance, bankers will lend you money if you pay them interest to the tune of, say, 16 hundredths of what you wish to borrow.  It is common to refer to hundredths or per hundred as “per cent.”  “Cent” is Latin for 100.  (“Cent” is a root for many words referring to 100, such as century, centennial, and centipede.)  Because the use of hundredth, or per cent, is so common,  people abbreviated per cent to “%.”  Any rational number can be written in percent form.  In practice, percents are usually used only for smaller rational numbers in situations involving ratios.  Later we will investigate percents in such contexts.  For now, we merely consider the basic meaning of a percent as an alternate form of a rational number. 

Various Meanings of Percent

We already know that 0.04, or 4 hundredths, is the same as 4 · 1/100.  Also, multiplying by 1/100 is the same as dividing by 100.  So “percent” is equivalent to all of the following.


Percent (%) means (a) over hundred, (b) per hundred, (c) hundredths, (d) times 1/100, and (e) divided by 100.

It is crucial to know that 100% is the same as 1.  This is the most fundamental benchmark for understanding the sizes of various percents.  For instance, knowing that 100 % is equal to one makes it obvious that 150% is 1½ or 1.5.  As the following activity demonstrates, the alternate meanings of “percent” are useful in various situations.

____________________________________________________________________________________________
Activity 3.4C

A.
Changing Forms

1.
Basics

  a.
What place value is the same as “percent”?   ________              b.  1 =_______ hundredths = _______ %
2.
Percent to Decimal

  a.
5% = ___ hundredths, which in decimal form is ________

  b.
45%  =  45 _________________, which in decimal form is  ________

  c.
200%  =  200 ________________, which in decimal form is  ________
  d.
Examine the pattern that occurs in these problems to describe how to convert 1.2% to decimal form.

3.
Decimal to Percent

  a.
0.4  =  0.40  =  40 ________________
=  ______%
b.  0.48  =  48 ___________________ =  _____ %

  c.  2  =  200 _______________________  
=  ______% 
d.  0.008  =  0.8 ___________________ =  _____ %

  e.
Use the pattern that occurs in these problems to describe how to convert any decimal to percent form.

4.
Fraction to Percent:  Convert the following fractions to percent form, rounding to the nearest tenth of a percent. 


Use your calculator.  [Hint:  Consider making a stopover at decimal form.]

  a.
3/20         _________________   
b.   17/221
_________________     
c.  459/3923                _________________
5.
Percent to Fraction:  Convert the following percents to reduced fractions or whole numbers 
  a.
4%        _________________   
b.  2.9%
_________________  
c.  0.01%                 _________________
B.
Untangling Mixed Forms 
1a.
In decimal form, 41/2  =  _____ 
b.  Similarly, 41/2%  = ______ %     
c.  In decimal form, 41/2%  = ______    




2.
Change the following to decimal form.

  a.
 51/6%   _________________
b.  53/4% 
_________________
c.  1/2%                    _________________  

3a.
“Hundredths” means “times _______”, so that the percent sign can be replaced with  “times _______.”           


  b.
With this in mind, change the following percents to exact fraction form.  

[Hint:  In multiplication, mixed numbers need to be changed to improper fractions.]

  a.
 51/6%     _________________
b.  72/3% 
_________________
c.  1/2%
_________________
5.
Try changing 72/3% to exact fraction form by converting 

to decimal first.  What problem do you encounter?      
____________________________________________________________________________________________
Percent ↔ Decimal
It is usually easy to convert between percent and decimal forms because percent means hundredths and hundredths is a decimal place value.

Example 5:
a.  8% = 8 hundredths = 0.08


b.  30% = 0.30 = 30 hundredths =  30%


c.  350% = 350 hundredths = 3.50 = 3.5

As you can see, a simple pattern emerges.  Changing from percent to decimal form is essentially changing from the hundredths unit to the ones unit.  This has the visual effect of shifting the decimal point two places.  But which way?  Rather than simply memorizing a direction, it is wiser to understand what is happening by using the Conversion Principle.  Since we are converting from a smaller unit (hundredths) to a larger unit (ones), the number in decimal form will be smaller than the number with the percent sign.  Similarly, when we convert from decimal to percent form, the number associated with the percent will be larger. 

Example 6:     
(a)   5%               =      0.05         
(b)   21  ones       =       2100%

      
        ↓                             ↓                    
          ↓                              ↓

 
larger number           smaller number            
smaller number            larger number

            
with smaller unit       with larger unit
with larger unit          with smaller unit

The resulting pattern is as follows: 

1.
When converting from decimal to percent, move the decimal point in the direction that results in a larger number and append a percent sign.  This means that the decimal point moves two places to the right.

2.
When converting from percent to decimal, move the decimal point in the direction that results in a smaller number and drop the percent sign.  This means that the decimal point moves two places to the left.

Teaching Tip:   Help your students develop a basic understanding about the sizes 
of products before introducing rules about the direction of the moving decimal point.

Some people, including the author of this textbook, have great trouble remembering
 rules about left and right and greatly prefer thinking about relative sizes of numbers.
Percent ↔ Fraction
Since percent means hundredths, it is easy to change simple percents to fraction form.
Example 7:
45%  =  45 hundredths  =  45/100  =  9/20
If a percent contains a decimal, it is usually easier to convert to decimal form first, then to fraction form.

Example 8:
4.9%  =  0.049  =  49/1000
If a percent contains a fraction, it is sometimes possible to change completely to fraction form by converting to decimal form first.  

Example 9: 
51/4%  =  5.25%  =  0.0525  =  525/10,000  =  21/400 

However, if the decimal form is non-terminating, use the fact that “hundredths“ means to multiply by 1/100.  
Example 10:
41/3%  =  41/3  • 1/100 =  13/3  • 1/100  = 13/300  

Being able to perform these conversions is an essential skill.  Some of these conversions are very simple while others are more involved.  All should be mastered thoroughly.  
Common Equivalences
Number sense is greatly enhanced by memorizing certain basic equivalences among fraction, decimal, and percent forms, including the following.

                      Halves, Fourths, and Eighths                                        Thirds and Sixths                        Wholes

___________________________________________________________________________________________                                                                                                                                                                                      

     1/8           1/4             1/2              5/8               3/4              7/8              1/6
         1/3
         2/3               5/6
        1           2

___________________________________________________________________________________________  

   0.125       0.25         0.5         0.625        0.75       0.875        0.16         0.3
        0.6         0.83
      1.00      2.00

___________________________________________________________________________________________
   12.5%      25%       50%       62.5%       75%       87.5%     16.6%     33.3%      66.6%      83.3%      100%   200%
___________________________________________________________________________________________

                         Fifths                                         Tenths                               Hundredths                      Others

____________________________________________________________________________________________
     1/5            2/5          3/5           4/5           1/10           2/10, 3/10, etc.         1/100         2/100, 3/100, etc.        1/20         1/25                    

____________________________________________________________________________________________

      0.2         0.4          0.6          0.8            0.1           0.2, 0.3, etc           0.01        0.02, 0.03, etc.        0.05        0.04    ____________________________________________________________________________________________

     20%         40%      60%        80%        10%       20%, 30%, etc.         1%            2%, 3%, etc.           5%         4%
____________________________________________________________________________________________                                                                                                                                                                                             



Scientific Notation

Within the last several centuries, scientists have made a number of fascinating discoveries involving very large and very small numbers.  For instance, this universe of ours is really big.  Our galaxy alone is 587,800,000,000,000,000 miles wide, and it is an extremely small part of the entire universe.  Not only that, all matter in the universe is made up of really small atoms.  A typical atom has a diameter of about 0.0000000001 meters.  Pack these little guys together and they really start adding up:  a cubic inch of a solid contains about 16,000,000,000,000,000,000,000,000 atoms.  It’s just mind boggling—and hard on the eyes too.  Who wants to count up all those zeros?  One way to get around the use of large or small numbers is to invent new units.  Scientists have invented special units such as the angstrom, which is one hundred-millionth of a centimeter, and the light-year, which is the distance traveled by light in a year:  1 light-year ( 5,879,000,000,000 miles.  

   Stars through Hubble Telescope        
However, inventing new units is only a partial solution.  The problem was
             courtesy of NASA and  
solved by developing scientific notation, a special way of writing numbers 
   the Space Telescope Science Institute
using powers of ten.  In this notation, a number is expressed as a product of 



(a) a value between one and ten and (b) a power of 10.  To understand how this notation works, first recall that multiplying by 10N, with N a nonnegative integer, makes the product larger and thus has the effect of moving the decimal point N places to the right.
Example 11:
2.3 · 103  =  2300

Converting a number greater than one into scientific notation is a matter of reversing this process.  Move the decimal point until there is only one nonzero digit to its left.  The exponent for 10 corresponds to the number of places that the decimal point was moved.  Recall that 100 is equal to 1.  

Example 12:   
(a)  4,800,000 = 4.8 · 106
(b)  78.4 = 7.84 · 101

(c)  3.4 = 3.4 · 100     

Writing small numbers between 0 and 1 in scientific notation involves the use of negative exponents.  Recall that

10-N means 1/10N.  Multiplying by 10-N makes the product smaller and has the visual effect of moving the decimal point N places to the left.   
 
Example 13:  
(a)  3.4 · 10-3 = 0.0034   
(b)  600.5 · 10-2  =  6.005
 
  

Thus, converting rational numbers between 0 and 1 to scientific notation is quite similar to converting larger numbers, except that the exponent of 10 is negative.

Example 14:
(a)  0.00409  =  4.09 · 10-3  
(b)  0.04  =  4.0 · 10-2    
(c)  400  =  4.0 · 102
It is helpful to remember the following regarding scientific notation:  

(a)  Positive exponents are associated with larger numbers (M ≥ 10).  


(b)  Negative exponents are associated with smaller numbers (0 < M < 1).


Teaching Tip:  Teaching conversions related to scientific notation should be based on common sense, not meaningless rules about the movement of the decimal point. For many people, these rules are hard to memorize and  easy to forget.   Notice that a positive exponent is related to both left and right movements of the decimal point.  For instance, 4 · 103 = 4000, with the decimal point moving to the right.  However, when 4000 is converted to 4 • 103, the decimal point moves to the left.  An analogous situation occurs with negative exponents.  Fortunately there is an easy way to understand scientific notation:  for N a nonzero whole number, multiplying by 10N yields a larger product, while multiplying by 10-N yields a smaller product.  People
Left or right???

who understand this principle do not have to use left/right rules. 

Summary of Scientific Notation

Any rational number can be written as a product such that the first factor has one digit 

to the left of the decimal point and the second factor is an integer power of 10.

____ • ____ ____ ____ . . .  ( 10N  or 10-N or 100, for N a whole number
 
1.  Numbers with absolute values greater than or equal to 10 are written with positive integer exponents.




Example:  4,500 = 4.5 ( 103    



2.  Numbers with absolute values between 1 and 10 are written with the 0 exponent.




Example:  5.2 = 5.2 ( 100



      
3.  Numbers with absolute values between 0 and 1 are written with negative integer exponents. 




Example:  0.52 = 5.2 ( 10-1


Calculator Notation for Scientific Notation

Due to limited display space, scientific and graphing calculators have a habit of reporting very large or very small numbers in an abbreviated form of scientific notation.  Following are examples of common calculator dialects.

(a)  5.84 E 8  =  5.84 ( 108       
 (b)  5.84  -8  =  5.84 ( 10-8    
____________________________________________________________________________________________
3.4 Homework Problems

A.
Answer the following questions.  DO NOT USE A CALCULATOR.

1.
Write two tenths in the four basic forms described in this section.

2.
Convert the following to exact decimal form.

  a.
30%
b.  2/50
c.  3.25%
d.  3/14
3.
Convert the following to exact decimal form.

  a.
31/2%
b.  53/4%
c.  101/3%
d.  3/5%
e.  14/15%

4.
Convert the following to reduced proper fraction, whole number, or mixed number form.

  a.
30%
b.  0.0025
c.  3.25%
d.  51/4%
e.  101/3% 

  f.
1000%
g.  55/6%
h.  1/2%
 i.  450%
 j.  0.01%  

5.
Convert the following to percent form.

  a.
0.3
b.  0.0025
c.  3/40      
d.  3.2



  e.  
4/15
f.  51/4      
g.  10
h.  0.0001

6.
Convert the following to scientific notation.

  a.
0.00045
b. 
587,800,000,000,000,000 miles (diameter of the Milky Way)


  c.
456,000,000
d. 
0.0000000001 meter (the diameter of an atom)

  e.
0.000406
f.  
16, 000,000,000,000,000,000,000,000,000 atoms per cubic centimeter 

7.
Convert the following to ordinary decimal notation.  “CD” refers to a calculator display.
  a.
3.045 · 10-2
b.  3.045 · 104
c.   30 · 10-2
d.   354 · 103
  e.  
5.83 · 106
f.   5.2 · 300
g.   3.06 · 107
h.   0.0306 · 10-4


  i.
3.06 · 10-3
j.   3.065 · 105
k.   3.42354  E 6  (CD) 
l.    1.00043  -3  (CD)



8.
Identify the types of numbers for which the exponent will always be negative when the number is written in


scientific notation:   

(a)  
negative  numbers    (b)  numbers between 0 and 1    (c) numbers less than 10    (d)  rational numbers

9.
When a number is written in scientific notation, how many digits will be to the left of the decimal point?

10.
Convert the following to scientific notation.

  a. 
58,000,000,000 miles     b.  0.00000106 cm    
c.  160,000 cc         
d.  0.0023 kg

11.
Calculate without a calculator and report your answers in scientific notation:  

  a.  
(8 · 104) · (5 · 103)         
b.  (8 · 104) (5 · 103)
  c.
(8 · 105) ( (2 · 103)         
d.  (8 · 105) (2 · 103)
12.
Give four meanings of percent (%).  Include a meaning involving division and a meaning involving multiplication.

13.
Explain why a percent can be converted to decimal form by moving the decimal point left two places and dropping the percent sign.

14.
Explain why 4% is the same as 4/100.  

15.
A common mistake made in changing 53/4% into decimal form is to report 5.75 as the answer.
  a.
What is the correct decimal form of 53/4% ?

  b.
Why do you suppose people make the above mistake?

16.
Explain why multiplying a decimal by 104 has the effect of moving the decimal point four places to the right.  [Hint:  Your explanation should refer to place values.]
17.
When measuring levels of pollutants in air, water, body fluids, and so on, it is common to use 1 part per million (ppm) as the unit for reporting concentrations.   For instance, carbon monoxide is a very toxic gas.  If the ratio 

of carbon monoxide to air is at levels of approximately 100 ppm, people will get headaches of varying severity.  Levels of 1000 ppm and higher can cause dizziness, nausea, unconsciousness, brain damage and death.

  a.
Convert 1000 ppm to decimal form.

  b.
Convert 1000 ppm to percent form.

  c.
Why do you suppose scientists use ppm in this situation  instead of percent?

18.
Compute the following without a calculator.

  a.
102 ( 103          b.  102 + 103       c. 102 ( 103          d. 102 - 103      e. 10-2 ( 103           b.  10-2 + 103           c. 10-2  ( 103           
B.
An Exploration


The problem is to determine what types of rational numbers have terminating decimal forms and what types have repeating decimal forms.  Here are useful facts for this investigation:  


a.
A prime number is a whole number with exactly two factors. 



