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1.   What must be given to define a Markov chain model of a process?

2.
Are transition matrices always square? Explain.

3. 
What do the values in the fundamental matrix of an absorbing chain  tell us?

4. 
A marketing research team has just completed a survey of consumer buying habits with respect to three brands of coffee and has produced the following brand switch matrix for customer change in brands:








Brand next purchased



A
B
C


Brand last purchased: 

    EQ \a(A,B,C)\b(\a\co3\hs12(0.5,0.4,0.1,0.2,0.6,0.2,0.3,0.3,0.4)) 
a.) Draw the state diagram for this Markov chain model.
b.) What is the probability that a customer who bought brand  B this time will  buy brand A two time periods from now?
c.) What percent of the customers who buy brand  A  this week will buy brand  A  three time periods from now? What percent  of the customers who buy brand  A this week will buy brand  B  three time periods from now ?  brand  C ?
d.) Why do your three answers to part  c.) have to add up to 100% ?  


5.
A gambler repeatedly plays a game in which he can win $1 (probability .4)  or lose $1 (probability .6). If he loses all his money, so that he has $0, he must quit playing. If he wins enough that he has $5, he also will quit playing (and go out to celebrate). This situation can be modeled by a Markov chain in which each state is the amount of money the gambler has ($0, $1, $2, .. $5).
a.) Draw the state diagram and write the transition matrix for the model.
b.) If the gambler has $2 at some time, what is the probability he will be broke after three plays?
c.) If the gambler has $3 at some time, what are the probabilities for the states after three plays?

6.  An extensive study of a new brand of desktop computers used in a college computer laboratory shows that, on the average, 97 percent of the machines operating one hour will still be operating the next hour.  The machines that break down usually must be sent out for repair, but 30% of the machines that break down can be restarted by the lab supervisor by the next hour.
a.) Draw the state diagram (two states - operating, not operating) and give the transition matrix for the Markov chain model of this process. 
b.) If a machine is operating at noon, what is the probability it will be operating at 2pm? 
c.) If a machine has broken down at noon what is the probability it will be operating at 2pm?
d.) If a laboratory contains 30 of these computers, and  27 of them are operating at  9 am, how many do we expect (average - expected value) will be operating when a class of 23 students comes in to use them at Noon?

7.
For the brand-switching situation of exercise 4, suppose that at the present time, 40% of the customers buy Brand A, 20% buy Brand B, and 40% buy brand C.
a.) What is the expected distribution of customers after two time periods?
b.) What is the expected distribution after five periods?
c.) If brand B changes its processing, upsetting customers so that the  B row of the transition matrix becomes (0.4, 0.2, 0.4), what will be the expected distribution of customers after five time periods? (Assume the starting distribution given above)

8.  Continental Corporation operates a large fleet of cars, for which an intensive maintenance program is utilized. Each week, before maintenance and repairs are carried out, each car is inspected and classified by its condition: Good (G), Fair (F) or poor (P).  The week-to-week transition probabilities are given by:



Next week:

G
F
P
           This week:    EQ \a(G,F,P)\b(\a\co3\hs12(.6,.3,.1,.2,.6,.2,.1,.4,.5)) 
a.) What fraction of the cars in Fair condition this week will be in Poor condition in four weeks?
b.) If the company currently owns 100 cars in Good condition, 60 in Fair condition, and 20 in Poor condition, how many in each condition will they have in four weeks?


9.
The gambler in #5 starts his day with different amounts of money.  On 20% of the days he starts with $1 , on 30% of days with $2, on 40% of days with $3 and on 10% of days he starts with $4. [He never starts with $0 or $5]
a.) On what percent of the days has he lost (gone down to $0) within five plays?
b.) On what percent of the days has he won (reached $5) within five plays?

10. The Mason Company has three levels of accountants:   I ,  I ,  and III. Their records show the following annual promotion probabilities  (Level S represents separated from the company - voluntarily or involuntarily)



Next year



I
II
III
S


This year
 EQ \A\hs5\co1(I,II,III,S)\B\bc\((\A\hs15\co4(.4,.3,0,.3,0,.6,.2,.2,0,0,.9,.1,0,0,0,1)) 
a.) If Mason now has  100 level I  accountants how many of these 100 will be at level  III after 2 years?
b.) If Mason now has  300 level I accountants, 200 Level II accountants, and 100 Level III accountants,  What will the (expected) distribution of these 600 people be after 3 years?