Primes = {2, 3, 5, 7, 11,...}.


b.
Non-zero whole numbers with more than two factors are called composite numbers.


 c.
Every composite number can be written as a product of prime numbers in only one way (ignoring the order 






of the factors).  This is called its prime factorization. 

1.
Start a table as indicated below.


  Unit Fraction      
Prime Factorization of Denominator  
Decimal Form 
      


1/2
2 is prime.

0.5






1/3
3 is prime.

0.333...




  1/4

4 = 2 • 2

0.25


2.
Complete the table for the first 20 unit fractions.  Use your calculator to find the decimal forms of these fractions.

3.
Add unit fractions with the following denominators to your list:  25, 35, 40, 63, 64, 75, 80, 81, 99, 100,  1024.  

4.
Highlight the rows containing unit fractions with terminating decimal forms.  (You may assume that any decimal form that completely fills the display space in your calculator is not terminating.)

5.
Look for a pattern between the prime factorizations of the denominators and the decimal forms of the fractions.

  a.
What types of rational numbers have decimal forms that terminate? 

  b.
What types of rational numbers have decimal forms that repeat? 

6.
If some rational numbers between 0 and 1 are selected at random, would you expect most of them to have terminating decimal forms or repeating decimal forms?  Justify your answer.
C.
Additional Questions (no answers in the Solutions Manual)


Do not use a calculator on problems 1-3.

1.
Convert to fraction form:  (a) 0.004      (b) 6%          (c)  0.6%          (d)  4.2 ( 10-3                (e)  2⅓%
2.
Convert to decimal form:  (a) 0.04%      (b) 650%       (c) ½%      (d)  1.05 ( 10-4                (e)  2⅓%
3.
Convert to percent form:  (a) 19/300       (b) 2.5       (c) 0.2932923…      (d)  1. 5 ( 10-3                (e)  21/400
4a.
Plot 1.5 and 1.5% on a single number line, estimating as necessary.
  b.
1.5 is  ?  times larger than 1.5%.
5.
Which of the following are equivalent to N%?
  a.
N per hundred    b. N hundredths    c. N ( 100   d. N/100   e.  N ( 100    f.  N ( 1/100    g. N ( 10-2    h.  N: 100

6.
Explain how 0.04 can be changed to 4%, and vice versa, by referring to an appropriate place value.
7a.
If a class is 80% women, what is the ratio of women to men?

  b.
If 0.1% of the population have an allergic reaction to brussel sprouts, what is the ratio of people with this allergy to people who do not have this allergy?
8.
The Earth’s atmosphere contains over a dozen different types of gases.  Most of these gases are in such small amounts that scientists use parts per million (ppm) to describe their concentrations.   The following refer to concentrations by volume in a dry (non-humid) atmosphere.
  a.
The atmosphere is 20.9460% oxygen.  Convert this to ppm.
  b.
The concentration of helium is 5.24 ppm.  Convert to decimal and percent forms.

  c.
Why is ppm used instead of percent in this situation?
9.
Convert the following numbers to scientific notation.
  a.
The distance from Neptune to the Sun is about 2,800,000,000 miles.

  b.
The size of a hydrogen atom is about 0.000000000106 meters.
  c.  Astronomers estimate that there are probably more than one hundred billion galaxies in the observable universe.
  d.
The diameter of the Milky Way galaxy is about 5,878,000,000,000,000,000 miles.                Neptune
  e.
The Mymarid wasp, the smallest insect, is 0.000139 meters long.                               courtesy of NASA and Voyager 2
10.
Compute the following without a calculator.

  a.
102 ( 103          b.  102 + 103       c. 102 ( 103          d. 102 - 103      e. 10-2 ( 103           
  f.  
10-2 + 103       g. 10-2  ( 103         h. 10-2  - 103         i. 10-2 – 10-3    j. 10-2 ( 10-3            
_________________________________________________________________________                                                

___________________________________________________________________________________ _________
3.5  Measurement Systems I:  The Metric and American Systems

There are two major measurement systems in use in the United States.  The American customary system is used in many daily situations while the metric system is standard in many professions and industries.  It is important to be familiar with both.  


The Metric System

The French created the metric system in the late eighteenth century—while they were in the middle of the French Revolution!  It is a marvelous base 10 measurement system used by almost every country in the world, except the United States, Liberia, and Myanmar.  This system is also referred to as the International System of Units, with units called SI units.  It has been infiltrating this country for several decades and is now the standard system used in science, medicine, certain sports, and the pharmaceutical industry.


  The Storming of the Bastille, July 14, 1789

     Basic Metric Unit
Attribute
Reference

                                                                          



gram (g)
weight
One gram is about the weight of a paper clip. 






28 g ≈ 1 ounce





1 kg ≈ 2.2 lbs





1 metric ton (1000 kg) is a little more than an American ton. 


meter (m)
length
One meter is a little more than a yard.





One centimeter is about the width of a paper clip.  





1 m  ≈ 39.4 inches





2.54 cm = 1 in. (exact)





1 km ≈ 0.6 mi.


liter (L)
volume
One liter is a little more than a quart.





0.946 L  ≈  1 quart



Celsius (˚C)
temperature
0˚ C =  32˚ F  (freezing point of water) 





100˚ C =  212˚ F  (boiling point of water)

Like our numeration system, the metric system is a base ten system.  Its units are powers of ten and the Ten for One Principle applies:  10 smaller units are equivalent to one of the next larger unit.  These units are used as prefixes for the basic metric measurement units.


Metric Prefixes

    Prefix  
       giga-        mega-             kilo-       hecto-   deca-   deci-      centi-          milli-       micro-       nano-  

    Meaning       billion       million         thousand  hundred   ten      tenth  hundredth  thousandth  millionth  billionth  

    Shorthand        G __   __  M  __    __
 K             H          D          d
         c
              m
             -
            -

Example 1:
10 millimeters  =  1 centimeter    
10 decameters  =  1  hectometer    

               1 GB  =  1000 MB

For reasons that will become clear as we do conversions, the number that relates two units is called the conversion factor.  For example, since 10 millimeters are equivalent to 1 centimeter, we multiply the number of cm by  10 to obtain the number of mm.  Conversely, since 1 millimeter is 1/10 of a centimeter, we multiply the number of mm by 1/10 to obtain the number of cm.  
Notice that there is no special name for 10,000 or 100,000, nor for 1/10,000 or 1/100,000.  For the larger and smaller metric units, only every third power of ten has a special name.  Thus the conversion factor between these adjacent units is 103, not 10.  This is exactly parallel to the relationship between very large and very small place values in our numeration system.

Example 2:
Numeration System
Metric System

1 million  =  1,000 thousands 
1 megagram  =  1,000 kilograms
       



1 billion  =  1,000 millions 
1 gigabyte  =  1,000 megabytes 
        


1 thousandth  =  103 millionths
1 milliliter  =  103 microliters  

In either system, a number can be changed to a new unit simply by observing the digits related to the place value of interest. 

Example 3:
(a)   1 million = 1,000,000 = 1,000 thousands;
1 megabyte = 1,000,000 bytes = 1,000 kilobytes 
 

                                                               1,000  thousands                   
1,000 kilos (thousands)


(b)   0.45 = 45 hundredths; 0.45 meters = 45 centimeters;  0.004 gram = 4 milligrams  

                                           45 hundredths      
45  centi- (hundredths)             
4 milli-  (thousandths)

Metric units are marked below on a logarithmic scale.  On this scale, the distances between marks are not uniform.

               G                                    M
                      K         H          D                       d           c        m

        ____|______|______|______ |______|______|______|______|______|______|______|______|_____|____    

              109        108       107        106        105       104       103       102       101         1        1/101      1/102    1/103
Teaching Tip:  Some people find it helpful to use mnemonic devices such as the following sentence  for remembering the order of metric prefixes clustered around one:  “Kill Hitler Dead, mama don’t care much.”  (The m in mama is for “meter.”) These metric prefixes are a factor of ten apart from each other. The other prefixes, G, M, and K, are a factor of 1000  apart from each other.  

Most Americans need experience getting a “feel” for metric measurements because we do not use them regularly.  

Example 4:  
Vitamin C is measured in milligrams, or thousandths of a gram.  Since a paperclip weighs about a gram, there is a very tiny amount of Vitamin C in a pill.


____________________________________________________________________________________________
Activity 3.5A
1.
Choose an appropriate American unit and an appropriate metric unit to use in measuring the following quantities.



          American


  Metric

American
Metric

  a.
The weight of a truck
_____________________     _____________________

  b.
The volume of a glass of water

_____________________     _____________________

  c.
The length of a fingernail
_____________________     _____________________

2a.
1 cm = 10  ____________________________         b.  1000 KB  =  1  ________________________________


3.
Show why 3000 grams are the same as 3 kilograms.

4.
Consider 0.035 grams.

  a.
What place does the digit 5 occupy?
_______________

  b.
How is the answer to part (a) related to the fact that 0.035 g = 35 mg?
___________________________________________________________________________________________

Metric Conversions Using Substitution
Conversions in the metric system are quite similar to conversions within our numeration system.  Recall how to make conversions among place value units. 

Example 5:    (a)  3.1 thousand  = 31 hundred    (b)  87,000,000 ones  =  87 million   (c)  400 million  =  0.4 billion
  

In each of these cases, we are replacing one unit by an equivalent number of other units.  The following example shows the exact substitution process.

Example 6:
3.1 thousand  =  3 thousand   +  1/10 of a thousand =  3 · 10 hundred + 1 hundred  =  31 hundred  



This basic technique applies to any situation in which we want to replace one unit by another, including metric units.

Example 7:
3 grams + 100 milligrams  =  3 · 1000 milligrams + 100 milligrams  =  3100 milligrams      




One gram is replaced by 1000 milligrams.

This process is called the Substitution Principle.  It is a basic procedure for converting from one unit to another.    


The Substitution Principle

Replacing a number or expression by an equivalent number

or expression yields an equivalent quantity.

Example 8:  
(a)   50 cm  =  50 hundredths of a meter  =  0.5 m       (b)  2.5 GB = 2.5 of 1000 MB  =  2500 MB







                                         
1 cm  =  1/100 m                                                               
1 GB = 1000 MB

A Shortcut to Metric Conversions Using Base Ten Principles

A simple pattern occurs for conversions within the metric system:  the initial and final numbers differ only by the number of zeros and the location of the decimal point.  This pattern occurs because the metric system is a base 10 system like our numeration system. Below are examples of analogous conversions within these two systems.


Numeration System Conversions 
       Corresponding Metric System Conversions


10 thousandths  
=  1 hundredth
10 millimeters   
=   1 centimeter  


100 hundredths 
=  1 one
100 centimeters   
=   1 meter  


2,000 thousands 
=  2 million
2,000 kilometers 
=   2 megameters  


500 million 
=  0.5 billion
500 megabytes    
=   0.5 gigabytes  

Conversions among units in base 10 systems boil down to moving the decimal point because base 10 conversion factors are all powers of ten.  For N a whole number, multiplying a decimal number by 10N generates a larger number, which means that the decimal point moves N places to the right.  Dividing by 10N has the opposite effect, generating a smaller number with the decimal point moved to the right.
Example 9:
(a)  650 mg  =  650 · 1/1000 gram  =  650 · 10-3 g  =  0.65 grams  

 
(b)  58 km  =  58 · 1000 meters  =  58 · 103 m  =  58,000 meters  

The Conversion Principle can also be used to decide which way to move the decimal point.  Converting from a larger to a smaller unit yields more of the smaller units; conversely, converting from a smaller to a larger unit yields fewer of the larger units.  

Example 10:
We can determine that 650 mg is equal to 0.65 grams by first observing that these two units are three places (three powers of 10) apart.  Next observe that we are converting to a larger unit, so the number of units will be smaller.  Move the decimal point three places in the direction that makes the number smaller:  650 mg  =  0.650 g. 


                                        ٨                ٨


Example 11:
To convert 2.5 GB to KB, observe that KB is the smaller unit and is six powers of 10 to the right 

of GB.  So 2.5 GB = 2,500,000 KB.


               G                                    M
                    K         H          D                       d           c        m

        ____|______|______|______ |______|______|______|______|______|______|______|______|_____|____    

              109       108       107        106        105       104       103       102       101         1         1/101      1/102    1/103

Summary of Conversions Within the Base Ten Metric System
(1)
Larger to Smaller:   To convert from a larger unit to a unit that is N powers of 10 smaller, move the decimal point N places in the direction that makes the number of units larger.  That is, move the decimal point N places to the right.

Example:  45 meters  =  4500 centimeters    

                          m                          cm

                                                                                                   |_______|_______|______ 

(2)
Smaller to Larger:  To convert from a smaller unit to a unit that is N powers of 10 larger, move the decimal point N places in the direction that makes the number of units smaller.  That is, move the decimal point N places to the left.

Example: 360.2 milligrams  = 0.3602 grams                   g                                          mg

                                                                                                    |_______|_______|_______|_____ 

      




          

               1            1/10         1/102          1/103 
____________________________________________________________________________________________
Activity 3.5B

1.  
Convert to the indicated units by moving decimal points appropriately.

  a.
500 cm
=  ___________  decimeters
b.
25 GB   =  __________ MB

                   
=  ___________  meters  


            
=  ___________  km
c.
4.5 mm  =  __________ cm 

2.
30 micrograms  =  30 ____________________  of a gram  =  ________________________ gram.

3.
Show exactly how to use substitution to convert 2.6 cm to mm.



4.   Find the total weight of objects with the following weights:  0.23 kg, 400 mg, 3 g, 0.2 g.              ___________

____________________________________________________________________________________________
The American Customary Measurement System 

Unfortunately, Americans still use a customary measurement system left over from the days of British colonialism.  (The British, by the way, adopted the metric system decades ago.)  This system is not a base 10 system.  In fact, it hardly has any system to it at all.  Below is a list of the more common units in this system along with a motley assortment of conversion factors.  



       Length




Liquid Measure

  12 inches
=  1 foot   
3 teaspoons (tsp)
=  1 tablespoon  (tbs or Tbl)


        3 feet 
=  1 yard
     2 tablespoons
=  1 ounce  (oz)

              1760 yards 
=  1 mile
             8 ounces 
=  1 cup  (c)


  5280 feet
=  1 mile
                 2 cups
=  1 pint  (pt)





                 2 pints
=  1 quart  (qt)


            Weight
                4 quarts
=  1 gallon  (gal)


     16 ounces  
=  1 pound


2000 pounds 
=  1 ton

Since the American measurement system is not a base 10 system, conversions within this system take more work than for the metric system.  The Substitution and Conversion Principles must be used in conjunction with appropriate conversion factors.  (Another conversion method, dimensional analysis, will be discussed in a later section.)
____________________________________________________________________________________________
Activity 3.5C

1.
Use labeled pictures to show how to use yardsticks and 12-inch rulers to convert the measurement of two yards and one foot completely into inches.  

2.
 Using substitution:  2 yards + 1 foot + 4 inches  =  2 · ( ______ in.)  +  1 · ( ______ in.)  +  4 in.  =  _______ in.

3a.
Converting from quarts to cups using substitution:  6 qt.  =  6 · (___ pt.)  =  12 pt.  =  12 · (___ c.)  =  ____ c.

 b.
Explain how to convert 2 hours, 13 minutes, and 20 seconds completely into minutes using the Conversion Principle.
4a.
Use the Substitution Method to change seven ounces into teaspoons.  Be sure to show each substitution clearly. 



  b.
If we convert from a larger to a smaller unit, the number of smaller units will be [larger/smaller] than the original number of larger units.


5.
4 quarts = 1 gallon   =>  1 quart = one  ____________ of a gallon

6a.
30 cups  =  30 · (½ pt.)  = 15 pt.  = 15 · (___ qt.)  =  _____ quarts  


  b.
Since cups are smaller than pints, it makes sense to [multiply/divide] by 2 to convert from cups to pints. 
(Circle your answer.)  This means that 30 cups is the same as _____ pints.

7.  
Convert 5 lbs. 3 oz. to pounds using substitution.

8.
Find the approximate weight of a five liter container filled with water using the following facts:


(a)  “A pint’s a pound the world around.” 
(b) One liter is about the same as a quart.

____________________________________________________________________________________________
Recall the Substitution Principle:  when doing a conversion, we need to replace the original unit by the appropriate number of new units.  As the next example illustrates, some substitutions can be demonstrated physically.

Example 12:
Suppose a child is 31 inches tall.  It is traditional to report height as a mixed number involving feet and inches.  Young children can do this using rulers: 

             
                 1 ft                                     1 ft                             7"      


 |_|_|_|_|_|_|_|_|_|_|_|_|_|_|_|_|_|_|_|_|_|_|_|_|_|_|_|_|_|_|_|_|_|_|_| 

              
                 12''                                     12''                            7''       


31''  =  12 inches + 12 inches + 7 inches  =  1 foot + 1 foot + 7 inches  =  2' 7''

The mixed number answer to the previous example can be converted entirely to feet or inches using substitution.             



Example 13:
(a)  2' 7'' = 2 feet + 7 inches  = 2 feet + 7 twelfths of a foot  =  27/12 feet  

(b)  2' 7'' = 2 feet + 7 inches  = 2 ( 12 inches + 7 inches = 31 inches
Example 14:
How many 8-ounce cups of milk are there in a gallon?  

(a)
A Visual Approach

1.
First, identify the relationship between the two units.  In this case, there are a string of


relationships:  1 gallon = 4 quarts, 1 quart= 2 pints, 1 pint = 2 cups, and 1 cup = 8 ounces.    

2.
Now convert.  This can be done visually. 


            



           1 gallon            4 quarts in a gallon        2 pints in each quart             2 cups in each pint

These pictures show there are a total of 16 cups, or 16 8-oz. glasses, in a gallon.

(b) 
Substitution


The number of cups in a gallon can also be determined using substitution: 


replace each unit with an equivalent number of a smaller unit:  


1 gal.  = 4 qts. = 4 • (2 pts.)  = 8 pts.  = 8 • (2 cups) = 16 cups 


Teaching Tip:  Milk cartons are ideal for illustrating
 these volume units.  Milk is typically sold in gallons, 
half-gallons, quarts, pints, and cups.

Conversions in General

Any unit can be converted to any other unit for the same attribute if we know the relationship between the units.

Example 15:
Furlongs and rods are units for length that are still used in horse racing.  One furlong is equal to 660 feet.  There are 40 rods in a furlong.  How many feet are in a rod?


1 rod  =  1 fortieth of a furlong = 1/40 (  (660 feet)  =  16.5 feet 

Algebra Connection:  The Substitution Principle is important to learn because it is a general principle with wide applications.  You may recall using this principle in algebra. 

Example 16:
The width of a rectangle is twice the length.  Express the area  in terms of the length.




W = 2L    =>   Area of a rectangle  =  L • W  =  L • (2L) = 2L2.

A Shortcut Using the Conversion Principle

An abbreviated way to convert from one unit to another is to be aware of the following implications of the Conversion Principle for conversion factors greater than one.  When using a conversion factor greater than one:

1.  Converting from a larger to a smaller unit  =>  more units   =>  multiply by the conversion factor

2.  Converting from a smaller to a larger unit  =>  fewer units  =>  divide by the conversion factor 

Example 17:
To convert 8000 feet to miles, recall that 5280 feet is equivalent to one mile and miles are smaller than feet:  8000 feet = (8000 ( 5280) miles  ≈ 1.52 miles. 

Example 18:
Converting from gallons to ounces involves a series of conversions from larger to smaller units,        so the number of ounces in 2.5 gallons can be found by multiplying by four conversion factors.  


2.5 gallons  =  2.5 · 4 · 2 · 2 · 8 ounces  =  320 ounces

  
        1 gal. = 4 qt.  1 qt. = 2 pt.  1 pt. = 2 c.  1 c. = 8 oz.
While this shortcut can be efficient, you may lose track of what you are doing.  Substitution is safer:

2.5 gallons = 2.5 · 4 qts. = 10 qts. = 10 · 2 pts.  = 20 pts. = 20 · 2 c. =  40 c. =  40 · 8 oz. = 320 oz.
Solving Problems Involving Multiple Units

If a problem contains multiple units for the same attribute, it is helpful and usually necessary to convert to a single unit.  It is often easier to convert to the smaller unit.

Example 19:
A pharmacist is making pills that contain 10 mg of a drug.  How many pills can he make if he has 
25 grams of this drug on hand?  


(1)  Change 25 grams to milligrams:  25 g = 25,000 mg.


(2)  Divide 25,000 mg by 10 mg per pill to obtain 2,500 pills.

Example 20:
How many 6 ounce glasses of orange juice can be poured from a half-gallon jug of orange juice?


Change ½ gallon to ounces:  ½ gallon =  ½ · 4 qts.  =  2 qts.  


=  2 · 4 c.  =  8 c.  =  8 · 8 oz. = 64 oz. 
 


64 oz. ( 6 oz per cup  =  10⅔ cups
____________________________________________________________________________________________
3.5 Homework Problems
A.
Answer the following.

1.
Discuss the advantages and disadvantages of the American system of measurement compared to the metric system.

2a.
State the Substitution Principle and create an example of a conversion in which this principle is applied.

  b.
State the Conversion Principle and create an example of a conversion in which this principle is applied.

3.
Explain why the following is an incorrect usage of the Substitution Principle:  3 qts.  =  3 qt. x 2 pt.  =  6 pt.

4.
Decide whether each of the following makes sense.  If necessary, change the number or unit so that the statement makes sense.

  a.
It is 2 meters from my house to the university.

  b.
The high temperature this past July was  80˚ Celsius.

  c.
I drank 1000 mL of water at lunch.

  d.
A baby weighed 10 grams at birth.

  e.
I need to convert my weight from pounds to liters.

  f.
The label on a box of vitamin pills states that each pill contains 500 mg of Vitamin C.

5.
State the definitions of the following metric prefixes or abbreviations.


(a)  giga-      (b)  milli-      (c)   cm       (d)  kg            (e)  mL            (f)  mega-   
(g) nano-

6.
Draw a logarithmic scale and label all the metric units.

7.
Use two different equations to express the relationship between the following pairs of units.


a.
 mm and cm
b.  feet and inches
c.  teaspoons and tablespoons

8.
Which of the following are related by a conversion factor of 1000?


a.
mm and cm
b.  GB and MB
c.  trillion and billion  
d.  micron and millimeter


e.
Mm and Km
f.   thousand and hundred
g.  thousand and million
h.  nanosecond and microsecond

9.
What major characteristic is shared by our numeration system, the metric system, and our money system?

10.
Use substitution to make the following conversions.  Show your method.

  a.
40 cm to mm   


b.  12 tbs to oz.   

c.  0.5 mm to microns

  d.
4.25 ft to inches   



e.  150 oz. to lbs. 

f.  4.5 gal. to oz.

11.
The length of a rectangle is two meters longer than its width.


a.
Describe the area of this rectangle as a function of its width.


b.
Describe the perimeter of this rectangle as a function of its width.


c.
Describe the width as a function of its length.

12.
One leg of a right triangle is twice as long as the other leg.  Describe the hypotenuse of this right triangle in terms of the shorter leg.

13.
Use the most efficient method to make the following conversions.

  a.
40 cm to mm   

b.  67 dm to cm     
c.  50 ml to microliters

  d.
4 g to mg

e.  5000 m to km
f.   4.3 mm to cm

  g.
4.5 GB to MB

h.  0.3 kW-hours to W-hours
i.  400 MB to GB

  j.
0.5 GB to KB

k.  10 microns to mm
l.  200 nanoseconds to microseconds

14.
Find the perimeter of a pentagon with the following side measurements:  


0.4 decameters, 2.4 meters, 560 centimeters, 2500 mm, 0.6 m.

15.
People are advised to drink at least eight 8-ounce glasses of water a day.  How many quarts of water is this?

16.
Comparisons between our numeration system, our money system, and the metric system:

  a.
1000 thousands is the same as 1  ?  and 1000 kg =  ?  
b.
1000 thousandths = 1  ?  and 1000 mg = 1  ? 
  c.
10 dimes = 1  ?  and 10 dm = 1  ? 
d.
100 pennies = 1  ?  and 100 cm = 1  ? 

  e.
A thousand million = 1   ?  and 1000 MB = 1  ? 

17a.
If your speed is 80 miles per hour, how many feet will you travel in one second?

   b.
If your speed is 180 km per hour, how many meters will you travel in one second?

18.
If your average speed is about 60 miles an hour, then the number of minutes that the trip will take is about 

the same as the number of miles you have to travel.

  a.
Explain why this is true.  [Hint:  60 mph = (?) miles per minute.]

  b.
What would your average speed need to be, in kph (kilometers per hour), in order for the duration of the trip in minutes to be about the same as the number of km you have to travel?

19.
Find the perimeter of a regular hexagon with a side of length 8 mm.  Convert the answer to cm.  
20.
The length of a rectangle is twice its width.  Express the perimeter of this rectangle in terms of the width.

21.
Light travels about 186,282 miles every second.  The star closest to our solar system is Alpha Centauri, which 

is about 4.3 light-years from here.  A light-year is the distance traveled by light in one year.  How far away is Alpha Centauri, in miles?

22.
A lap pool is 25 yards long.  How many lengths must a swimmer complete to swim a mile?    

23.
An oval track is 440 feet around.  How many laps must a runner run to complete five miles?

24.
An oval track is 200 meters around.  How many laps must a runner run to complete five km?

25.
A pharmacist is making pills that contain 20 mg of a drug.  How many pills can he make if he has 4 grams of 

this drug on hand?

26.
How many 12 ounce cups of soft drink can be produced from a 20 gallon container?

27.
Find the area of a rectangle that is 2 feet 5 inches long and 4 yards wide.
B.
Additional Problems  (No answers in the Solutions Manual)

1.
1996 eighth grade NAEP question:  A car odometer registered 41,256.9 miles when a highway sign warned of a detour 1200 feet ahead.  What will the odometer read when the car reaches the detour?  (5,280 feet = 1 mile)

  a.
42,459.9          b.  41,279.9            c.  41,261.3             d.  41,259.2              e.  41,257.1               [26% correct]
2.
1992 fourth grade NAEP problem:  The length of a trail that Pat hiked in one day could have been:

  a.
5 millimeters          b.  5 centimeters          c.  5 meters          d.  5 kilometers     [60% correct]

3.
Make a chart with 6 rows and 6 columns, with an additional row and column for labels.  Label the rows as follows:  ounces, cups, pints, quarts, half-gallons, gallons.  Use the same labels for the columns.  Fill in the table with conversion factors for converting the row unit into the column unit.  For instance, the cell in the “cup” row and the “quart” column will contain ¼  because the number of cups is converted to quarts by multiplying by ¼ .

4.
Show what is wrong with each of  the following and do the work correctly.

  a.
2.5 gal. = 2.5 gal. ( 4 qt. = 10 qt.
b.
8 mm = 10 ( 8 mm = 80 cm

  c.
1 GB = 10 MB
d.
10 hundredths = 1 thousandths
  e.
250 cm = 250 ( (100 m)  =  25000 m
f.
40 feet  =  40 feet ( 12 = 480 inches

5.
Use substitution to make the following conversions.
  a.
6 quarts to cups                     
b.  2.5 MB to KB
c.  70 inches to feet

6.
Do the conversions in the previous problem using the Conversion Principle.  Explain your work.


7.
Light travels about 186,282 miles every second.  A light-year is the distance traveled by light in one year.  One astronomical unit (AU) is the distance from the Earth to the Sun, which is about 93 million miles.  Uranus is about 18.29 AU from the sun. 
  a. 
Convert the distance from Uranus to the Sun to miles.

  b.
How many times further from the Sun is Uranus than the Earth?

  c.
Our Milky Way galaxy is about 100,000 light-years across. Convert this to AU.
8.
Convert the following.
  a.
2.7 kg to g
b.  0.0375 m to cm
c.  5 km to m

  d.
0.3 mm to cm
e.  500 mg to g
f.  5000 mg to kg

9.
Convert the following.

  a.
4’ 7” to feet
b.  89.6 lbs to oz
c.  89.6 lbs to lbs. and oz.

  d. 
100 cups to gallons
e.  80 ounces to quarts
f.  32,000 ft to miles
10.
A case of drinking water contains twenty-four 16.9 oz bottles.  How many quarts are in a case?

11.
A military jet is flying above K2, the second highest mountain in the world.  The plane is at an altitude of 

50,000 feet.  The elevation of K2 is 28,251 feet.  How many miles above K2 is the jet?

12.
A laser beam can be used to measure distances to within 10 yards.  A hiker uses this beam to measure the distance from her location to the top of a mountain.  The distance is reported as 2.714 miles.
  a.
What is the approximate distance in yards?

  b.
Using the GPE, report the distance as an interval.

  c.
Report the GPE as a percent of the estimated distance. 


13a.
The federal budget in 2007 was about 2.8 trillion dollars.  If the budget is converted to a stack of one-dollar bills, how high would the stack be?  A stack of 3000 one dollar bills is about one foot high.  Report your 

answer in miles, feet, and inches.

  b.
The national dept in 2007 was about 4.3 trillion dollars.  If this debt were converted to a stack of one-dollar bills, how much higher would this stack be than the budget stack?

14. 
How many sections of floor molding are needed for a 9’ by 12’ bedroom with a door that is 2’8” wide?  Molding is sold in 10-inch strips.
15.
2006 Virginia 6th grade assessment item:  Which has the greatest volume?

  a
17 pints                      b.  2 gallons                   c.  35 cups                      d.  9 quarts
____________________________________________________________________                                 _______
__________________________________________                                    ________________________________


3.6  Measurement Systems II:  Time, Angle, Area, and Volume

In the last section, we focused primarily on measuring the attributes of length and weight.  Other commonly measured attributes include time, angle, area, and volume.  The purpose of this section is to review the standard units used to measure these attributes as well as to perform more conversions and solve more problems.

Clock Tower of Westminster
____________________________________________________________________________________________   
Activity 3.6A

1.
Convert 5 hours 24 minutes entirely to hours using substitution.





5 hours 24 minutes  =  5 hours +  24 ___________________ of an hour  =  _______  hours

2.
Convert 3.2 hours to a mixed number including hours and minutes by using the Substitution Principle.

3.
When the need arose to measure angles more finely, a degree was partitioned into units called minutes.  The minutes were in turn partitioned into units called seconds.  
  a.
Make an obvious guess about the number of minutes in a degree and the number of seconds in a minute to convert the angle measure of 1 degree, 18 minutes, 15 seconds completely to seconds.

  b.
Through how many degrees does the hour hand sweep in the course of one hour?
  c.
Through how many minutes of angle does the hour hand sweep in the course of one minute of time?
4.
Consider the two cubes represented to the right.  How much larger is the bigger 


cube compared to the smaller cube?