11. Determine the steady state condition of the market described in problem  4 (using the original probabilities)

12. In the computer lab described in problem 6, how many machines are operating at a time at steady-state?

13. A South Bend meteorologist has determined that the following transition matrix applies to the South Bend weather:




Tomorrow's Weather



Sunny
Cloudy
Rainy



 EQ \s(Today's,Weather) 
 EQ \a\co1(Sunny,Cloudy,Rainy)   \b(\a\co3\hs26(0.6,0.3,0.1,0.4,0.3,0.3,0.2,0.3,0.5)) 
a.) If it is sunny today, what is the probability that the first rainy day will occur n  days from today (for n = 1, 2, 3, 4, 5, 6).
b.) If it is cloudy today, find the expected number of days to the next cloudy day.
c.) If it is cloudy today, what is the expected number of days to the next sunny day?
d.) What percent of the days are expected to be rainy?

14. For the cars in problem 8:
a.) If a car is in Good condition, how many weeks will it be (average) until it is (first) in Poor condition?
b.) For a car in Fair condition, how long will it be (average) until it is again in Fair condition?
c.) After the process stabilizes, how many cars (recall from #10 there are 180 cars) in each condition will the company own? 


15. Quing and Orange are manufacturing and selling personal computers. During any given year, Quing loses 5% of its customers to Orange, but Orange loses only 2% of its customers to Quing. The current market shares are 40% for Quing and 60% for Orange.
(a.) Develop the transition matrix.
(b.) What will be the long-term market shares for the companies (Will Orange really drive Quing out of the market?)?

16. Suppose the management of Quing (problem 15) has decided to use a promotional campaign to increase market share. The campaign would cost $150,000, and would decrease the percentage of Quing customers going to Orange to 2%, while increasing the percentage of Orange customers going to Quing to 5%. If each percentage point increase in market share is worth $20,000, is the promotional campaign advisable? (What assumptions must you make to answer this question?)


17. Buckaday Rent-A-Car has a fleet of  1000  cars and three rental offices  A ,  B , and  C . Cars can be picked up and left at any of the three offices. Customers actually return the cars to the various offices according to the following table of probabilities:





Returned to

A
B
C


 

Rented from
    EQ \a(A,B,C)\b(\a\co3\hs12(0.7,0.1,0.2,0.3,0.5,0.2,0,0.2,0.8)) 
a.) How many cars should the company expect to have at each office? Why?
b.) If a newly-purchased car is first rented out from office A, how long (# rentals - average) will it be until it is returned to office C?
c.) Near which office should the company locate its maintenance facility (based only on information here)? Why?

18.  A machine breaks down and is repaired according to the following transition matrix:

NEXT DAY



Operate
Down
CURRENT:  EQ \s(Operate, Down)\B\bc\((\A\ac\hs5\co2(.85,.15,.35,.65)) 
a.) If the machine is operating, how many more days do we expect (average) it will continue operating?
b.) If the machine is down, how many more days do we expect (average) it will remain down?
c.) The manager has been presented with a proposal for preventive maintenance that will alter the transition probabilities for the Operating row  from  .85  and  .15  to  .95  and  .05  ; the other probabilities would remain the same.  If this proposal is adopted, how do the answers to  a.  and  b.   change?
d.) The manager has been presented with a second (competing) proposal for repair service that would change transition probabilities for the  Down  row from  .35  and  .65  to  .45  and  .55 , but would not affect the  Operating probabilities. If this proposal is adopted, how do the answers to  a.  and  b.  change?

19. Suppose that for the machine in the preceding problem there is a cost of $800 for each day the machine is down.
a.) What is the expected (average) daily cost of machine downtime?
b.) The preventive maintenance program described in  16. b.  would cost  $500 per day. Is the improvement worth the cost?  Explain
c.) The repair service described in 16. c. costs $700 per day.  Which of the two proposals is better in terms of expected value? Why?