5.
Suppose you are tiling an area of your kitchen floor with square tiles that measure one foot on each side.  Below is a scale model of this area.  How many tiles will you need?  





                                                                          

        17’








______________

    

____________________________________________________________________________________________

Measuring Time

Recall that the Mesopotamian numeration system used base 60.  You may have thought this was very peculiar.  Well, it is not nearly as peculiar as the system we use for measuring time.  One part of this system uses base 60, with 60 seconds in 1 minute and 60 minutes in 1 hour.  At the other end of the spectrum, it uses base 10, with 10 years in a decade, 10 decades in a century, and 10 centuries in a millennium.  In between it is a complete shambles:  24 hours in a day, 7 days in a week, 30 (or 31, or 28, or 29) days in a month, 4 weeks in a month (more or less), and 365 days in a year (roughly speaking).   Thus conversions regarding time are similar to conversions within the American system, not the more orderly metric system. 

Example 1:
How many seconds are in one hour?


1 hour = 60 minutes = 60 • 60 seconds = 3600 seconds

Example 2:
How many days are in 100 hours?  


(a)  
Substitution:  100 hours = 100 · (1/24 of a day) = 41/6 days


(b)  
Conversion Principle:  We are converting from a smaller unit (hours) to a larger unit (days), so  

divide by the conversion factor of 24.

Example 3:  
Suppose it takes you one hour and 20 minutes to run a 10 mile race.  To figure out your pace in minutes per mile, it is necessary to convert your time completely to minutes.  


1 hour 20 min. =  1 hour + 20 min. =  60 minutes + 20 min. =  80 min.  


Compute the final answer by forming the ratio: 80 min/10 mi. = 8 minutes per mile

In our computer age, with machines performing operations in tiny fractions of a second, it has become common to use metric prefixes for these small times.  For instance, a microsecond is a millionth of a second, while a nanosecond is a billionth of a second.  

Measuring Angles
Angles have been of great interest to navigators, artists, engineers, construction foremen, hikers, military tacticians, and numerous other folk for millennia.  An angle is the figure formed by two rays with a common endpoint, called the vertex of the angle.  Angles are often categorized as follows. 
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Units for Angle Degree Measure


The measure of a circle = 360°

60 minutes  =  60'  =  1 degree

60 seconds  =  60''  =  1 minute


In ancient times the circle was partitioned into 360 parts referred to as degrees.  The number 360 may have been chosen by astronomers who had approximated the length of the year as 360 days.  One degree, or 1°, is quite small, a minute is even smaller, and a second is minuscule.  However, such precise angles are important in many measurement situations, especially navigation.  If mariners on a 5,000 mile trip across the ocean makes an error of less than a minute in their course setting, they will arrive a mile off course. 

Example 4:
2° 14' 24''  =  2 · 60 minutes + 14 minutes + 24 sixtieths of a minute  =  134.4 minutes

Degrees are not the only units used to measure angles.  Radian measure is another type of angle measure.  One radian is the measure of an angle corresponding to an arc with a length of one radius.  (An arc is part of the circumference of a circle.)  Most scientific calculators can be set to either degree or radian mode.    



To the left is an angle with a measure of one radian.  Its


Length of the radius
related arc has a length equal to the radius of the circle.

One radian is approximately equal to 57˚ 17' 45".  

 

Measuring Area 
Area is a characteristic of two-dimensional surfaces like the surface of this page.  As with all continuous quantities, areas are measured with arbitrary units of measurement.  Standard units for measuring area are squares with 
sides that have a standard unit length.  A square centimeter, for instance, is a square with each side of length one centimeter.  Square inches, square miles, square meters, and so on are also standard units for measuring area.

Measuring an area is fundamentally a matter of counting squares.  Consider the following areas.

 
(a)
(b)
(c)             



b.


     c.
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Actual area measurements are approximate.  However, in mathematics we often consider idealized exact areas.  For example, the areas of figures (a) and (b) above might be considered to be exact.

Teaching Tip:  Students can learn a lot about area by measuring regular and 
irregular areas using square inch  tiles, newspapers cut into foot squares, floor 
tiles, and so on.  If your classroom is typical, its floor consists of one foot square

tiles.  Organize your students into groups of four and have each group stand 

on the corners of a square yard.
____________________________________________________________________________________________
Activity 3.6B


A.
Areas

1.
Find the areas of the three shapes given above by counting squares.  Assume the grid for (c) represents a


centimeter grid.  Estimate if necessary.

a.
__________________    b.    _________________  c.    _____________________


2.
Suppose the large square in the diagram to the right represents a square yard, with


each side measuring one yard.

  a.
Shade in a square foot.




               

  b.
Stripe the square yard.







  c.
How many square feet are in a square yard?  











 

3.
Let the grid to the right represent a one-inch grid, with parallel lines

one inch apart.

  a.
Shade a square inch.
  

  b.
Outline a square foot.

  c.
How many square inches are in one square foot?      
_______________

4.
Use the pattern that occurred in the last two problems to predict the number

of square centimeters in a square meter.




_______________



B.
Volumes

1.
To the right is a representation of a cube made up of smaller cubes. 

  a.
Shade the visible sides of the top front right cube.  

  b.
If each smaller cube measures one foot along each                 ________
 edge, what is the volume of a smaller cube?             

  c.
Find the volume of the larger cube in: 
(a) cubic feet     ________ 



(b) cubic yards  ________
3.
Based on these results, predict the number of cubic inches in a cubic foot. 
______________

4a.
1 m  = ______  cm     b. 1 square meter  =  _________ sq. cm    c.  1 cubic m  = _________________ cubic cm

5a.
Find the volume of the box represented to the right.  


Assume each small cube is a cubic centimeter.
_______________

  b.
Make a generalization about the volume V of a box with


length L, width W, and height H. 
_______________

6a.
To the right is a representation of an object composed of cubic centimeters.  


It looks the same from the rear as it does from the front.  What is the volume 


of this object?
                                            

  b.
Suppose the only cubes in the above object are those we can see from the 


given view.  In this case, what would be the volume of this object?




_____________

____________________________________________________________________________________________
The Relationship Between Linear and Area Units
As several of the above problems illustrate, relationships between area units are the squares of relationships between corresponding linear units.  


Example 5:  
Let the grid to the right represent a one inch grid.

Observe the following.


a.
The area of the small black square is one square inch.

   

This is abbreviated as 1 sq. in. or 1 in².



b.
The large gray square measures one foot on each side,



so its area is one square foot.


c.
One square foot consists of 144 square inches.          
                              

One Square Foot









        

One square foot is equivalent to 144 square inches because it consists of 12 rows each containing 12 square inches.


1 square foot  =  12 · (12 square inches)  =  144 square inches

This pattern allows us to use a shortcut:  1 sq. ft. = 1ft. · 1 ft. = 12 in. · 12 in. = 144 in².  Be aware that this is only a

shortcut that is based on the above rationale.

Example 6:
a.
Why is one square meter equal to 10,000 square centimeters?


A square meter is 100 centimeters by 100 centimeters.  Thus it consists of 100 rows each containing 100 square centimeters, for a total of 100 · (100 sq. cm) = 10,000 sq. cm 



b.
Use the shortcut to find the number of square centimeters in a square meter.



1 square meter  =  1 meter · 1 meter  =  100 cm · 100 cm  =  100² cm² or 10,000 sq. cm

Teaching Tip:  One reason that students may be confused about the difference between feet and square feet is the way in which rolled material is often sold.  
For instance, paper from a roll may cost “5¢ a foot.”  The other dimension is 
not mentioned because it is fixed.  To determine the area of the paper being purchased, one would need to know the width of the roll.

Measuring Volume 

Volume is an attribute of a three-dimensional object such as a box or the water in a cup.  
The standard unit for measuring volume is a cube.  A cube is a three-dimensional shape 
with square sides that are perpendicular to each other.  Common objects that resemble cubes include dice and ice cubes.  A cubic centimeter (cc), with an edge of length 1 cm, 
is a standard unit for measuring volume, as are a cubic inch, a cubic foot, and so on.  
The conversion factors for volume units are the cubes of the conversion factors between corresponding linear units.  


Example 7:  
Suppose the large cube to the right measures one yard


by one yard by one yard, or 3 feet by 3 feet by 3 feet.


a.
The volume of the small shaded cube is one cubic foot.

   

This is abbreviated as 1 cu. ft. or 1 ft³.



b.
The large cube has a volume of one cubic yard.


c.
The cubic yard consists of three layers, each containing


nine cubic feet.  Thus 1 yd³  is equal to 3 · (9 cubic ft)

 
or 27 cubic feet.                                                        
          One Cubic Yard
If we define yd. ( yd. to mean a square yard and ft. ( ft. to be a square foot, we can use the following shortcut:   
1 cu. yd. = 1 yd. · 1 yd. · 1 yd. = 3 ft. · 3 ft. · 3 ft. =  27 ft³.  Be aware that this is only a shortcut—although certainly 
a very useful one. 
Example 8:
Use the shortcut to find the number of cubic centimeters in a cubic meter.

1 cubic meter = (1m)³  =  (100 centimeters)³ =  100³ centimeters³ = 1,000,000 cm³ = 1,000,000 cc        

Teaching Tip:  Sometimes students make the mistake of assuming that (1000 meters)³ is the same as 1000 meters³.  Be sure to stress that (1000 meters)³  = 1000 · 1000 ·  1000 · m³.                 

Liquid Volume Units

Historically, units for measuring liquid volume were different from units for measuring solid volume.  The American system still includes two sets of such units.  Cups, quarts, etc., are used for measuring liquids, and cubic inches, cubic feet, etc., are used for measuring solids.  The systems are redundant.  For instance, the water in a fish tank can be measured in cubic feet or gallons.  The following relationship can be used to convert from one system to another.

1 gallon ≈ 231 cubic inches

In the metric system, a cubic centimeter is very small and a cubic meter is huge.  The system needs an intermediate size, good for breadboxes and bottles of soft drinks.  Thus the liter was invented as a unit between 1 cc and 1m3. One liter is equivalent to 1000 cubic centimeters. 
This means that one thousandth of a liter, or one milliliter, is the same as 1 cubic centimeter.    
  1 ml = 1 cc


1 ml = 1 cc
Volumes of Right Rectangular Solids and Similar Shapes

A right rectangular solid, commonly known as a box, has rectangular faces at right 
angles to each other.  A cube is a special case of a right rectangular solid. Any right 
rectangular solid consists of a series of congruent layers, like a stack of pancakes. 
As the diagram to the right illustrates, the volume of a layer that is one unit thick is 
the same as the area of the base of the layer, except for the unit. 
    Area of the base  =  24 cm2
                                                        
     Volume of the layer = 24 cm3
Thus the volume of a right rectangular solid is simply LW, the area of the base,
times the number of one-unit-thick layers.  Since the number of layers 
corresponds to the height H of the solid, we have the following formula.
    

Volume of a Right Rectangular Solid  = (Number of Layers) · (Volume of a Layer)    

                   
=  LWH
Similarly, the volume of any solid with congruent layers can be found by 
multiplying the area of the base by the height of the solid.

                                                                                                                                             Area of base










  Area of Base
     Volume of a Solid with Congruent Layers  =  Area of Base · Height                                                          Ht.
Solving Problems Involving Area and Volume
To find areas and volumes, it is usually necessary for linear measurements to be converted to a single unit.
Example 9:
How many gallons of water will it take to fill a 1′ 6″ by 2′ fish tank to a depth of 15 inches?


First determine how many cubic inches of water are needed.  

Volume =18″ · 24″ · 15″ = 6,480 in³.


Convert from cubic inches to gallons using the fact that one gallon is equivalent to 231 cubic inches.  Since we are converting to a larger unit, 

divide by 231:  6480 ÷ 231 ( 28.05.  About 28 gallons will fill the tank.

_________________________________________________________________________________________
Activity 3.6C


1.
Determine the number of liters in a cubic meter.  [Hint:  106 = 103 · 103]

2.
A digital camera is being advertised for $19.99.  It produces 640 by 480 pixel pictures.  Another digital camera that produces 2 megapixel photos is being advertised for $89.94.  Which seems to be the better deal?

  

3.
Bobby had a picture enlarged at a store.  The dimensions of the enlarged picture are 18″ by 24″.  The store charges $10 per square foot.  Determine the cost of the enlarged picture.

4.
Suppose water is flowing out of the mouth of the Mississippi River at a rate of 800,000 cubic feet per second.  At this rate, how long will it take for the river to pour a cubic mile of water into the Gulf of Mexico?

____________________________________________________________________________________________
Example 10:
Lake Ontario, the smallest of the Great Lakes, has an area of 7,540 square miles.  It is fed by water flowing from Lake Erie.  Suppose water comes into Lake Ontario at a rate of 35,000 cubic feet per second (cfs).  If the outlet of Lake Ontario were blocked, how long would it take for Lake Ontario 

to rise six inches?

First observe that the water added to the surface of Lake Ontario is approximately a solid with congruent layers.  Find its volume by multiplying the area of the base by the height.  The area of the base is 7,540 square miles and the height of the added water is 6″.  Convert these units to a single unit.  Do not round in the middle of your calculations to avoid round-off error. 

▪   
6 inches  =  0.5 feet


▪   
7,540 square miles  =  7,540 · 52802 ft2  =  7,540 · 27,878,400 ft2  =  2.102… · 1011 ft2

▪   
Volume = (Area of Base) · Height  =  2.102… · 1011 ft2 · 0.5 feet  =  1.05101568… · 1011 ft3



Since 35,000 cubic feet are pouring in every second, divide 1.05101568… · 1011 ft3 by this number to determine the number of seconds it will take to produce this 6” layer of water: 


1.05101568 · 1011 ft3 ÷ 35,000 ft3 per sec.  ≈ 3,002,900 seconds 

Convert to larger and more meaningful units of time:  

3,002,900 seconds / 60 minutes per second ≈ 50,048 minutes 

50,048 minutes / 60 minutes per hour ≈ 834.14 hours

834.14 hours / 24 hours per day ≈ 34.76 days

Example 11:
A factory occupies 1.7 acres of land.  How many square feet does it occupy?  There are 640 acres in


a square mile.  


We need to convert from acres to square feet.  With the given information, we can convert from acres to square miles. Then we can use the relationship between square miles and square feet.  


(a)
Convert acres to square miles.  Since a square mile is the larger unit, divide by 640.



1.7 acres  =  1.7 acres ÷ 640 acres per square mile =  0.00265625 sq mi.  


(b)
To convert from square miles to square feet:


units:






1 square mile =  (1 mi )²  =  5280² ft²  =  27,878,400 ft²





Use  substitution:   0.00265625 sq mi.  =  0.00265625 · (27,878,400 ft²) = 74,052 ft²     

Other Units of Measure

The world is full of all sorts of measuring and counting units.  Electric current is 
measured in amperes (amps), mariners use fathoms (6 feet), paper is delivered in 
reams (500 sheets), work is measured in foot-pounds, farmers use acres, heat energy 
is measured in calories, and horses’ heights are still measured in hands (4 inches).  
Just remember that you need only know the relationships among measures to be able 
to do conversions.  The Internet and almanacs are handy for finding such relationships.  
Example 12:  
Convert 2000 megahertz to gigahertz.  


Key facts:  giga- means billion and mega- means million.  


So 1000 megahertz is equal to 1 gigahertz.  Hence 2000 MHz = 2 GHz. 
____________________________________________________________________________________________
3.6 Homework Problems

A.
Basic Concepts

1a.
What is an angle?

  b.
Describe the relationships among the four units for measuring angles that are described in this section.

2a.
 What is the shape of the basic unit for measuring area?

  b.
 What is the shape of the basic unit for measuring volume?

3.
Explain why one yard is equal to three feet, yet one square yard is equal to nine square feet.  Illustrate with a labeled picture.

4.
Use grid paper for the following.  Let your grid paper represent 1 mm grid paper.
  a.
Represent a square centimeter.
  b.
Stripe in the square centimeter.

  c.
Shade in a single square millimeter.

  d.
Draw a heavy line on one length that is one mm long.

5.
Imagine constructing a cubic meter using cubic centimeters.

  a.
Describe the first layer of cubic centimeters.

  b.
How many of these layers must be built on top of each other to create a cubic meter?

6.
Show the differences between an inch, a square inch, and a cubic inch using diagrams.

7a.
Use grid paper.  Let your gird paper represent 1 inch grid paper. Outline a square foot.


  b.
A right rectangular solid with a square base is partitioned into layers.  Each layer contains 144 cubic inches.  The volume of the solid is 576 cubic inches.  What are the dimensions of this solid?
  c.
What part of the solid in part (b) can be described using 144 square inches?

8.
Identify time units related to the following bases.  (a)  base 10       (b)  base 60

9.
Which of the following time units were dictated by natural phenomena, as opposed to human choice?

  a.
year               b.  hour                 c.  day                  d.  decade                  e.  second                   f. month



10.
Why are there 360 degrees in a circle?

11.
What is the area of the shaded shape below?  
12.  What is the volume of the shape below?  


Assume the squares are square inches.                                 Assume the cubes are cubic feet.


	
	
	
	
	

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	


13.
A number of star-shaped wax candles have the same bases but different heights
  a. 
If the 1-inch high candle weighs 2.3 ounces, how much does the 5-inch high candle weigh?

  b.
If the star-shaped base has an area of 2.4 square inches, how many cubic inches of wax are in a 4-inch candle?

14.
The base of a shoebox measures 15 cm by 34 cm.  It is 14 cm high.

  a.
What is the area of the base of the box?
b.
What are the areas of the vertical sides of the box?

  c.
What is the perimeter of the top of the box?
d.
What is the volume of the box?

  e.
If the box were filled with water, how many liters would the box hold?

15.
Find the following.

  a.
Number of square feet in a square mile
b.
Number of cubic feet in a cubic mile

  c.
Number of square meters in a square kilometer
d.
Number of cubic meters in a cubic kilometer


  e.
Number of square mm in a square cm
f.
Number of cubic mm in a cc  

B.
Convert:





1.
4.2 km3 to m3
  2. 
0.3 g to mg      
  3.  
0.4 cm2 to mm2


4.  
0.003 km2 to cm2
  5. 
2 GB  to MB
  6.  
4,000 sq. in. to sq. ft.


7.  
2 sq. mi. to acres    
  8. 
4 yd3 to ft3
  9.  
4,500 acres to sq. mi.   

10.
2 m3 to L
11. 
500 megahertz to gigahertz
12. 
6 L to cc

13.
200 seconds to min.
14. 
60 months to years      
15.  
200 days to weeks

16.
1.2 minutes to sec.
17.
2.8 sq mi to ft2
18.  
3 radians to degrees


C.
Use substitution to make the following conversions. 

1.
3 quarts to cups
2.  4˚ 3' 25'' completely to seconds
  3.  π radians to degrees

D.
Solve the following problems.

1.
A room measures 12 feet by 18 feet.  How many square yards of wall-to-wall carpeting are needed for this room?

2.
Suppose a roll of wall-to-wall carpeting is four feet wide.  How much of a roll is needed to carpet a room that measures 15' 4" by 35' 6"?  

3.
An aquarium has a base that measures 20 inches by two feet and is 12 inches high.  It is to be filled with water to within two inches of the top of the tank.  How many gallons are needed to fill it this high?
4.
How long will it take to count to a million if you count at an average rate of two numbers per second?  Report your answer in a meaningful form.

5.
An oil tanker is spilling oil at a rate of 50 cubic feet per second.  How much oil will it spill in five hours?  Convert your answer to cubic yards.

6.
You are going to tile your kitchen with 8 inch square tiles.  The main part of your kitchen is rectangular, measuring 10' 5" by 20' 2".  There is also a rectangular breakfast alcove that measures 8 feet by 10 feet.  How many tiles should you buy?                                                                                                       


7.
You have a 20′ by 8′ rectangular garden that you want to cover 6′′ deep in peat moss.  Peat moss is sold in bags containing two cubic feet of peat moss.  How many bags of peat moss should you buy?

8.
A bottling plant fills 25,000 bottles with 875 ml of soft drink.  How many cubic meters of soft drink is this? 

9.
During high water, the Mississippi River can flow at a rate of 1 million cubic feet per second.  How long would it take the river to fill up a (fictional) tank with a capacity of one cubic mile?  Express your answer in hours and minutes, rounding to the nearest minute.

10.
A small paper shredder has a 3.2 gallon bin to hold shredded paper.  How many reams of 8½ inch by 11 inch paper can the bin hold?  A ream, which contains 500 sheets of paper, is about 1½ inches thick.  (Assume the shredded paper is compacted.) 

E.
Additional Problems  (No answers in the Solutions Manual)


1.
1996 fourth grade NAEP question:  In the figure to the right, how many small cubes 

were put together to form the large cube?                                             [33% correct]
  a.
7               b.  8               c.  12               d.  24           
2.
1996 twelfth grade NAEP question:  [Draw a circle and label its center C.  Mark a point A at the top of the circle.]  Use a protractor to locate and label a point B that creates an arc AB with measure 235°.  Darken this arc.          [15% accurate to within 2°; another 11% accurate to within 5°]
3.
2005 fourth grade NAEP question:   How many angles in the triangle


to the right are smaller than a right angle?    [44% correct]

a.
None               b.  One               c.  Two               d.  Three 

4.
 2005 eighth grade NAEP question:  Amanda wants to paint each face


of a cube a different color.  How many colors will she need?  [79% correct]
a.
Three               b.  Four              c.  Six               d.  Eight

5.
2005 fourth grade NAEP problem:  Jo’s recipe says to bake a cake for 25-28 minutes.  About how long is this?  
  a.
A quarter of an hour            b.  Half an hour            c.  An hour            d.  An hour and a half     [50% correct]


6.
Look at the picture of the clock tower at Westminster Palace, at the beginning of this section.
  a.
Estimate the angle between the hour and minute hands.  [Hint:  What is the measure of the angle between adjacent hour marks?]

  b.
The length of the minute is 14 feet.  What is the approximate area of the square containing the clock?
7.
Convert:

  a.
1 cc to cubic millimeters
b.  4 m3 to L
c.  15 dl to cc
d.  1500 cm2 to m2
  e.
4.2 km2 to m2 
f.  4.2 km3 to m3  
g.   1.5 L to cc
f.   420 cm2 to mm2
8.
Convert:

  a.
2.3 ft3 to cubic inches
b.  4 mi3 to cubic yards
c.  1530 in3 to ft3
d.  1500 gal. to in3
  e.
42 ft2 to yd2 
f.  42 ft3 to yd3  
g.  50 qts. to in3
f.   42000 ft2 to mi2
9.
A box of wine contains 2 liters of wine.  How many days will this box last if I drink two glasses a day and each glass contains 100 ml of wine?

10.
A certain type of concrete weighs 145 pounds per cubic feet.  How many pounds of concrete are needed for a sidewalk that is to be 43 feet long, 3’ 8” wide, and 3” deep?
11.
The exchange rate between U.S. dollars and European Euros was 0.87 in early 2007.  If a train ticket costs 87.52 Euros, what is its cost in dollars?

12.
The “Open Sea” aquarium at the Oregon Coast Aquarium is 26 feet high, 150 feet long, and 75 feet wide. 

  a.
 If this aquarium is filled with water to within 30 inches of the top of the tank, how many gallons of water does it hold?

  b.
Water weighs about a pound per pint.  How much does the water in the tank weigh?  

13.
A box measures 2 feet by 1’ 6” inches by 10 inches.  Find the volume of the box in the following units.

  a.
cubic inches                 b. cubic feet
                          c.  gallons
14.
A rectangular gas tank holds 17.2 gallons of gas.  Find two sets of possible dimensions for this tank, in inches.
15.
A cylindrical drinking glass holds 14 ounces of liquid and is eight inches high.  Find its diameter.

16.
A roll of wall-to-wall carpeting is 9 feet wide.  How much of a roll is needed to carpet a 12’ by 15’ room?

17.
A vinyl roll is a yard wide.  How much of a roll is needed for a floor measuring 20’ 9” by 15’ 4”?
18.
Explain why 8 hours and 20 minutes is not the same as 8.20 hours.

____________________________________________________________________________________________

____________________________________________________________________________________________

3.7  Relations and Functions
This world is full of changing quantities, such as the temperature, the time, your net wealth, and the cost of a gallon of gas.  Change itself is not particularly noteworthy, even though it is often disruptive.  What is more interesting is the way some quantities change relative to one another.  Perhaps most interesting of all are the things that stay constant in the midst of change.  Ideas on these matters can be found in the writings of philosophers and poets as well as the works of mathematicians and scientists.  
In this chapter we consider a variety of mathematical relationships.  Then we zero in on relationships in which the value of one quantity determines the exact value of another quantity.
___________________________________________________________________________________________
Activity 3.7A
A.
For each of the following, answer these questions:

(1)
Do you think that the sets in parts (a) and (b) are related to one another?  
(2) 
Do you think that knowing one value in the set described under “Domain” is enough to identify exactly one value in the set described under “Range”?

Domain
  Range
          (1)     (2)
1a.
Social security numbers of university students
1b.  University academic records
1. ____ ____
2b.
Names of university students 
2b.  University academic records   
2.  ____ ____
3c.
{George Washington, George Bush}
3b. {1st US President, 2nd President, …}
3.  ____ ____
4d. 
Price per gallon of gas on a given day
4b.  Cost of 15 gallons of gas that day
4.  ____ ____
5e.
Babies’ lengths at birth
5b.  Babies’ birth weights 
5.  ____ ____
B.  The sizes of some TV sets are described by their diagonals.  Consider a rectangular TV with a 28" diagonal.  


1.
Explain why this is not enough information to determine the                 28”

dimensions of the rectangle.   [Hint:  Draw a 2nd  rectangle.] 
2.
Suppose we also know that the width of this rectangle is 22".  Find the length, rounded to the nearest inch. 

3.
Verbally list steps for finding the length L when we know the width W of a rectangle with a 28" diagonal.

4.
Complete the following table.      
Width                   15”               20”            22”        ________






(The diagonal is 28".)
Length            ________    ________   ________   ________   

5.
Write an equation that describes the relationship between the width W 
 

and the length L of the above rectangles.
_____________________


      C

C.
Clay expends about 120 calories per mile when he runs.  Let M be the                                   

number of miles he runs and C be the total number of calories.

1000
1.
Complete the table of values for M and C.


M             0              1              4              6            10         ______  
500

C         ______    ______    ______    ______    ______    ______                                    

                                                   
2.  
Graph this relationship.          
 0              5               10        M     
3.
Write an equation that shows the relationship between M and C.                                    ___________________
____________________________________________________________________________________________
Relations and Functions
The above problems illustrate various types of relations among variables.  A relation between two variables involves two sets: (1) the set of all values of the first variable, called inputs; and (2) the set of all values of the second variable, called outputs.  A relation is a set of ordered pairs, each consisting of an input and an output.  
In most situations two variables are related if the value of one variable has an impact on the value of the other variable, or vice versa.  It is also possible for a relation to involve more than two variables.
Example 1:
When a teacher grades tests, he assigns a grade to each student 

in the class.  One ordered pair in this relation could be 

(Anna Nicole Smith, 93).  The domain is the set of students in 

the class and the range is the set of grades for the class.
Look more closely at the relation between names and grades.  Imagine that your name is Anna Nicole Smith and you attend Ohio State University.  OSU, the 
largest university in the country, has about 52,000 students.  It is quite possible 
that you are not the only Anna Nicole Smith at OSU.  This name is therefore associated with more than one academic record.  You can imagine the problems 
this could cause!  So universities assign a unique identification code to each
student that connects to or determines exactly one academic record.  This is an 
Anna Nicole, your GPA is 0.93
example of a special type of relation called a function.  For a function, there is
—or maybe it’s 3.74.
only output associated with each input.  The set of inputs is called the domain 
of the function and the set of outputs is called the range of the function.


       

Function

A relation is said to be a function if every input determines exactly one output.
One of the major goals of mathematical and scientific research, past and present, has been to find relations among various quantities, especially functional relationships.  A clue about the importance of functions can be found by inspecting your scientific calculator.  This calculator is essentially a function machine, with you supplying the input and the calculator supplying a single output.  For example, the “x2” key is the squaring function.  If you input 15 and hit this key, your calculator will report an output of 225.  A typical calculator handles only functions, not other types of relations.  It never reports more than one output.     
Following are examples of a function and two relations that are not functions.

28"   
L
Example 2:
The length L of the side of a square is a function of the length of the 



diagonal.  For example, if the diagonal has a length of 28", we have:                             


L2 + L2 = 282    =>   2L2 = 784    =>    L2 =  392    =>    L ≈ 19.8" 
L

Example 3:
The diagonal of a rectangle is certainly related to its width. For instance,  

if the diagonal is 28", the width must be less than 28".  However, the 

diagonal does not determine the width because there are an infinite 


number of rectangles with a 28" diagonal but different widths.  


Thus the width of a rectangle is not a function of the diagonal


(unless the rectangle is a square). 
Same diagonals, different widths
Example 4:
The weight of a new-born baby is not a function of its length.  Many 22” babies of varying 



weights are born every day.   On the other hand, these two variables are certainly related to each 



other, as longer babies tend to weigh more than shorter babies.  
As the next example illustrates, Y can be a function of X even if several values of X yield the
-4

same value for Y.  

16



 4

Example 5:
Let S = N2, where N is any real number.               

(a)  
S is a function of N because every value of N determines exactly one value          
Function                 


for S.  For example, if N = -4 then S = 16.   Notice that an input of 4 also


yields an output of 16.  This does not contradict the definition of a function.                            3  
 

(b)  N is not a function of S because one value of S is related to two values  
9



for N.  For example, if S is 9, then N can be either 3 or -3.

  -3



        Not a function 
Describing Functions
.



Functions can be described in a number of ways.   For instance, arrow diagrams like those in the previous example can be used to connect a number of inputs and outputs.  The convention is to write inputs on the left and outputs on the right.  For a relation to be a function, there can be only one arrow from each input.  Such diagrams are usually limited to a few ordered pairs of the function.  Several ways of providing more complete descriptions of functions are listed below.
 
1.
Verbal Description

If there is a rule controlling the relationship between the input and the output of a function, this can often be described in words.


Example:  
(1a) 
The area A of a circle is a function of its radius r.  To find A, square r and multiply by (.
(1b)
The tuition at a community college is a function of the number of credits

for which a student is enrolled.  To determine your tuition, multiply the 

number of credits by $200 and then add a $35 enrollment fee.