20. A soccer team has a 0.7 probability of winning its game next week if it wins its game today, but only a 0.4 probability of winning next week if it loses its game today.
a.) Give the one-step transition matrix for this process.
b.) Fine the steady-state probabilities.
c.) Explain (in the context of the problem) what the steady-state probabilities mean, and tell what assumptions you made in order to get this interpretation  of the steady state probabilities.

21. Calculate the expected first-passage time specified:
(a) State 2 to state 3 for   EQ \b(\a\co3\hs12(0.8,0.1,0.1,0.2,0.5,0.3,0.4,0.2,0.4)) 
(b) State 1 to state 2 for   EQ \b(\a\co3\hs12(0.3,0.3,0.4,0.2,0.2,0.6,0.5,0.1,0.4)) 
22. If the transition matrices in 21 model a brand switching (market share) situation, explain what your answers in #21 mean.

23. Using the simplified weather model of problem 13:
a.) If it is sunny today, how long (average) until the next sunny day?
b.) If it is rainy today, how long will it be (average) until the next sunny day?
c.) If it is cloudy today, how long will it be (average) until the next cloudy day?

24.
 Central American Shopping Center wants to predict the behavior of customers in paying credit card debts. The credit department has developed the following monthly transition matrix for payment patterns, based on previous experience:







TO




Paid

Not Paid

FROM  EQ \s(    Paid, Not paid)\b(\a\co2\hs18(0.7,0.3,0.9,0.1)) 
a.) If a customer does not pay the bill in some month, what is the probability the account will be paid at some time within the next four months?
b.) Find the proportion of customers who pay all their bills in any given month.

25. Given the following transition matrix:


 EQ \b(\a\co4\hs12(1,0,0,0,0,1,0,0,0.4,0.3,0.2,0.1,0.2,0.4,0.1,0.3)) 
(a) Find the expected time to absorption for the process.
(b) Find the expected time in each non-absorbing state.
(c) Find the expected probability of absorption in each absorbing state.

26. EZ Finance Company categorizes its loans into five categories, as follows:

Category 1: Loan paid in full
Category 2: Loan defaulted (bad debt)
Category 3: Loan payment due (on time, or no more than 4 weeks past due)
Category 4: Loan payment late (past due more than 4 weeks but not more than 12 weeks)
Category 5: Loan payment very late (past due more than 12 weeks)

From past historical data, EZ has derived the following transition matrix describing the behavior of its loan categories on a weekly basis:

CATEGORY FOLLOWING WEEK

 EQ \A\ac\hs21\co5(1,2,3,4,5) 


CURRENT CATEGORY  EQ \s(1,2,3,4,5)\b(\a\co5\hs12(1,0,0,0,0,0,1,0,0,0,0.1,0.1,0.6,0.2,0,0.1,0.1,0.2,0.5,0.1,0.1,0.5,0.1,0,0.3)) 

a.) Why can't we talk about a steady state for this model?
b.) How long (average) will it take for a loan which is currently on time to either be paid up or defaulted?
c.) What percent of loans in each category will eventually be paid off? What percent will be defaulted?
d.) If the company currently has $100,000 of outstanding loans in category 3, $200,000 in category 4, and $50,000 of loans in category 5, what is the expected amount that will eventually be collected, and what is the expected amount that will be written off as bad debts?

27. For the gambler in problem 5:
a.) If he starts with $3, what are the probabilities of winning (reaching $5) and of losing (reaching $0)?
b.) If he starts with $2, what are the probabilities for winning and losing?
c.) Based on the distribution of starting states given in #11what percent of the time (days) does the gambler win?
d.) On the average, how many times should he expect to play if he starts with $3?


28.
 The Desert Cactus Company grows and sells saguaro cacti for transportation. It currently has in stock 2000 cacti in various stages of growth. Of this number, 500 are too small for transportation and the remainder are available for sale. The operation of the farm can be viewed as a Markov chain with a one-year time period and with the following states:

State 1: Sold and transplanted
State 2: Lost (to disease, theft, or grown too big to transport)
State 3: Too small to sell
State 4: Satisfactory in size but not yet sold.
The following transition matrix has been established:


 EQ \b(\a\co4\hs12(1,0,0,0,0,1,0,0,0.1,0.2,0.3,0.4,0.6,0.1,0,0.3)) 

How many of DCC's  2000 currently available cacti will eventually be sold, and how many will be lost?