2.
Symbolic Description

Rules can often be described symbolically using variables and an equation.


Example:  
(2a)
A = (r2, where A is the circumference of a circle and r is the radius of the circle.   

(2b)
T = 200c + 35, where T is the tuition at the community college and c is the number of credits.
For T as a function of c, we call c the input variable and T the output variable.   The input variable is also called the independent variable and the output variable the dependent variable. The output depends on the 
input.  When a function is described by any equation, it is useful (although not necessary) for the output variable to be isolated on one side of the equation.
Teaching Tip:  Do not let students develop the bad habit of using variables without specifying their meaning.  Variables must be described in words even if the rule is described symbolically.
3.
Tabular Description 

The ordered pairs of a function can be listed in an input-output table.  It is a good idea to list input values in order, usually from smallest to largest (or alphabetically, as in the case of a telephone book).  Since many mathematical functions consist of an infinite number of ordered pairs, these tables are not usually complete.

Example:   (3a)   Table for radius r and area A of circle
(3b)  Table for credit hours c and tuition T


 



 r     0       1       2       3       5       10
          c       1            6            9            12            15      



A    0       (      4(     9(    25(    100( 
 T    $235    $1235     $1835     $2435      $3030




4.
Graphical Description

A graph or "picture" of a function can be constructed by plotting a number of ordered pairs of the function.  Traditionally the input variable is represented on the horizontal axis with the output variable on the vertical axis.  The graphed points usually form a pattern that can be completed by “connecting the dots.”  In most cases the dots should be connected by drawing a smooth curve through the points. 

Example:  (4a)  Graph of A = (r2
     (4b)  T = 200c + 35


         A
    100(
    $2000

     50(
    $1000
              
 0                     5                   10                    15        r
  0                     5                   10                    15      c

A graph often has a clear shape that can be used to predict the behavior of the function between and beyond the points we used to make the graph.  For instance, we can tell from the graph of A = (r2 that the area of a circle increases ever more rapidly as the radius increases.  In contrast, the graph of T = 200c + 35 is a straight line with a constant rate of change.  Functions with straight line graphs are called linear functions and are amazingly common in both natural and manmade situations. 
Teaching Tip:  Rather than plotting an unorganized set of ordered pairs, it can be significantly easier to plot points from left to right using an organized table.   This methodical approach also highlights patterns in the data.

Functions involving Constant Ratios

Some quantities are related to each other in such a way that their ratios remain constant.  These functions, which are special cases of linear functions, are very common and very important to understand.
____________________________________________________________________________________________
Activity 3.7B
1.
In a cookie recipe, the ratio of the amount of flour (F) to the amount of white sugar (S) is 3 to 2.  Write two 

equations expressing this relationship, with one of these equations having F isolated on one side of the equation.

  a.

b.

2.
Albert Einstein theorized that the speed of light in a vacuum is constant.  That is, he claimed that the distance D traveled by light divided by the elapsed time T is always equal to the same number.  He called this number c.  Scientists have since measured this constant to be 186,250 miles per second.
  a.
Describe the relationship between D, T, and c using an equation.
_____________________________
  b.
Is D a function of T?  Justify your answer.

3.
Consider the following two pairs of triangles.  

                            
Pair 1                                                                             
Pair 2

  a.
Which of the following characteristics are shared by the triangles in Pair 2 but not the triangles in Pair 1?

 
(1) congruent sides           (2)  same shape              (3)  same size            (4)  right angles           (5)  same area
  b.
Measure and label all six sides of the triangles in Pair 2, using a level of precision of one millimeter.  

  c.
Compare the measurements of corresponding sides of the two triangles.  How are they related? 

4.
In 2006 the in-state tuition at the Community College of Philadelphia was $224 per credit hour plus $50.  
  a.
Verbally list the steps needed to figure out 
b.
Give a verbal description of how to figure out


the tuition for H credit hours.

the credit hours paid for by T tuition dollars.
____________________________________________________________________________________________
Two variable quantities X and Y are said to be proportional if the ratio X:Y of corresponding values of these two quantities remains constant.  Proportional relationships are a special type of function.  Following are examples of a few of the numerous situations that involve proportional quantities. 

Example 6:
A nurse is to administer medicine to Becca, who weighs 80 pounds.  She knows 

that the dosage for a 40 pound child is 20 ml.  Dosage is proportional to weight.

Since Becca’s weight is twice 40 pounds, she should receive twice as much

medicine, or 40 ml.  The constant ratios are 40 lb/20 ml  and  80 lb/40 ml. 
Example 7:
Einstein proposed a theory that there is a constant ratio between the mass m of an object and the energy E into which this mass can be converted (as in a nuclear explosion).  This ratio is equal to the square of c, the speed of light:   E   =  c2
 

 m 


To express E as a function of m, multiply both sides of this equation by m.  You may recognize the more familiar form of this relationship:  E = mc2.
If two quantities X and Yare proportional, then Y/X = k for some fixed number k.  Multiplying both sides of this equation by X yields the equivalent equation:  Y = kX.  Thus two quantities are proportional if and only if one of the quantities is a constant multiple of the other.  The latter is called a multiplicative relationship.  
Example 8:  
In the banking business it is typical, for a fixed time period, to keep constant the ratio between the interest charged (I) and the amount of a loan (P).  This constant is called the interest rate.  If a credit card has an interest rate of 1% per month, we have the following equation. 

  I   =  1%    or    I  =  0.01P
This means that for every dollar borrowed, you pay 1¢ per month.  

 
  P 
Doesn't seem like much, but interest has a way of adding up….
The world is full of proportional/multiplicative relationships because both nature and human beings like constancy.  For instance, suppose a recipe calls for 3 cups of flour and 1 cup of sugar.  The cookies will taste the same if you use 6 cups of flour and 2 cups of sugar.  Although the amounts change, the ratio remains the same:  3 : 1 = 6 : 2.  Similarly, mixing 
2 gallons of yellow paint with ½ cup of fuchsia will produce that same color as mixing 
1 gallon of yellow paint with ¼ of a cup of fuchsia:  2 : ½  = 1 : ¼  = 4 : 1.
Another common proportional situation involves unit conversions.

Example 9:  
Suppose F is the length of a board measured in feet and I is the length measured in inches.   To convert from feet to inches, we multiply the number of feet by 12:  12F = I.  

Teaching Tip:   It can be easy to confuse the variable for a measurement with the measurement unit.  For instance, in the previous example the variable F represents the number of feet.  Note that F does not mean “feet,” nor does the equation 12F = I mean that 12 feet are equal to one inch.  Rather, "12F = I" means "12 times the number of feet is equal to the number of inches."     

Proportional relationships are prevalent in geometry because corresponding parts of similar figures are proportional.  Two figures are similar if they have the same shape, although not necessarily the same size.  For example, the two pentagons to the right are similar.  
Inverse Functions and Inverse Operations
Functions can be thought of as “forward” actions, starting with an input and ending   
Input
with an output.  There are many situations in which we want to go in “reverse” in 

order to return to the input.  A function that “reverses” another function is called 

an inverse function or inverse.  More formally, if F is a function with ordered pairs
of the form (a, b) and G is a function with ordered pairs of the form (b, a), then  
  Inverse
G is the inverse function of F.  That is, an inverse is simply another set of ordered 
pairs in which the second element is switched with the first.  The output for F
becomes the input for G, while the input for F becomes the output for G.  For
example, a function consisting of people's names as inputs and their telephone
   Output
numbers as output is reversed simply by considering telephone numbers as inputs 
and names as outputs.   
Example 10:
Function F:  {(Philip, 820-9999) , (Adam, 825-1234), (Maria, 756-4321)}

Inverse of function F:  {820-9999, Philip), (825-1234, Adam), (756-4321, Maria)}

If a function is described by a rule rather than as a list of ordered pairs, it takes a little more  
work to find its inverse.  We can often find inverse functions by using inverse operations.  
For instance, addition and subtraction are inverse operations; adding a number N negates the 

subtraction of N.  Multiplication and division are also inverse operations.  The key to finding

many inverse functions is to perform the original steps for the function in reverse order using 
inverse operations.  



Teaching Tip:  One way to help students find inverse functions  
( 2
is as follows.  Think of a function that can be represented by an                          
 - 8
equation as a procedure in which the input X is wrapped in a box,                       
( 5
with this box next wrapped in another box, then this next box 
wrapped in one more box, etc., until all the steps of the  function 
are completed.  The inverse function reverses this process, with         
  y = (5x – 8) ( 2
the boxes unwrapped in reverse order.                             
     Inverse:  y = (2y +8) ( 5
The equation of the inverse for a function F is actually the same as for F—but with the equation solved for the input variable, not the output variable.    

Example 11:
In 2006 the tuition at the Community College of Philadelphia was $224 per credit hour plus s fee of $50.   Let T be the tuition and H the number of credit hours.  


a. 
Symbolic description:  T = 224H + 50.  Verbal description:  (1) multiply H by 224; (2) add 50.


b.
Inverse function:



Verbal: (1) subtract 50 from T; (2) divide by 224.            Symbolic:  H = (T – 50) ( 224.



The inverse function can also be found by solving T = 224H + 50 for H:


T = 224H + 50    =>   T – 50 = 224H     =>    (T – 50) ( 224 = H or H = (T – 50)/224
In some situations it is traditional to use X to represent the input variable and Y to represent the output variable for both the original function and its inverse.  In these situations the equation for the inverse is found as follows: 
(a) switch X and Y in the original equation and (b) solve the new equation for Y.


Example 12:
Rule for function F:  (1) multiply the input by 3/4; (2) subtract 8. 


Rule for inverse function G:  (1) add 8; (2) divide by ¾ (which is the 

same as multiplying by 4/3).  

Example for F:  input = 40   =>  output =  ¾ ( 40  – 8 = 22


Example for inverse G:  input = 22    =>   output = (22 + 8) ( 4/3 = 40


Algebraically:  Let x represent the input and y the output.  F is described by the equation y = ¾x – 8.


Find the inverse function by (a) switching x and y and (b) solving for the new y:


Function F:  y = ¾x  – 8     Inverse:  (a)  x = ¾y  – 8   (b)  x + 8 = ¾y   =>  4/3(x + 8) = y

Many inverse functions are included on scientific and graphing calculators, often as second functions on the keys that contain the original functions.   
Inverses and One-to-One Functions



Not all functions have inverses.  For instance, the squaring function has no inverse.         

To see this, suppose a number is squared and the output is 25.  What was the 
number?  It could have been 5 or -5.  Since we cannot trace 25 back to only
one number, the squaring function does not have an inverse function.  In general, 
any function for which two inputs have the same output does not have an inverse.  
This means that the only functions with inverse functions are one-to-one functions.                Function w/o inverse
A function is a one-to-one function if and only if every input has exactly one output 
and every output has exactly one input.   
Sometimes functions are restricted in order to make them one-to-one.  For instance, if the 
squaring function is limited to inputs that are nonnegative numbers, then it is a one-to-one 

function and its inverse is the square root function.  
Example 13:
The function y = x3 is a one-to-one function because every real number 

is the cube of only one number.  For instance, 64 is the cube of 4, while               One-to-one

-64 is the cube of -4.  The inverse function of the cubing function is the
 function

cube root function, y = 3√x.  
 
____________________________________________________________________________________________
3.7 Homework Problems
1.
Define the following:  
  a.
function     
b.  proportional relationship      
c. similar figures       
  d. 
one-to-one function      
e.  inverse function
f.  multiplicative relationship
2.
Jo is 13 years older than Ed.   Let Y represent Jo's age and X represent Ed's age. 
  a.
Give a verbal description of how to find Y given X.
b.
Use an equation to describe Y as a function of X.  

  c.
Make an organized table of values for this function.  
d.
Graph this function.

3a.
Give a verbal description of the inverse of the function in the previous problem.

  b.
Write the equation of the inverse function using the same meanings for X and Y as previously provided.
  c.
Write the equation of the inverse function using X for the input and Y for the output.  Define your variables.

4.
The following diagrams represent relations.  Identify each as one of the following:  (1) a relation that is not a function; (2) a function that is not one-to-one; or (3) a one-to-one function.

  a.
A
b.  
A
D
c.  
A
D




E


B
A
B
F

B
E






G


C

C

C
F




5. 
For each of the following, decide whether knowing one value in the set described under “Domain” is enough to identify exactly one value in the set described under “Range."  Justify your answers.  


Domain
Range
  a.
lengths of the sides of squares   
areas of squares
  b.
perimeters of squares   
lengths of the side of squares 

  c.
cars moving on I-75
drivers of cars on I-75

  d.
pairs of latitudes and longitudes
positions on the surface of the earth

  e.
cars moving on I-75
people in moving cars on I-75



  f.
areas of rectangles
perimeters of rectangles
  g.
names
SSN's
  h.
SSN's
names
  i.
college students
college majors
  j.
sons
fathers
6.
Refer to the previous problem.  Identify the relations that are (a) functions and (b) one-to-one functions.
7.
Following are verbal descriptions for obtaining the outputs of functions.  State these in symbolic form, using W for the input and Z for the output.
  a.
Add 3 to the input.
b.  Divide the input by 5 and then subtract 2.


  c.  
Multiply the input by ½. 
d.  Double the input and then add 40.

  e.
Multiply the input by 4/5.
f.   Add 6 to the input and then multiply the result by 5.


  g.
Cube the input and then divide by 4.
h.  Cube the input, add 6, and then double the result.
8.
For each of the functions in the previous problem, describe their inverses 

(a) verbally and (b) symbolically.

9.
A rhombus is a 4-sided polygon with all sides congruent.  Let S represent  

the length of one side.

  a.
Is the perimeter of a rhombus a function of S? Justify your answer.

  b.
Is the area of a rhombus a function of S? Justify your answer.

10a.
A building casts a shadow that is 24 feet long.  At the same time a 6 foot tall person casts a shadow that is 

2′ 4′′ long.  Let the height of the building be H.  Draw and label a diagram of this situation.
  b.
Describe two ratios that must be equal to each other.

  c.
Show how to use the Fundamental Property of Fractions to find H.

11.
An isosceles right triangle has two congruent sides.  Let the length 


of one of these sides be S.

  a.
Is the perimeter of the triangle a function of S? Justify your answer.

  b.
Is the area of the triangle a function of S? Justify your answer.

12.
Let A be the volume of a container in milliliters and let B be the volume of this container in liters.
  a.
Find A if B is 3.5.
b.  
Find B if A is 3.5

  c.
Give a symbolic description of B as a function of A.
d.
Give a symbolic description of A as a function of B.


  e.
Find the inverse of the function in part (d).

13.
Below is an activity from a 3rd grade Everyday Mathematics lesson.  An arrow between two boxes means that the indicated rule is to be applied.  The rule indicated by the black arrow is known.  The other rule, indicated by the white arrow, needs to be determined.  A "frame" is a box in the row of boxes.  These boxes are to be filled with numbers.


    Fill in the rule and the empty frames.
a.  
Do this activity.  [Hint:  The box after the box containing



117 should be filled with 127.]

    Rules:     + 10
b.  If the first box contained an X as input, instead of 117,




describe the final output symbolically.  Simplify your





    
answer.



c.
How is this activity related to functions? 


d. 
Is the function in part (b) one-to-one?  Explain.
       
      117                 121                   125
e.
Find the inverse of the function described in part (b).
14.
Describe each of the following as functions of one variable.

  a.
Perimeter of a triangle, if one side is twice the length S of the shortest side and the longest side is three times S

  b.
Area of a square, knowing that a square has equal sides of length S

  c.
Area of a rectangle, if the width is half the length L 
15.
Let Y represent the length of a field in yards and let F represent the length of the same field in feet.

  a.
Find F if Y = 4.
b.
Find Y if F = 4.

  c.
Give a symbolic description of F as a function of Y.
d.
Give a symbolic description of Y as a function of F.

  e.
State the inverse of the function in part (b).

16.
Why does the cubing function have an inverse even though the squaring function does not?  Include examples in your explanation.
17.
Galileo, a famous sixteenth-century scientist, discovered that in a 

vacuum the distance D that any object falls is proportional to the 

square of the elapsed time T.  If D is measured in feet and time is 

measured in seconds, the relationship is as follows:  D/T  = 32/1.  

This formula is equivalent to D = 32T2.  
  a.
How far will a bowling ball fall in 10 seconds?                                                 
  b.
If a bowling ball is dropped from a plane flying over the ocean at 

an altitude of 32,000 feet, how long will it take for the ball to hit the 

ocean?   
Space shuttle piggyback
  c.
Is D a function of T?  Justify your answer and include examples.
  d.
Is T a function of D?  Justify your answer and include examples.                      
18.
Refer to the previous problem.  D is symbolically described as a 



function of T by the equation D = 32T2.  
  a.
Describe this function verbally as a series of steps. 
Bowling ball piggyback
  b.
State the verbal description of the inverse of this function. 

  c.
State the symbolic description of the inverse of this function.

19a.
Explain why the squaring function does not have an inverse.

  b.
Explain why the function in the previous problem has an inverse even though it includes the squaring function.
20.
Here is a verbal description of how to find the area of a circle.  Translate this into an equation, using A for the area and D for the diameter.


“Measure the diameter of the circle.  Divide this by 2 and square the result.  Multiply this by π."

21.
Let X represent the area of a surface in square yards and let Y represent the area in square feet.

  a.
If X = 18, what is Y?
b.
If Y = 18, what is X?

  c.
Is Y a function of X?  Justify your answer.
d.
Make a table of values for X and Y.

  e.
Write an equation that shows Y as a function of X.
 f.
Draw the graph of Y as a function of X.
22.
Let [a b c d] be a four-digit number expressed in base 12.  Let N be this same number written in base 10.

  a.
Find N for the four digit number E3T7.  (In base 12, ten is written as T and eleven is written as E.)

  b.
Give a verbal description of how to calculate N using a, b, c, and d as inputs.

  c. 
Write an equation expressing N as a function of a, b, c, and d.

23a.
Use the following verbal description to write equations.  Be sure to define your variables.

“To find the area of the walls of a room of standard height, measure the length and the width.  Add these together.  Double the result and multiply this by 8.”  
  b.
Describe another way to find the area of the walls of this room.

24.
The charge for renting a car from Donna’s Rent-a-Car is $10.95 a day plus 30 cents a mile.

  a.
Is the total cost solely a function of the number of days a car is rented?

  b.
Write an equation describing the cost of renting a car from Donna’s Rent-a-Car as a function of 2 variables.

25.
Refer to the previous problem.  Suppose we rent a car from Donna’s for two days.

  a.
What will determine the total cost of renting the car?  Be sure to define your variables.
  b.
Write an equation that expresses the cost as a function of the miles traveled.

  c.
Graph this function.

26.
Refer to the previous problem.

  a.
Give a verbal description of the inverse of the function in this problem.

  b.
Write an equation of the inverse of this function.

27.
For each of the following:  (1) provide one example and (2) state whether this is a one-to-one function.



Independent variable
Dependent variable

  a.
radius of a circle
a.  circumference of this circle 
  b.
distance traveled by light
b.  time it takes for light to travel this distance
  c.
real number
c.  fourth power of this number

  d.
real number
d.  fifth power of this number

  e.
car
e.  color of the car
  f.
person
f.   mother of this person

  g.
phone number (land line)
g.  address for newspaper delivery
  h.
child
h.  child's favorite color
28.
For parts (a) through (d) of the previous problem, find the following.

  a.
equation of the function
b.  equation of the inverse function, if it exists.

B.
Additional Problems  (no answers in the Solutions Manual)

1.
Invent a relation that is not a function.  Do not use examples from the text.
2. 
Decide whether the following are functions.  Justify your answers.  


Domain
Range
  a.
sides of equilateral triangles   
heights of equilateral triangles
  b.
Mayan numerals
equivalent Hindu-Arabic numerals 

  c.
measurements of lengths
actual lengths
  d.
decimal forms of rational numbers
fraction forms of rational numbers
  e.
atmospheric pressures
boiling temperatures of water
3.
It costs $29.95 a day and 30¢ a mile to rent a car at Pierre's Car Rental.  You rent this car for three days. 

  a.
The cost of the rental is a function of what quantity?
b.
List exact verbal steps for calculating the cost.

  c.
Write an equation describing this function.  
d.
Graph this function.

4.
Refer to the function in the previous problem.

  a.
Explain why this function is one-to-one.

  b.
List exact verbal steps for the inverse of this function.
  c.
Write an equation describing the inverse function.  Be sure to define your variables.

5. 
Thom rents space at a neighborhood street fair to sell handcrafted stools.  The space costs $400 for the duration of the festival.  His stools cost $12 to make and he is selling them for $40 each.   

  a.
His profit will be a function of what quantity?

  b.
Write an equation describing this function.  Be sure to define your variables.

6.
Refer to the previous problem.  

  a.
The street fair is over and Thom's profit is $636.  Find out how many stools he sold by using inverse operations.

  b.
Write an equation describing the inverse function.  Be sure to define your variables.

7.
For each of the following:  (1) provide one example and (2) state whether this is a one-to-one function.



Independent variable
Dependent variable

  a.
Roman numeral
a.  equivalent Hindu-Arabic numeral

  b.
time of day on May 1, 2007 in Rome GA
b.  ratio of height to length of shadow at this time/day in Rome GA

  c.
fraction form of a rational number
c.  equivalent decimal form

  d.
bedroom
d.  measured area of a bedroom floor


8a.
Give a step-by-step description of how to convert a three-digit base 5 numeral to a Hindu-Arabic numeral.  Assume the base 5 numeration system is exactly like the Hindu-Arabic system except for the base.

  b.
Describe the inverse function verbally.

9.
The sales tax in Malaysia was 10% in 2007.  This means that the                
Original Cost 


buyer pays an extra 1/10 of the price to the government.

  a.
Give a symbolic description of the final cost as a function of the


original cost using only the operation of multiplication.  Be sure to define your variables.  [Hint:  Consider the diagram to the right.]
     Final Cost  

  b.
Write an equation describing the inverse of this function.

10.
The length of a line segment is C when expressed in centimeters and M when expressed in millimeters.

  a.
If M = 82, what is C?    
b.
If C = 45, what is M?

  c.
Describe how to calculate M if C is known.
d.
Write an equation expressing M as a function of C.
  e.
Make a table of values for this function.
f.
Draw the graph of this function.

11.
Suppose H is the height of a person is measured in feet and inches, with F representing the number of feet and I representing the number of inches.

  a.
Write the symbolic description of H.
  b.
Give a verbal description of how to convert the height entirely to feet.  [Hint:  There are two inputs, F and I.]

  c.
Give the symbolic form of the function described in part (b).

  d.
Give a verbal description of the inverse of this function.

  e.
Give a symbolic description of this inverse. 
12.
Explain the difference between "F" as it is used in the phrase "32°F" and "F" as it is used in the phrase, "Let F represent the Fahrenheit measure of temperature."
13.
Here is a verbal description of how to convert temperature from Fahrenheit (F) to Celsius (C):  

Subtract 32 and then multiply by 5/9.
  a.
Describe this function symbolically. 
b.
Convert 32° F and 212° F to Celsius.

  c.
Graph this function.
d.
Find the equation of the inverse of this function.

14.
Let F represent Fahrenheit measures of temperature and let C represent Celsius measures of temperature.   The following temperatures are for water at standard pressure. 

  a.
The freezing temperature of water is 32°F.  Suppose we create a new measure for temperature that is the Fahrenheit scale shifted down 32°.  In the following, this "corrected" Fahrenheit scale is designated as Fc.

  a.
Find Fc for the freezing and boiling temperatures of water.  (Water boils at 212°F.)
  b.
If Fc = 0°, find the corresponding temperature in degrees Celsius.

  c.
Describe how to convert Fc to C (1) verbally and (2) symbolically.
  d.
Explain why Fc is proportional to C.

  e.
Describe the inverse of the function described in part (c) both verbally and symbolically.

15.
Suppose you know that you are 500 miles from city A and 300 miles from city B.  Does this information determine exactly one location?  [Hint:  This problem involves two circles.]
16.
Suppose you are in the Space Shuttle and you know that you are 500 miles from satellite A, 300 miles from satellite B, and 1000 miles from satellite C.  Does this information determine a single position in space?
17.
The time of each runner in a 5-mile road race is given in minutes and seconds.

  a.
A runner has a time of 43 minutes and 36 seconds.  Find this runner’s speed in minutes per mile.

  b.
Write a formula for T, the time elapsed in minutes, if a runner’s time in this race is M minutes and S seconds.

  c.
Write a formula for S, the speed of this runner in minutes per mile.

18.
Suppose you’re cruising down the interstate at 70 mph.  Identify a constant ratio in this situation.
19.
Regarding areas and perimeters:

  a.
On grid paper, draw four non-congruent rectangles that have an area of 12 squares and label their dimensions.

  b.
Find the perimeters of these three rectangles.

  c.
Is the perimeter of a rectangle a function of its area?  Justify your answer.

20.
Consider two variables W and Z, where W is a student’s high school GPA and Z is the college GPA.

  a.
Is Z a function of W?  Justify your answer.  

  b.
Discuss how you think these variables are related.

  c.
Draw a graph of this relation using the ideas you discussed in part (b).  

[Hint:  Your points should be somewhat scattered.]
 

21.
The width of a rectangle is known to be two cm less than its length L.

  a.
If the length is 10 feet, describe how to find the perimeter of this rectangle.



_____________

  b.
Give a verbal description of the perimeter of this rectangle as a function of L.  
  c.
Give a simplified symbolic description of the perimeter of this rectangle as a function of L.
  d.
Are the perimeter and the length proportional?  Justify your answer. 

22.
Give symbolic descriptions of the functions with the following verbal descriptions.

  a.
Add 5 to the input and cube the result.
c.  Subtract 6 from the input and then double the result.

  b.
Cube the input and add 5 to the result.
d.  Cube the input, add 3, and double the result.

23.
Refer to the previous problem.

  a.
Is the function in part (a) the same as the function in part (b)?  Justify your answer.

  b.
Find the inverses of these four functions.

24a.
Consider the following verbal description of a function:  Cube the input, add 3, subtract 3, and take the cube root.  Find the outputs for inputs of 4, -3, and 0. 
  b.
Describe the relationship between the input and output of this function as simply as possible.

  c.
Construct a 6-step function that has the same relationship between the input and output.

25.
Consider the following verbal description of a function:  Add 3 to the input, double the result, subtract 6, and finally divide by the input.   

  a.
Choose two inputs, not including 0, and find their outputs.

  b.
Apply these steps one at a time to x, where x represents any nonzero input.  Simplify each step as you proceed.

  c.
What is special about this function?

  d.
Construct a 6-step function that has this same characteristic.

26a.
For an input of 3, find the output of a function that has the following verbal description:  


Double the input, add 10, divide by 2, cube the result, add 6, divide by 3, subtract 2, multiply by 3, take the cube root, and subtract 5.

  b.
Find the output for two inputs of your own choosing.  

  c.
What pattern seems to be occurring?

  d.
Use x as the input and do each step one at a time.  Simplify the result of each step.

  e.
This function has a very special characteristic.  Describe this characteristic.  

27a.
2003 NAEP 4th grade mathematics question    [34% correct]


In Jean's class there are twice as many boys as girls.  If there are 10 girls in the class, how many boys and girls are there in the class?      (1)  15         (2)  20           (3)  25         (4)  30           
  b.
Suppose we do not know the number of girls in this class.  Give a verbal description of how to find the number of boys if the number of girls is known.
  c.
Write an equation for the function in part (b).  Be sure to define your variables carefully.  [Hint:  If "B" is used as a variable, it should represent the number of boys.  It is not an abbreviation for the word "boys."]  

____________________________________________________________________________________________

____________________________________________________________________________________________

3.8
  Chapter Summary

A central theme of this chapter has been equivalences.  We examined different ways of describing the same quantity, including different ways of writing rational numbers (numeration systems), measuring lengths and other continuous quantities (measurement systems), and representing  rational numbers (fractions, decimals, percents, and scientific notation).  Later, we discussed functions, which often involve equivalence relationships between quantities.  In particular, we investigated proportional quantities that maintain a constant ratio with respect to each other.  The last situation highlights a main point of this chapter, namely, keeping track of what remains the same even as forms change.   

Numeration Systems

Human beings developed numeration systems to record numbers.  Primitive tally systems eventually evolved into more sophisticated systems that were more systematic, efficient, and compact.  The most efficient historical system is the Hindu Arabic system and its single most important feature is the use of place value.  Place value was also a feature of other historical numeration systems, including the Mesopotamian and Mayan systems, but none of these had the second most important feature of the Hindu Arabic system, namely the use of 10 unique numerals for its 10 basic digits.  It is because of these two features that the Hindu Arabic system is now used by all but the most primitive human cultures.  As with all place value systems, the Hindu Arabic system is additive and multiplicative.  These features become apparent whenever a numeral is written in expanded notation.  For instance: 

409 = 4 • 102 + 0 • 10 + 9.  

A base is the size of the group formed to facilitate counting, and is essentially a unit.  In numeration systems that use base ten, the Ten for One Principle is at work:  10 smaller units are composed into 1 of the next larger unit. Ten is the base used in our Hindu Arabic system.  Many different bases can be used for numeration systems.  While the Egyptians and Romans used 10, the Mesopotamians used 60, the Mayans used 20, computers use 2 and powers of 2, and the egg industry uses 12.

Measurement Systems
Human beings also developed systems of standard measuring units.  While all measuring units are arbitrary, we agree on using certain units for the purposes of communication and trade.  Just as with numeration systems, measurement systems became more systematic and compact over the centuries.  The analog to the Hindu Arabic system is the International System of Units, also called the metric system.  The metric system is now almost universal.  The base 10 metric system is very similar to the Hindu Arabic system and the American money system, so that conversions from one unit to another are relatively simple.  In contrast, the American customary system is full of many unsystematic relationships.  For instance, the number of feet in a mile has no relation to the number of inches in a foot.

Other measurable quantities, such as force, the intensity of light, the volume of sound, and so on, require quite a variety of measuring units.  There is an interesting parallel in the units used for measuring time and angle.  Both make partial use of a base 60 system and use “minutes” and “seconds.”  Many other quantifiable entities, such as electric power usage, have units that utilize the prefixes of the International System of Units.   

Conversions
There are an almost limitless number of situations in which it is convenient or even necessary to convert a quantity from one unit or base to another.  The two main methods for making conversions are substitution and dimensional analysis.  Substitution is the process of replacing one unit by an equivalent unit.  For instance, 3 inches is the same as 3 • (2.54 cm) or 7.62 cm.  

We convert units constantly within the Hindu Arabic system: 10 ones are converted to 1 ten, 10 tens to 1 hundred, 10 tenths are converted to 1 one, and so on.  Hindu Arabic numerals can also be converted to numerals in systems with different bases, and vice versa.  The process of converting a numeral in base N to base 10 involves multiplication.  
For example, 123N = 1 • N2 + 2 • N + 3.  The reverse process of converting from base 10 to base N requires division to determine the number of times each power of N is contained in the number.

Conversion is also a critical process for measurement systems.  To convert from one unit to another, we need to know the conversion factor for the units.  In the two American systems of measurement, there is very little pattern among these conversion factors.  In contrast, the metric system is a consistent base 10 system, so that conversions often boil down to moving the decimal point.  In both of these systems, the unit for length is the basis for the square unit used to measure area and the cubic unit used to measure volume.  For instance, 12 in. = 1 foot, 
122 in.2 = 144 in.2 =1 ft.2, and 123 in.3 = 1728 in.3 = 1 cubic foot.

The Multiple Forms of Rational Numbers

Rational numbers present an interesting situation with regard to equivalent forms.  The Fundamental Property of Fractions states that every rational number has an infinite number of equivalent forms:  A/B  =  mA/mB, for any rational number A/B and real number m, with B ≠ 0, m ≠ 0.  This property is the basis for converting a fraction into an equivalent fraction with a different denominator.  It is also essential for understanding the use of ratios to make comparisons.  Being “1 for 3,” for instance, is the same as being “2 for 6.”  
The base 10 place value system can be extended to the right of the decimal point to include fractional place values, including 1/10, 1/102, 1/103, etc.  The Ten for One Principle also applies to these place values.  For instance, 

10 thousandths are equal to 1 hundredth.  All rational numbers can be expressed as terminating or repeating decimals.    
A third form of rational numbers is percent form.  “Percent” means hundredths or per hundred.  A fourth form of rational numbers is scientific notation.  For instance, the rational number one half can be written as 1/2, 0.5, 50%, or 5.0 • 10-1.  It is very useful to memorize the equivalent forms of basic rational numbers such as 1/4 and 2/3 and to be competent at converting from one form to another.

Relations and Functions

A relation involves two or more variables.  A relation of two variables is a set of ordered pairs of the form (input, output); the input is a value of the first variable and the output is a value of the second variable.  It is possible for a relation to have more than one ordered pair with the same input or output.  A function is a special type of relation for which every input has exactly one output.  A special type of function is a one-to-one function, in which every input has exactly one output and every output has exactly one input.  One-to-one functions have inverse functions.  An inverse function reverses the actions of the original function.   Its ordered pairs are simply the ordered pairs of the original function with the input and output values switched.  If a function is followed by its inverse function, the final output will be the original input.

All functions can be described, at least in part, as a set of ordered pairs or with diagrams that connect inputs with outputs.  Some functions involve rules for generating an output given an input.  These rules can often be described verbally, symbolically, numerically, and graphically.  
If a function is described as a list of computational steps or via an equation, the inverse can be found by performing the steps in reverse order using inverse operations.  An equation for the     
Inverse
inverse can also be found by solving the original equation for the output variable.
 functions
A special category of functions involves constant ratios, which are of great importance in both nature and human society. Changing quantities that maintain a constant ratio with respect to each other are said to be proportional.   Proportional relationships are also multiplicative since Y/X = k implies that Y = kX.   


 

____________________________________________________________________________________________
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3.9  NCTM Standards Implemented in this Chapter

This chapter focuses primarily on the content standards of number, measurement, and algebra. 

A.
Content Standards

1.
Number and Operation

•
Use multiple methods to develop initial understandings of place value and the base-ten system.  (PreK-2)

•
Develop a sense of whole numbers and represent and use them in flexible ways, including relating, composing, and decomposing numbers.  (PreK-2)

•
Understand the place-value structure of the base-ten number system and be able to represent and compare whole numbers and decimals.  (3-5)

•
Recognize equivalent representations for the same number and generate them by decomposing and composing numbers.  (3-5)  

•
Recognize and generate equivalent forms of commonly used fractions, decimals, and percents.  (3-5)

•
Develop an understanding of large numbers and recognize and appropriately use exponential, scientific, and calculator notation.  (6-8)

•
Use prime factorization to solve problems.  (6-8)

2.
Algebra

•
Recognize, describe, and extend patterns such as simple numeric patterns and translate from one representation to another.  (PreK-2)

•
Describe, extend, and make generalizations about geometric and numeric patterns.  (3-5)

•
Represent and analyze patterns and functions, using words, tables, and graphs.  (3-5)

•
Model problem situations with objects and use representations such as graphs, tables, and equations to draw conclusions.  (3-5)

•
Identify and describe situations with constant or varying rates of change and compare them.  (3-5)

•
Represent, analyze, and generalize a variety of patterns with tables, graphs, words, and when possible, symbolic rules.  (6-8)

•
Recognize and generate equivalent forms for simple algebraic expressions.  (6-8)

•
Use symbolic algebra to represent situations and to solve problems, especially those that involve linear relationships.  (6-8)

•
Model and solve contextualized problems using various representations, such as graphs, tables, and equations.  (6-8)

3.
Measurement
•
Recognize the attributes of length, volume, weight, areas, time (PreK-2) and size of angle. (3-5)

•
Select an appropriate unit and tool for the attribute being measured.  (PreK-2)  (3-5)

•
Develop common referents for measures to make comparisons and estimates.  (PreK-2)

•
Become familiar with standard units in the customary and metric systems.  (3-5)  (6-8)

•
Carry out simple unit conversions, such as from centimeters to meters, within a system of measurement.  (3-5)

•
Understand relationships among units and convert from one unit to another within the same system.  

•
Develop strategies for estimating the perimeters, areas, and volumes of irregular shapes.  (3-5)

•
Select and apply appropriate standard units and tools to measure length, area, volume, weight, time, temperature, and the size of angles.  (3-5)   (6-8)

B.
Process Standards


Standard
Examples


Problem Solving
Converting a number from base 12 to base 5



Determining what types of rational numbers have terminating decimal forms


Reasoning and Proof
Showing why 0.027 is the same as 27 thousandths using the definition of place value



Explaining why multiplying by a power of 10 has the effect of moving the



decimal point n places


Communication
Explaining how a third grader could use counters to convert 38 to base 5



Discussing how to use a ruler or substitution to convert 28″ to feet


Connections
Solving a problem involving the Mississippi River and its flow in cubic feet



per second




Studying ancient numeration systems



Considering the constant ratio,  E/m = c2

Representations
Representing functions verbally, numerically, graphically, and symbolically 



Representing rational numbers as fractions, decimals, percents, and in 



scientific notation


___________________________________________________________________________________________

__________________________________________________________________________________________

3.10  Chapter 3 Practice Test

Name _______________________________________________ Group __________  Date _______________

150 points.   Show your work.

A.   True or False.  If false, make a substantial correction to make the statement true.  [2 point each]

_____ 1.
In a place value numeration system, the units are implicit.

_____ 2.
The decimal point is the symmetrical center of our place value system.

_____ 3.
0.89¢ < 1¢

_____ 4.
A tenth of a thousandth is a hundredth.

_____ 5.
In our place value system, multiplying by 10 increases the place value of every digit by one place.  

_____ 6.
Most rational numbers are repeating decimals.

_____ 7.
Changing a number to percent form is equivalent to changing its unit to hundredths.

_____ 8.
The following is a reasonable statement:  “I drank a 10 mL glass of milk today.”

_____ 9.
The following is a reasonable statement:  “A slender woman may weigh 55 kg.”

_____10.
Every function has an inverse function.
_____11.
Every function is a set of ordered pairs. 
B.
Numeration Systems  [2 points each]  


For each pair of numeration systems below, identify a characteristic which the first has but the


second doesn’t.  Do not use a characteristic more than once.
 
Pairs of Numeration Systems
Characteristics 

____  1.  Roman vs. Egyptian
A.  Use of a base


____  2.  Mayan vs. Mesopotamian   
B.  Consistently used placeholder

____  3.  Hindu-Arabic vs. Mayan
C.  Multiplicative

____  4.  Hindu-Arabic vs. Mesopotamian
D.  Different symbol for each digit

____  5.  Mayan vs. Roman
E.  Use of base 10

____  6.  Egyptian vs. primitive tally
F.  Use of place value

____  7.  Mayan vs. Egyptian
G.  Subtractive

C.
Convert the Hindu-Arabic numeral 418 to the following.  [3 points each] 


1. 
Egyptian                 ____________________
3.  Roman                    __________________

2.
Mayan                
4.  base 2 
__________________

                                       ____________________                                                                
  


   


D.
Fill in the blanks.  [3 points each unless otherwise noted]

1.
List the two most important features of the Hindu Arabic system, compared to other systems.

  a.
________________________________
b.  _________________________________

2a.
Write the Hindu-Arabic numeral 172,812 in Mesopotamian.  _________________________________

  b.
Assuming the ancient Egyptians had a different symbol for each power of 10, 


what is the total number of symbols they would have to use for 172,812?
    __________

3.
Translate the following to our base 10 system. 

  a.
MCMXLVIII                                    ___________    
b.  2T34.21twelve        
  __________   

4.
State the two meanings of the Hindu numeral 10.

  a.
_______________________________________
b.    _______________________________________

5.
Express 40.103 using two different forms of expanded notation.

  a.
Words:   _________________________________________________________________________________

  b.
Positive exponents:     ______________________________________________________________________

6a.
The essence of a base 10 system is that 10 of a smaller unit are equal to one of   ________________________.

  b.
This means that multiplying by 10 has the effect of increasing the place value of a digit by  _____ places.  

  c.
So multiplying by 10N has the effect of increasing the place value of a digit by   ________________________.

  d.
This means that multiplying by 10N has the visual effect of moving the decimal point __________________ to the _________________.

7.
 Fill in the blanks.  [1 point each]

  a.
1000 thousands = 1 
_________________ 
b.  1000 kilobytes = 1 
_________________  

  c.
 10 thousandths = 1 
_________________
d.   10 mm = 1 
_________________ 

  e.
500 hundredths = 5 
_________________
f.    500%  = 5 
_________________ 

8.
Circle the base 10 systems.



                       ______

  a.
U.S. money system    
b.  U.S. measurement system   
c.  Hindu Arabic numeration system

  d.
metric system               
e.  measuring units for time 
f.  measuring units for angles

  g. 
metric volume units
h.  American units for area  
i.  ancient Egyptian numeration system    
 

9a.
A radian is a unit for measuring ______________.    
b.  “Deci-” means ______________.

10.
$1.479 = $ ________ =  _________ ¢

11.
Convert to scientific notation.

  a.
4,600 million years        
 ____________________
b.  0.000000405              ___________________ 

12.
Convert to ordinary notation.

  a.
4.2 • 104  +  3.5 • 106    
 ____________________
b.  5.002 • 10-4                ___________________

13.
Identify the expressions that are equivalent to “X percent.”
   __________

a.
X hundredths     b.  X · 1/100     c.  X hundreds     d.  X ( 1/100     e.  X ( 100    f.  X · 100    g.   X/100                                      
14.
For which of the following is the second quantity a function of the first quantity?                  
   __________


First quantity
Second quantity

  a.
areas of rectangles
perimeters of rectangles
  b.
people's names
SSN's 

  c.
areas of circles
circumferences of circles
  d.
positive numbers
square roots of numbers
15a.
Convert 14˚ 20' to degrees. 
_______________



      _______________


  b.
Use an equation to describe the relationship between the measure of an angle in 


degrees D and minutes M, and Y, the measure of this angle expressed only in degrees.          
_______________

16a.
If a box has a volume of 4.5 cubic feet, what is its volume in cubic inches?
_______________

  b.
Use an equation to describe the relationship between X, the measure 


of a volume in cubic feet, and Y, its measure in cubic inches.                                                  
_______________

17.
Which of the following are equivalent to one sixth? 
_______________

  a.
6%               b.  16⅔%            c.  16.666….          d.  0.1666…       e.  1.666… ( 10-1
18.
Which of the following are examples of constant ratios? 
_______________


  a.
The ratio of flour to sugar in large and small cookies made from the same recipe

  b.
The ratio of girls to boys in elementary classes

  c.
The ratio of interest to the balance in a credit card account with a fixed interest rate

  d.
The ratio of people’s weights to heights
  e.
The ratio of distance traveled to elapsed time for a car with perfect cruise control

  f.
The ratio of the mass of any object to its energy

  g.
The ratio of the temperature measured in Celsius to the temperature measured in Fahrenheit

  h.
The ratio of the number of square feet in a house to the cost of the house

  i.
The ratio of the length of the side of a square to its area

19.
Use the Substitution Principle to convert the following.  Show the substitutions clearly.  [2 points each]

  a.
To inches:  3 ft. 7 in. = _____________________________________________________________________

  b.
To mm:  3 cm  = __________________________________________________________________________


  c.
To dollars:  65 cents  =   ____________________________________________________________________ 

E.
Convert the following.     [3 points each]

1.
3 gal. 6 oz. to quarts                  
________
2.  78nine to base 4  
________


3.
4˚ 23′ 20′′ to minutes                    
________
4.  5 cubic yards to cubic feet       
________


F.
Answer the following.  Use full sentences with correct grammar and spelling.  [3 points each]

1a.
Explain what is wrong with the following:  4 oz. =  4 oz. ( 2 Tbl.  =  8 Tbl.

b.  
Explain how the Conversion Principle can aid in converting 50 mL to liters, compared to simply memorizing the direction in which the decimal point is to be moved.

2a.
According to the definition of place value, 0.23 = 2 tenths + 3 ___________________________

  b.
It is common to read 0.23 as 23 _______________________________

  c.
Show why these two meanings are equivalent.
 

3.
Use two methods to explain why 0.028 > 0.0045.

  a.

 

  b.


4.
Describe the circumference of a circle A as a function of its radius R in the following ways.

  a.
Verbal description

d.  Graphical description

  b.
Symbolic description

  c.
Input-output table
5.
Show how a first grader can change 16 to base three using counters.

6.
Using an equation, describe the perimeter P of an octagon as a function of one of its sides S, if four of the sides have length S and each of the other sides has a length that is 3 cm shorter than S.


7.
Explain why there are 100 cm2 in one dm2 given that there are 


only 10 cm in one decimeter. Draw a diagram on the grid to


illustrate your argument.  Shade one of the square centimeters.

8-9.
Give both a verbal and a symbolic description of the inverses of the following functions.
8.
To find the output, first add 9 to the input, double the result, subtract 3, and cube the result.

a.
Verbal
b.  Symbolic

9.
Z = 2W – 3  where W is the input and Z is the output.
                   4

a.
Verbal
b.  Symbolic

10.
The dosage D of a certain medicine is proportional to the weight W of a patient.  

  a.
If a 150 lb patient receives a dosage of 85 ml, find the constant ratio, W : D.

  b.
Express the relationship between W and D as a multiplicative relationship.

  c.
Find the dosage for a patient weighing 245 pounds.  Round to the nearest 5 ml.

11.
Give an example that illustrates why it can be very important for one variable to be a function of another, rather  than having a relation that is not a function.

___________________________________________________________________________________________


What hands??





Left or


right????
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